
Lec11 Hopfalgebras filtrations gradings II

1 Graded filteredvectorspaces

1 1 Maindefinitions

F is field V vectorspace

Definition 1 grading on V V Vi
2 Thefiltration on V subspaces Use CV iso

Vicki i V Vsi

Examples F is graded w F D

filtered w Fsi F i

W vectorspace tensoralgebraTIY.IQ figrading

Connection graded v s isfiltered
V Vi Vsi Vi

Filtered V Vsi associatedgraded



grV Vsi Vsi K 03 graded v s

Def U V graded respfiltered v s.gelomg UU

say p isgraded if y U CV i

filtered if plusile Vsi i

Graded q U Vthen q is alsofiltered
UV are filtered q U V isfiltered
graded grp grill grv

1141 Vsi Vsi

here grp ut Usi i flu Usi i

Exercise 0 grIdu IdgruAgr yep gry gry

1 2 Subspaces quotients

V Vi graded v s Say subspace UCV is graded if
U UAV graded as a space w U UAV



VU Villi grading

Filtered V YVsi UCV is filteredbyUsi Un Vsi
V U is filtered Va si Us 4 4

Exercise1 V is filtered UCV

grU fue Vil ve ki s.tutv.eu Kiggrv
gradedsubspace

grVgru gr Vla

Example W rect space gradedTCW

T W J x y y x xyew graded exercise

symmetricalgebra 5 w TW J Si w graded

Now W g Kie algebral
Tog I x y y x xy xgeog Ulog Toy I

is filtered w Ulog Spang x xjlj.si xp xjEg
xay yoxe.gr I T g 2



gr I is a 2 sidedideal abbaegu Iaetloyli.begrI jti jzo 6elgrI cetloglsj.nlGtce I
a Gtc btc ae I ac caetloylsitj.it ab Gae

gr I itj
gr I y y x grII
graded algebraepimorphism

M Slog Toy 7 Tog1gr I gvUloy

PBW Thm x neog basis X Xp basis in Ulog

IT is iso injective

Prove x xp w Σdesj form basis in Ulog sj
induction on j
Base j 1

Step from j i to j its uses

xp xp w Ed it form basis in S log
Silos Uloy sin U g si

exercise



1 3 Tensorproducts

To prove PBW need Ker IT 403

see 5 og goUloy are gradedHopfalgebras
IT is homomorphism ofsuch
next lecture undersome restrictions on g charF o

this force Kerst 03

Hepfalgebras viamaps betweentensorproducts

equalities of such tensorproducts of filtered
graded vectorspace

Definition graded U Ui V Vine
U V Ui Vj is graded via

UAV Ui Vis i
filtered U Usi V Vsj

U V K EgUsi Vsk i



Lemma U V filtered gru got e gruel
Proof

gru gov ftp.l f iilo u usipexlutVsj

Kaulsi j U Vsitj
You U V

sitj
T grugru gr 404
To show t is iso

pickbasis in U ujs.t.at w is k basis in Usk
V V5 similar

Bases in

guu guv u Usis ventUse

To t is

ise.grUov su'j vent UOV site

Exercise 2 filtered linear go U V 42 4 V2

Then q y U 4 V V2 is filtered

grip yd gry go42



14 Filteredagraded co bi Hopf algebras
A graded co bi Hopf algebra graded v s w
correspondingstructures that aregradedlinearmaps

16algebra M E Δ 2
Similar for filtered v s

Proposition 1 Uloy is filteredHopfalgebra
2 Slog is gradedHopfalgebra
3 gr U ay is gradedHopfalgebra
4 IT Slog gr U g is gradedHopfalgebrahome

morphism

Proof

1 A YAsi is filteredalgebre means
i µ A A A isfiltered ab p a 6 eAsig atAsi
beAsj
ii E F A is filtered re Aso
A U g UloysigSpang

x xjlj.si Xp_xj.to
i Riil



need
4 2,5

prove Δ is filtered
Ulog is filteredalgebra e.g similar to above

LTNOW.ioxj ok It E

U g Gulag sj Δ is filtered

2 Slog U og w zero 3 Hopfalg structureonSlog

It's graded is similar to 1

3 If AM E Δ 2 S is filteredHopfalgebra

grA grpgre isgradedHopfalgebra
Use gr is compositions
eg.coassociativity forgro
For Δ Δ id as id00700

groloid gvΔ gr aid o gr 1200700
id gro agro

4 IT is gradedalgebre homemby Sec 1.2



Compatibility w coproducts

Δ Sloy Soy7 Δ U g 41972

grΔ ST STI Δ 2

algebrahomom's Slog grog
enough to check 2 ongenerators of slog Eog

x ̅ image of in Ulogls U g so JTx x ̅

gr Δ T x LgvΔ x ̅ o x 1 1 x x ̅ 1 1 x ̅

T IT Δ x IT IT 9 9 x x ̅ 1 7 x ̅

Rem advantage of AmgrA
easier to understand

eg grUloy Slog

info on S og Z 41g for g 31 in char o

later in class


