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1 Graded filteredvectorspaces

1 Graded filteredvectorspaces
11 Main definitions

Let F be a field Vbe a vectorspace
Definition 1 By a grading on Vwemean a decomposition

evi
By a 7 filtration on V we mean a collection ofsubspaces

Vsi V ie 76 s t VisVin i V Vsi

Example F is consideredas agradedvectorspacew F F as a

filteredvectorspace w Fsi F is0

LetWbe a vectorspace then TW W isgraded
T W W

Definition 2 Let UVbegraded respfiltered vectorspaces
q U Vbe a linearmap Wesay y isgraded respfiltered
if q Ui CV resp q Usi c Usil i

Now let's explain a connection betweengraded filtered Every
gradedvectorspace V Vi is naturallyfiltered Vsi j Vj a
verygraded linearmap y U V is filtered



Conversely let V Y.li be a filteredvectorspace Itassociatedgradedspaceis

grV Vsi Vsi Vs 03
to a filteredlinearmap y U V weassign a gradedlinearmap

gr q grU grV guy utUsis glut Vsi CueUsi
thisdefines guy on gru thenweextendtogrU gru

Exercised gr ida idgun gr yay guy gry

12 Subspaces quotients
Wediscuss the compatibility of theseconstructions w sub

quotientspaces
Let Vbe agradedspace A subspace UCU is agradedsubspace

if U Unvil It'sgradedw Ui UAV Andthequotient VCU in
this case isgradedw.LVUli VilUi
Now let Vbe a filteredspace UCVbe asubspace WeequipU
VU w filtrations Usi UAVs V4 si Veith U

Exercise1 grU is
identified w thegradedsubspace uevilutv.eu

for some v eVsi Vein CgrV gr Vu grVgru

Example Considerthesymmetricalgebra
5W Tw J J uov voulu.veW isgraded exercise SW
gradedw S W Si w



Now let g be a Liealgebra We viewToy as a filteredspace
getting a filtration on itsquotient Uloy explicitly

Ug Spang X Xj jsi to jeg
Wewould like to understandgrUog Recall that
Uloy Tg I I x y y x xy xyeol
So xoy yoxegr12CToyse tg 9
New note thatgv I cToy is an ideal Indeedit'senoughtoshow

baabegr I ij
aet og begrIlj Takecetloglsj.tw 6 ce

Isj
then b c a a b deIsing Since ca aceTly sitji byExer

use 1 baabeIgr I itj
So grI x y y x grI J gradedalgebra epimorphism

IT Sloy TlggrJ grUlog

Weclaim that PBWtheoremfollowsfrom Sog grUlg in
factequivalent to it Indeed let negbe abasis Weinducten

j to show Xp Xn w Σdisj form a basis of Ulog j
Thebase is j 1

thestep is basedon theobservations that xp xp w Ed j 1
form a basis in 5g ja while S glj Uloglsj Ulog j

Thedetails
are an exercise

13 Tensorproducts
Ourtask in proving the PBW theorem is therefore to showthat

I S g grUog is injective Todo thiswe showthat both
S g grUloy are gradedHopfalgebras IT is a homomorphism



ofsuch Usingthis someotherobservations we'llshowinthenext
lecture that if charF 0 then Ker it 03
Since thedata of co bi Hopfalgebras involves maps between

tensorproducts equalitiesbetween them we'll needtensorproductsofgraded filteredvectorspaces linearmaps

Definition Let U Ui V Vj begradedvectorspaces
so that UOV Ui Vj Wedefine a grading on U Vby
U V i Ui Vic i

Let U Usi V Vsj befilteredvectorspaces Wedefine
a filtration on U U by U UseEgUsi Viki note
that Usi Vsk is naturally a subspace of UAV

Lemma Let UVbefilteredvectorspaces Then natural isomim

gru grV gr UU ofgradedvectorspaces
Proof

grUl grV o
Usi Usi Villain a

Wedefine t Usi Usie Vj Usj i gr UWigby
utUsis v Vij uout U Vij thenextendtothe

directsum t denote theextensionalsoby t Toshow it's an isom'm
choose a basis uj.EUset thevectors u w isk are abasis in

Usa an analogous basis unein V Thenthevectors

u'jtUsig VI Vee form abasis in grU grvwhile thevectors
Vi U Vsite_ form a basis in gr U V exercise Since t



sends one basis to another it's an isomorphism

Exercise2 Let q U V q U V befilteredlinearmapsbetweenfiltered vectorspaces Then 4,0g U V U V2 isfiltered
underthe isomorphism ofLemma gr y yd gr4 gry

14 Filtered co bi Hopfalgebras

By a graded algebra coalgebra bialgebra orHopfalgebra
structure on a gradedvectorspace V we mean such a structure
wherethestructuremaps e.gM E Δ 2 for a bialgebra aregraded
The analogousdefinition works in the filteredsetting

Propin 1 Uog w filtrationfromSec 12 is afilteredHopfalgebra
2 Slog is gradedHopfalgebra
3 So isgrUlos
4 ST Sloy grU g is a gradedHopfalgebra homomorphism

Sketchofproof
1 A Asi is a filteredalgebra means
i M A A A is filtered abjula b Asit aeAsibeAsj
ii e 5 A isfiltered teAso

For A Ulog haveAsi Span x Xj jsi xpg i Xii
Let's show Δ Uloy 41972is coasseciative theaxiomsfor Sky
aresimilarbuteasier Similarly to theabove Ulog is a filtered

glgebra Δ Xj Δ x Δ x Δ Xi X 1 10X E U g
02

5



Ug chop Δ Uog j chop j i e Δ isfiltered

2 Equip S g w Hopfalgebrastructure of U g w zero 3
Theproofthat it'sgraded is similar to 1 left as an exercise

3 If Ap Δ is a filteredHopfalgebra thengrA is agraded
Hepfalgebraw.gr4grD etc This is a formalconsequence of
theformofaxioms equalityof compositions oftensorproductsof
maps Exercises0 inSea1.1 2 inSec1.3

Eg the coassociativity axiom forA is Δ id 00 likea 00
Then grooidegrΔ gv 0012100 gr likes o idgro gud
which is the coassociativityaxiom forgrA

4 By construction in Sec 1.2 it is agradedalgebrahomomorphism
We'll show that it's a coalgebra homomorphism which is theonly
property we aregoing to use Let Δ S g Slog Δ Uloy

Ulog denotethecoproducts Weneedto showthat

grΔ IT MOST Δ 2

Both sidesof 2 are algebre homomorphisms slog grUlogy
To show 2 amounts to checking equality ongenerators i e xeoycSlog
Let x ̅ betheimageof xeg in grUlogll so that I x x ̅ Then

gvΔ'sSTx grΔ x ̅ Δ x 1 1 x x ̅ 1 1 x ̅
IT Δ x T T x 1 10x x ̅ It 1 x ̅
Thisfinishestheproof



Remark Onepoint oftakingtheassociatedgradedis that it
simplifiesthestructure cf isomorphism Sg grUloy thatwe'llprove
later One can use this toget an informationaboutgrA to getsome
informationaboutA we'll use thisstrategy later to describethe
centerof USG forcharF e
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