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1) Craded & Hbtered vector Spaces
14) Main definitions
Let [F be a eld & |/ be a vector space.

ﬁ)eﬁ/ln/flon 1.‘ . g A [7/, -) ma/m an V we Mméon A p/ﬁcom a;z’f/or;
7 0 g s 7
- @,
By a () -Fithretion on V we mean a coblection of subsgpaces
V; <V (ie,) st Vel #i& |/=’_£/ Ve
EJ(QM/JL/L: . ["— Is consio/ci’eo/ as ajl’m/co/ve(:éor ymcz W. ﬂ':’ﬂ:_ & 4s »
/3&‘6720/ vector space . [/:;ﬁ/ff ¥ i»o. _ ’
» Led W be 2 vedor space, Hen Tl )=,_§91«/@L Is 57’?0(60/ :
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Detinition Z: Led UV b j}’m/eo/ (esp. fiblered ) vector spaces
{ %00/ —> V be a linesr map. /l/f 5&3 70 s j/zzo(ca/ [}’6)79. /j&‘el’e/)
if ﬁﬂ((/c-)cl/é (resp. Y(Ugi) cl;) ¥

fMow o e)(p/o_in a comection belween j/aa/ea/ { ﬁﬁfeyeo(. EW(}L
jl/ao/eo/ Vcdfay S}Oaa_ Vﬂi@ V‘ 5 ﬁa/?,zamﬂj 75%6’@0/: ng .—J@ VJ 4
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[om/ersefy, et V- =£g{) V- be o Atéered vecdo Space. 12 associ-
wteof jmp/co( space s
5rl/= =I.§Vg M., (V. :=A{of)
£ 2o a fittred Gnear map - U =/ we as5iphn 2 j»}’ao/eo/ Cinear Mmep
(?r 60: 5}’ U —%(77 V, [jr ?J [u+5ffc-_,7 =§ﬂ(lx)+ ‘é,-_, (ue USgJ

(his detines g on [(?r U), & then we extens o 9 U=D ((7;/ Y):)

g =y L g o)l T fyrg

1.2) Sufspaces & guotients

We discuss th com,odzéifify of these construtions w. sul- &
qutient spaces

et V be le’cw/eo/ space. A sbspace U<V i a 5/2043/ subspace
if M=;@(U/ll/,'), s 5/&0&/ w. U-=UNV.. A 4o 7&/0%/%1‘ Vi in
His case is 5;/40(@0/ w. (V) = V-1l

Mow et V be a /)f‘ff/ea/ Sprée, Ul b QSués/ma,. Mi Zyu;/aﬂ
LW w. pttretions: Uy := UMV, & U)o =, +u) /U

:(7;/&{ i idetihed w. e j}’qa/to/ Sulslmcai;@[aé%/wv’éél
for some v'e Vsi—; ?/I/q, Cgrl/ & f}’ [V/L{)éjr l//jy U

Exam/gﬁ.- Lonsider e sgmmﬁfm ajj%m
Slw) = T/W)/j,' j"'—'[a@l/-l/@u/u/l/élﬂ/) s ﬂ/tz/ca/[ ) { S(w)

s 5/&0/@/ w. S); = S'tw)
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Now Cot q be o Lie aj;a&ra. We view 7—@) as a bteved space
getig a Altration on its ouotrent Uloy), exP&'a%g,,
Ulg),; =5;‘”‘“,;: [)(4)‘(} IJ'S" £ XX eq))
We would Gre 4o understand 3 Ule). Fecall thet
Ul =Tlg)/I, I: =(X93_ -Oc;@x—ﬁggjlx,gefg).
Y X6 -yexe C?"I),z < Tlg),, /T(g‘)sfgez
/Vmu Note fh&f j}/ Te 7@) Is an /'/fcz/. Ina/eeq/, /'lz’; enocgé 1) Séow
6a ME@"I)&J ¥ 2€T(oy); £ e (jVIJJ" Jake ce 7_[3)5‘[_, w. b+C €
ISJ , Hon G+c)a, albrc)e ISI-U._ Since ¢r ace T{‘fﬁs(g’-;; %" Lxer-
Gse ], ba,abe oy I>i+J'-
So ngD X8y ~y®x ﬁ’ngDJ“a 51«20(@0( A/goém e/y//ﬂo{péism
- S(fﬁ) —»T(g)/jriﬁc?r Z//g).

We claim thot PBIV bheorem follous fom (o) “>qr Uo) i
fact, Eyuiwzfent to it). Tndeed, GX %, x,€00 b & basis. We induct on
j‘fa show }gq.('.-x,,n/h . Zo/L éj form & basis 0}‘0 Z/[ﬂ)sJ’- The base s J'=-7
2 e step is based on Hhe observations that )(:./’._xﬂq/” (w. 2d. = 1)
form a besis n Sty white S’(g)ﬁ,%?,{(g)g-ﬂ/ﬂ@)ﬂ. The detnits

oade B8n

1.3) Tensor ﬂioﬂ/uofs
Our tosk. in /w’oz/in? the PBW theorem is z%rf/orc to show Yt
7 Slg) = gr Ulg) is mjectwe. To oo this we Show that bot)

S & 9" Ulep) ave :jl/zzo/e/ /%/n/ w/geémf’ AT s a Aomomo@ﬂzsm
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of suth. MS/V/& Ghis (£ some oher observations) we'tl show in Yt rext
lecture 4ot if cher [F=0, 4hen rerar={o3.
Sli’lc& {‘Ac a/m?a 0/ co-, ét— /7/// a/éf/éms anafl/es llﬂy)f Getween
tensor /proaluafs g c?uw& tres between z‘/em we'tl neod tensoy po-
ducts d jmoéo( V4 4 thered vecor spaces & Unear meps.

_(De/m/%/an « fet U= @L/ V= @l/ be jmo/eo/ vector spaces
o et UeV-DUST. W e 2 oredng on UV 4
o | J 7
(usv), - @é/@V
Z&f U= UUQ, /= UI/J be F10£ ci’ep/ Veaﬁlarjﬂzces We olefime
2 fttreton on UV !gb‘ (V). ZU B, . (note

tht L@,—QZK Is ﬂa]fur%zz Suégpcea 07" ue ).

Lemma: Let UV bo fibhered veckor spaces. Then 3 naturad 1somm
(gr M)®/5r V) = 9r (UsV) o/(j;ma/ep/ vector gpaces

Foof -

Ggr walgr 1) B U/ hei- )0 Ui Vei-,) (1)
We dlefine T [L{C, /é/q )@ [V /V ) ——>jr[6/@l/)‘t/ @

(ur ;)@ (v+ l/./ ) u®V+ [L/®V)<L+ L, (& then extend 4o the
direct sum (1), o(ﬂﬂo?lfe the extension adso og,‘c) To show its au 1somm
VAooSe A basis M €£/ s.t 75[4 Veﬂfom’ {{l w. (SK e & LRSI in
Dﬁk K an /wﬂ/foc?oa: basis l/ in V. Tl the vectyrs
((/f +U<c ,)@[l/ +Vep,) form a basis (n jra(g)jrl/u/é& e vectors

{A ®V + (U@VL“( , 7‘%/»4 a basis in 5}’[01@'/) (: ). Sinee T
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Sends one basis tp another, if’s an /fomoyyé)fm_ 0

Lk g U, gl b fttered bnear Mmaps bet-
ween Hétered vedtor spaces. Then ?ﬂﬁ%: UBY — U8B i fitfered §
tndler ‘er, /Soﬂ/lc?/péﬁm o/ /6}/%»144) 51’/%@%)= {yl’%)@{j*r%).

1.4) Fibbered (co-, bi-, #op#) a/geéms
By a graded aboebra (conlgehra, bialsohro or Hpf algetra)
SLLVWﬁWe o a j)’Qo(eo/ Vcofor Jpace V' we mean Jtm/ a yfmy‘fare,

where He structure meps (e5. M€ L,y fov o, bialgetre) ave jmp/co(
7-Xc almjojom A/ez‘plnrf!on WOres in {[L fgﬂfe}’eﬂ/ S&ff/ndp,

Pr‘op’n : '/) Z([g) (w. ﬁﬁmt/on /Vom Sec 7.2) I & 7‘755060/ /%/0/ Mg@g)’a\,
2) S[g) is j/tz/e/ /‘/0// Mgoém.
3) So is j}/ Z/@).
4) 9r: S[ﬂ)_’j” Ulg) is j}’@(eo/ F/o/;/ ajj&gm 40»140;97079/)1)”.
Seeteh of ﬁ}’oof:
1): ",4=,'7[J,(]5,_- 5 2 #%e/m/ﬂfj@@ﬂz” meens
0) /«4,40&3,4 — A i ﬁ%ﬁ@d@dvu (a@é)e,éfs,-v- —l/de/lg,-,ée 45J
() g: F—>A is httered < 1c A
For A=U(sp), have A= Sf,m”___ (;(4){) [Js¢, Keq) = () & ).
Lets Show A: Ulg)— UEI® is corssaciative, the axoms for S &y
ave Simitay but easier. S/szayfj % th above, Uy s a fltereo

alsehro; Als-x) = Ak AG) el alxr=x81+184, € (U(m)™"),, ]
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[Yxl[g)m]jo C(y@)@z)ﬁ-@ A[Z/(Q'I)sJ)C(Z((g)@Z)sJ V), ie ais pttoed

2): Eguip Slap) . Hopl algebra structuwe of U(o). w20 [-])
71.:_/0)’007[ Yot its j}’aoéo/ s simiter 7) £ (eff AS an

3) If (A M) i a Jblered //op/ algy%ra, Hon Jr/f i a j/a/eo/
Hopt Mgaém w g s gr 4, ete. This is a formal conseguence of
He Form of axioms [eyuaﬂf} of Co;u/oosrf/om of tensr /)’oa&m‘s of
/mfs) 8 Exercises 0 in Sec 118 2 in Sec 1.3

E-j., e Aoassadaszm‘g oxiom tor A is (A@io()°d=[io(@4)°z).
T, @m@io()ojm =g ((48id)00)) =jr(ﬁa(@4&)°d)=[i0/@5”0)’j1’4’/
Wheh s f/L Coassoc{wf/wfg, RXlom for bl A

4) % construction in Sec 1.7 ¥ s a j)/ao(co/ ﬂlé?&g)’zz 49Mom0}pé/rm_
We tl show that it’s a coaf}ﬁém, Aomomeﬁ/sm (whieh ic h 011%,
ﬁ/operfét we are ﬁoing, ‘o use) [ed 4: 5@7—"5@7@2({ 4% Ulap)
— 7,((57'92 donote e Cop'ooluzifs, Wo need o show Aot

rAar=rer).A ()

Both sides of (2) ave a/g@gfa 40/140}%0//0415)145 5@7 ——>(jr Zl@))?z
To Show (2) amounts o Mzcm’zg eyqa,ﬂify on. generedors, i.e. x€ojc Sloy)

Lt X be 'f/z /lng@ 0/ X€EO) /ﬁ‘/ Z/[g)), So Fhat T()=X. Then
g 8oT()=gr 4(x) =[8'6)= 01+ 18x] = XK@1r10X
@“@ﬁ)OA(X)=@’®7)’)(X®1+7®x)=;T@fr 18X

o 771'5 %msﬁes fL f)’omp_ ad
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Femare : e /004}41‘ of ‘faking e assovated jrao/eo/ ii that it
S/m/oé'y[)es the strudtuve, of /Samwp/zsm Slg) = 9r Ulq) Yot we:ll preve
lader One con use His o 505 an imtormation about (7}'/4 o jm‘ Some
Ifor medtion about A we'tl use Hhis Sf/a/feao} loder 4o describe e
anter of U(LL) (B char F=0).



