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1) 4%&6;@2 geom;z;érg, basics.
2) /{/3&5/21(; groeps £ ther represurtations.

1) 41%496;@& geamvérag basics

ﬂu/’ 7’;)'511 ’L‘op/c /s ’L‘A /ﬂ‘f/’oadfdilonz Slzaaé o/ /aS/cS 751’ %/Mo/w
Mental Oi{/coff 7‘%’ his Course. - dgag/ajc (71/044/05, Lhew Le 4,%‘7(1/0.5
8 Aherr representations.

In te first tecture, we witl utvoduce ﬂ,%l/gl/auk /045 Yok for
us, are affne @%@gt’a}c veneties . a competibte greap stwcture.
For L%'s, we with w/ besics  about Q///nc Vaneties.

[t [F e an a\ligf’/éroi cw% cLosesl Bl (of ary evalenstr).

-7-)67/1/7/2‘/0#1 ‘e 5077 an embpoleo 4//3/% z/a//ol‘;, We mean A subset
’ / Z}Z"’%,, Some ») /@4/750( é{ /0/%/70441@! Cic{a/f/aﬂ:,

- Led Kc[F ’: Y™ o embeoledd aiime vavetes. A #ip
PN —Y is called a?;;wwd (a.ta. a mopphism) f 3 4.4,
e[Flx,..x,] st. 97’=(7‘4( )/x.

o The ﬂ{&&gf& s /ooﬁw/ml Sonctoons Y] consists of

Yz omial %05 N = w wswad addlitron and /l/w&lt/bﬁ'cw’ﬁoh
___0‘ 7‘2//70‘{/005.
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As usuad m [Zam;y‘frj, we showlol —érg 4o view 5eom0‘f//c 05{/(0{:
m a coordinste Hree Wey. For affine veneties, his means “Inrespec-
hve of an erhéco/o/én? into F" & con be done a5 follows.

l) Set I()()=[—/€F[X4,.-xn]{/&’01 an /kl/ed s.t. I(x)aﬁ{;) We
Aau/a F[)(Z —N—"F[XW..X,,}/IO() So F/;(J 8 en [F*@é&é}’a W/o Hontelo
ﬂléo’tfmf C/emenfs X //Xc:o/ frnite collecton a/ j&?(/d@/f 5(:,=X,-+I (X)
(i=1_n). féﬂvem% fo a %ﬂ/z‘eﬁ jeﬁenu‘eo/ commutetie [F ‘a,%e/ém
A wlo nonero ﬂ@ofmz‘ eLements we asspn. em bedsoo] offme VWWfd‘t
XCF" W. 07[)(] A one we 040055 Wjeﬂem;éols n A: flt 04014& o/
jene}’a;éoks j/i/es CP[F&,,X,,]“”A( X)(-"[o(éﬂ:"//(vf%o, 47(7‘0€K€V CP}.

Zt) We j’/z; an a,%oém /omomo//'m//fm 7"*:[]-—[\/] ——)[F[Xl
gt g P> [ja*-ﬁy)): {#Iﬁ(), (=1..m The dj‘)‘/j/ﬁ%en‘f
P> P A/@%es 2 {J'eaz’/o/r
€ {/ﬂa/;a/fsms X %7} — HDMU—‘—A& (FLy3 [FLx7)

() is functorial: (i)' idpy & Sor P: K=Y i) 27 =

(- ‘P)*= P¥, ¥

i) allows us 4o tale about bstmcl ! atpne vereties, X 77?
core Vam/ %o /%7 jwafvffa/ [ ~a,§755/a 5w/ W ;)ofmf eloments
77£ 040/0. 0/ j(%(/zzflﬁ/ff corms/aa»m& 26 an amo’t/a/m ﬂ/ /l/ /M‘LZD
Some Fl’ ﬂ/ulé we vView /{/ /}’/{}060’1—//1/6 0/ an elﬂp/eoé;z. 770_

Notion a/ A /740)/’494/)’}17 SO mmees Sense. in 7,‘4 1S S ma"’

Heve ave Two /m,oarz‘am‘ constructions:

2]



(1) Let X b an aftme varety £ £EFIXT Thes /7Yf =IxeX[fjx)#0F
is an aftme m/wli} W ﬁ&]=[&7[/"]

@) Let X,V be aftne vanedes. Then N XY is also am 4/%}7&
Wm} w FLXI® F[y] =F¥xy1,[fe }](x,;/): :/ﬂ«)j o),

Tl fwffawéng exm/oé of He notions aepearing above i of

Crucial, /'m/oa/z‘ame br as.

Exm/;[a: (onsider fé(/m«/ 54 ’fAE/Vai”[F)/a/oé A#o5
1%: (1) 1ts an afhne I/w’/&@ w. IFICZ, ]’ﬂ'—[)(,;j//;(j={.-h}[o/ozl":{
35, (2), G x (L, is also an athne Valh%‘g. Led
m: (4, % (7, — (L, URB) = AB, & f/L/roa&mf map.

s a mophsm whm*j/ven by - //e;é/AB)——o/d[A)o/e/{[E)
)= 2k O ) L Gt et )
(e 5u/0erscr//'of m He rhs is e # of copy of Fl¢z 1)

S/m)fw/fg,,f[a mversion map L (4= (0, (A=A s a
MD)/’DA)SVW.

Eem A subset, X in an atline V&U’/«’/L}, Y is calleo! Zanski
losed /7[ /it con be 0/(4//}740/ 4 /oa'gﬁamm/ ffofﬂjﬁoﬂs) Such
Subsets ave indked Hho &/are/&//y&z‘s in a fc}oo/gjj// e
Zariski Z‘o/yoxéjy,. Mite tht X i 2904n an Q//Ma Vm/yfg_. TZe

/amomafﬁ/zsm (5 FY 71— FIXT cowa/'wna/m} % (:KNes) s
Su(f/f&i‘/ye ( )
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Z) /4/(705@1}; (7V0u/0$ Kﬂe;r Vepreswfaflom.
21) Afhine ﬂ{?&g/’wﬁ groyps.
Delimtion:
z%( an /«f%nc) xlgpémjc Groap 0 we meen an a///ne l/w//r/ﬁ& efm}o-
/oea/ w. Morohisms m: (2§ —( (Muﬁ‘//o&'cez‘/on) 8 (2 C—( (inversion)
Satistying. axioms o & group.

EXM/K.S ( 0/ Aé@gmjc j}’aa/ﬂs)
) (4, e genenad lincar groap, sev Exampte in Sect
Heve's a coordynate-re wey Zo thne about his qroup, o Vi
on ﬁ-&l/)MBmsfonJ vector 5/0@_, we can tely a,/aonf ‘ff(c jllau/o [Z[W
of mvertitle lneos meps VU A hoice of a bxsis m I/ //e/z%f//es

[Z(I/) A

To ged more examptes, ntice Zhet every Zonisii cfosed (=
3//3@« {& /m%mmm/f €7Ua2{loﬂ5) Suéﬁm«/[o G i an d/évoére_ic Jreqp
G [M ﬂlgoéfa,ic Suéjroa/o) I an Q[Sr/g}’ajc Jrouap. o 1ts own:
m: (0 —C is a /Mo;;aézsm: tle compusrtIon RIASS fxé’va
L is a /no;;oé/sm henee ( Y (G —C isa /ﬂof;nélym.

1) S, -{Ae (L [det(A)=1F is an d@@ém’c Suﬁgrauf of
AS /'l[’s ﬁ/ven c{at Vi S//zjé / pomiel f/oqaf/a/f. 7Z;s /s ‘L%: S/ﬂedkf
e 9704 And s ded D/;?/m@ow/wz‘ of th Aoice of o besis,

con tabe about SLU)eL(V)
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Z) Assume. char [F#27. Set O, ={ Ae A [ 447 T¢ The
madrix entries of JAT e [7uzzo(/ajflc) /ﬂogwomm,/s i those of A 50 ( is
an algebpaic suf%rowp o 4L,

More 60176502/&/%, Gt B be a non- a/{je/;em;éc _?J/zme/‘f/m Sorm
on a vedty space V of dom =71 V/y/A zl/e;c 76//14; /Mc 2y

O/ZZ/MOMM// /A{S/J So ’f/(we ‘S o ﬂ[‘;%ffau o/&‘fh/ceﬂ ‘L%m)
Then we cen wm/aér ﬁ/kg)‘ é;;e [Z/V)/ ggq)jv):g/cgv) ’Vzﬁvel/}
A hoice of a0 oi’f/onawwl brs.s 76/ B iotesitifes ﬂ//Vg ) w &,’,
7]1 (j/ou/a ﬁ,’, /01' 0(%?)) /5 Caﬂeo/ {ZL Oi{/oo?aml j}’ouﬂ
Nete Lhat dtU)=21 for A Set Sq :={4el)l
/a/\%‘ 4=/j. Ths is also an ﬂfg&gmjc Suéj}’oa/o &ﬂea/ﬁ/a Specfal
0/2%?0/7&,@ group.

3) Sim Zﬂé, 75/ a lfoﬂ—ﬂ/fjwﬁrmfe SEew- (J”//}M/&Z‘}’/c %///ﬁ 73

o 2 ;gﬂ/z‘c comensional. vector space V ( —L‘/w, Mfﬂ/f%f/&n/%, dm V
jseven) we can Smtarly copsidler e f/w»yém‘/c o
S/;[l//w).—{/e [’Z/V) wgu/jv)zw/gv) ‘f/qyéV} One can £nd
& basis .y, el st Gl v)=1 J;-U-,Mﬁ,w/@/e we foave a '
& (k. /&‘L‘ J e Zz/e matrix ﬂ/ L 'ééu basis:
7(00) so Hhad Sp () = (A, | 4794-3F5p,

The Jrops 4';4 é}zam/a/és 0-3 ave colled chussical 77:5{ ave

6)(7."@”&% g)w//oorz‘aw'f.

5]



4’) The Su{jfouf)s 0/ é}O/&%%Mju/zzr,{(:i)i Lpper - Wi
. {r/a/)ju/a,} [( ;;‘) f and a&'a;o/z«/ , fa//a}é;,__,,e,,)f matrices
(1, ae &{f&é/w'c.

5) 7]& md%@bﬂ‘mfle’w/o Fﬁ (/,[ﬂ:) O/L(&r /Mallf/ 6/ Z,j,,,) Wm/
Ao adlite j}’oo}a (E+), G, , are ﬂfg%f’w'a groups.

: ﬁﬁ /DVDOZ(X[/'é 0/ “u/o ﬂv%&g}’ajc j}'OM/DS /s ﬂ./%(ygl’wi.

Z.Z) %mamo;a//sms gf /’;wefw'f ations
Lek ( LH e ﬂéf/{mic j;faa/os.

Detintion 1: 4 Jroyp Aomamoga/zsm [oi [— H s Ca,ﬁeo/ o
alij;f/{}’aic jmu/) /0/140/%0}’/9415»; i)‘p 1'?_[’: a /mgﬂéism a/ varieties.

Example: Led (<G be an elapbraic Suéjrou/a Tlen inckasion mep
[ E Is @ Mgdmc jl’oa/g Aomomo;p//sm

/Qem-' 77L Compasnzlom a/ a,%(yémfc jmu/; 4om0m0)/'04/:m: iy 4550 au
aljeﬁ’ajc j}’ou/g Aamamo}fAlSI/h.

.:De/;m‘flon Zi /Vf V /@ VA %n;zze Mmm;/md }’m{ce_ /% K /’M/Mﬂ/
/éoyefen{af/on 0/ 4) Y2 V we mecy o4 ﬂ,(/ja‘i’ajc jl/aa/o /o/ha/ﬂa/—

__/0//1’}17 — (/ (V).
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Sfua/gméz_ /’QZ{IO}’NJ Vep/’esanfazf loNs (s Ohe 0/ /IM/OO}’ZZMZZ jozsz 0/
f//k course. Heress on e?u{mfcnf condition of {ejn} vational.

o Lot (»é’ — GL(V) be some representation. For
Le V™ wel/ define e madrix coefbcient Cy (—F {J’
Cx,v[é)" =a([31r)
Then p is retioned < ¢, e [F[C] #ae V] vel
Hnt: i7[ D;/_.@EV Is a faSlJ‘ 8 ,..a,€ V¥ s fA a/ua/ 50\51)“, '64/,
p: (=2 (L) = (4, i gwen b pl)= (¢ 6,
P (=0 is o moy/o/nsm<% the composition  (; L (L Mit s 4
moyphism.
E)(Qm/afcs (of rationad /goreswz‘u‘(om)
0) A, algebraic jaéjmu/o [ (L, comes w. & tautological mtio-
nd /efremfailon m [F" (on 070/91”2, this to (= (¢, 5,50, Sﬂ,...
1) Usual a/aem/’f/ons W, /?reswfaflom preserve e //u‘mﬂa,&i‘g:
O if UV s - stable, Lon e /’{prercnfuflom of [ m U i
ore vationad iV is (bherr matnix coells ave subseds of 4hose for V).
i) For smiter veasons if V'V we vetionad (- vepreseatations,
o so is Vol*
i) Vo= V'@V s potionl: indleed if p' €= [L(V) ar e
corre slaono/m ¢ representations, Hon e /e/o/esam‘a,z‘/_on in VOV i quen
éy{ p({s):=F'{T)®(DZg7 hence for o("éﬂ/')»f v'e /' we hove
Cotoas glout = Curgr Cyrye € FLET
__Ilbmémm} his w i), we see that Ho representetions in %m /)
P



/lh[V'7 wre vetioned.

wv) ItV & a vetioned representotion of ( Lo 50 is V¥~
indleed p’ki — (L(v?) e th Composition of f)-‘ = (Z(v) & iso-
mwﬂ)w (L) = CL(V*) given (after cﬁoast; 2 basi) /3 GAZH@")*

2) Sufa/aase Aer [7070. Tn ths case He mep Xt X" is an
M‘fomoy//sm of the beld [ /#c Frobenius Mz‘am;m//;m]. T he 'z
Fr 6[,, [[F) — JZ,, (IF) ,(ag) 4—9(6(;) (s ’l_‘[am/é/e an wﬁg(m,c‘c j’ocl/p
Aomwzo?//m Js an aut omo;;a//m d/ wr abstract oy bul not 0/
an ﬂ/%e/}’m'c o [ )

Now 514/9/905& f)i L— CZ,, be o ntional //e/oresw‘éa;flon, 710; itss
Frobenius twist Pm: : FV°P-' ¢ — (L s Lo retiondd.

: realize PW asmg. () i) of E;-(M/J& 1)

Fonlon terninolagy) : for G- (0, (F) one todes about o pobyponi
oL Va/urcsmfailons-' Cys (3) Is 2 /o%ﬂommj 7 f[c matrvix entnes 0/
g EQ 0fe/af/o}1§ ()=iil) in EXWMP& A aﬂ/offfo/ to th  tautolo:
jicd /Q/Ves‘uréajlon m [F que ﬁo@ﬂomm/ //e/o/esemfo:é/am) whte v)
does nt-. Tl, name "Vational” is used e we allow det m the
Aenominatol
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