
Lec10 Hopfalgebras filtrations gradings I
e Completion ofclassification ofSL irreps
1 Hopfalgebras

e Let F be an algebraically closedfieldw char572 Sla
Consider B G let Anbe therepresentationofBin
I where acts by t In Sec2.3of Lec 9 weprovedthat
M n In Fn In particular Frobenius reciprocity implies

1 Homa VM n Hemp VFn rational Crep V
Last time we reducedtheclassificationof Girreps to

Claim Homa VMin to Girrep V w max weight n

Toprove this we need

Lemme rational Grep V anyme 7
Vsm mic is a B subrepresentation
Vsm Vsm 5m

mum
as a B representation

Proof

Vsm is stable under E So in 1 weneedto showthat Vsm
is stable under 18 for2 491 actsby it on Vsm Vsm
Pick a basis UnEVof weight vectors w weights m mn Let
4 hn bethe dual basis of V ofweights M Md Weclaim that

1 7
fcu carg 19 Flu is homogeneous ofdeg mj m 2

1



Toprove observe that E 8 E tu teflies
UEF So
fit'u xi 8 881 7 881 a 1 t up
7miMi di 19up tmimifu no

In particular mj.am Caiv11811 0 o Andifmjmi m
thencai.vy.lt is constant meaning that all elements 18
are represented by the same operator in Vsm Vsm It has to be
the identity 16c it is for use

Proofof Claim Homa VMcnl a Hemp VFn so it's enough
to showthe vh.s.is 0 Note that by 1 of Lemma Ven CV is
a B subrep so Homp VA 2 Hemp VVsn Fn 2 ofLemma
Hemp F myE to

1 Hopfalgebras
1.0 Introduction
Sofar we've left a numberofclaims w oproof
A Sec2 of Lec2 Everyaffinealgebraicgroup is isomorphic

to an algebraic subgroupofGln for some n

B PBWTheorem Sect 1ofLec5 If X Xn is a basis in a Lie

algebrag then theorderedmonomials xp xp Liza form a basis
in Uloy
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C Answer 3 in Sec 2 of Lec S If charF O G is an algebraic
group irreducible as a variety g Lie G

then g linearmap
between rational Creps is also Clinear g subrepresentation
is also a G subrepresentation

D 2 of Thm in Sec 1.1 ofLec8 Let charF p70 Gbe an
algebraicgroupof LieG L g Z Uloy begivenby x XPx
Then xty x1 ly yes

This facts do not look related Howeverone canget at least
partialproofsfor all ofthem using two techniques

1 Hopfalgebras relatedobjects
2 Gradings filtrations on vectorspaces

Today we start our discussionofHopfalgebras These are
associative unital algebras w additionalstructure Here are
twomotivating questions to considerthem

I Algebraicgroups are affinevarieties w additional group
structure Howdoesthisreflect in theiralgebresof functions

II The representations offinite groups G ofLiealgebrasof
can be tensored dualizedOntheotherhand those are therep

gresentations of FG Ulog associative algebres Forassociative



algebras there are no operations of tensoring dualizing
representationsSo FG Uloy shouldcome w additional structures

that enablethese operations

1 1 Definitions
Let A be an associative unital F algebra Fromtheproduct

AxA A a bilinearmapweproduce a linearmapµ A A A

M a 6 at AndfromTEA weproduce a linearmap E A A
z 421 Clearly one can recover theproductfromµ 1fromE The

axiomsof an associative unital algebra in this language are the
claims that thefollowing diagrams are commutative

A A A x ̅ A A A A
iron I 1s forA A A

If we reverse all thearrow weget tothe following

Definition 1 A counital coassociative coalgebraA overF is
a vectorspace F w linearmaps Δ A A A coproduct

2 A F counit st thatthediagrams obtainedfrom the
above by reversingthe arrows commute

A Aidea A A File gifts Not
A A c A
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Newnote that if A is a unitalassociative algebra then A A
is so as well w mapsMM E E

Definition 2 A 6algebra overF is an algebra A over F
equipped w a coalgebrastructure 0,2 s t Δ A A A

2 A F are unital algebre homomorphisms

Definition 3 AHopfalgebra is a bialgebra togetherwith an
antipodemap an algebra homomorphism S A AP A w opposite

multiplication making the following commutative

A A A Any
A F A

A A Tes A A

Remark Let A be a Hopfalgebra UVbe Amodules We
can define their tensorproduct U V is an A A module weturn
it into an A module via Δ a.lu u Δ a u u o a Σ a ac
Σat u air v Similarly V is an A module via ca 2 v7
α Scalus Wealsohave a distinguished trivial representation

A acts on F via 2 The resulting tensorproductofmoduleshas

many but not all familiarproperties eg thenaturalmap
U V W U Vow is A linear from coassociativity But
U V V04 you von may fail to be A linear this
would require cocommutativity of4
I



12 Examples
1 Let G be an affine algebraicgroup w unit e productmap

m GxC G inversionmap i C G Then A F G is a

Hopfalgebre w Δ M 2 et where we view e as a morphism

pt C S The coassociativity count antipodeaxiom
follow from associativity unit inverseaxiomsfor GForexample
the inverse axiom reads me id i ad me ixidled cop where
2 GG sends g to lg.gl p G pt is theonlymap
Passing to homomorphisms betweenalgebrasoffunctions

identifyingF G w F G F G weget eg
2 id 5 em poet

Note that µ 2 127,072 g f f gg f g f g E p
so we've establishedonehalfof theantipode axiom

Remark ForgeC let Fgbethe 1 dimensional F G module
where fe F G actsbymultiplicationby fg Then on Fg Fn
fe F G acts by Δ f f m If wewrite fom as Σfinefi w
fin fineF C then theaction is by Σ figift h f mgh
fight So Fg An Fgh Ifgh hg weget Fg An An Fg

2 Inthe same setting thedistributionalgebra D G w

operationsM M E ex D d 2 p S is a Hopfalgebra The
checkthat this is a Hepfalgebra is Problem 1 inHWI
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2 AparallelexampleforfinitegroupsG is thegroupalgebra FG
Here Δg gag 2g Sge S g g Moregenerally if AM E
Δ z S is a Hopfalgebra himA co then A Δ 2 m et 5
is a Hopfalgebra premiumexercise FG FG as Hopfalgebra

3 Let g be aLiealgebra Then Ulos acquires aHopfalgebra
structure Namely define Δ g Uloy Uloy x It 10x This

is a Liealgebre homomorphism exercisehintthecheck is thesame as
fortensorproduct representationsofog in Sec1.2of Lect So
it extends to an associativealgebrahomomorphism 0 Ulog
Ulog Uloy It's coassociative indeedboth Δ idleΔ id old
Ulog U973are algebra homomorphisms so it'senough to
show that theycoincide onof where bothgive

101 10 1 101

Similarly define 2 g F no S og Uloy'P to x

extend to associative algebrahomomorphisms Then 0,2 5 equip
Ulg w a Hopfalgebra structure Wenote thatthis definition
is given that the operationsof tensoring dualizing takingthe
trivial representation for g Uloy modulesagree


