Z@C, /,Z A/O/)/ Ré&glfo\_y, %%/q)f/ons X\qua/mgsi_ﬂ_
1) [Foof of PBb Thm 3 releted cLaims
2) (omodules.

1) oot of PBW Thm . releded claims
1.1) froof of PBW in char O
Let [F be an L%Mm/calg losed! held, ( an a{y@gmja (ﬂ;/oup/ Fg
ﬂ=l/e (() Let ar: S@J o Uloy) be the natural (jmoéo/ alyebre
ﬁomOma);o/usm (Sec12 of Lec 11). In Sec 14 of Lec 1 wee Sern Hhet
I s a aodj%m /omomor/b/ism. Ouar mein resull v %n//’; sectlon Is:

Prop.: Let q be o (Fnte dmensional) Lie afgeéfa & 9r: Slo) —Abe
a 40/140»10;04/5}% a/ jmo/w/ COQ/%P/KV&S st [ ker gr )51 = 1/03

1) I char F=0 on o is /iy’edh/c.

2) T chor [F=p>0 ten (/cemr)sf,q#o}.

Proof-
Assume Hhe confmyy’ & plek feteer m), \ o3 w. mmimel m.

% A minim&%} Assumpz‘zon: gr: S(SI>~<M-/C"’A.<M-4 g So Y-
(SEem) oy Mot tht (r83)25()=a(Tth)=0. Abso
athe (S()), = B SG),® Sty Wate atf)- Zalf); w
A(,?)L. 65@)4'8 S(SI)M_I- Since TOT - 5@),-® S(f])m-i <> /1,@/1”,_5 7
o<c<m = 4(f); =0. Now choose = bssis Xy X, €]

]



/f@imiVmﬂ, FES(5>M7 4[F)1=léx;® 9,:)’:

P/oof /Z/Qma EMo«A‘fo consider F = X - K, @A(F) /7[X ®1+18x:) N
UL" B e binomial %Wuu[tz, (x; ®4+’/®)() Z(J )X @X Y TL,
He 4erm of o foom x.87 is X@Jx xd" X @O F O

Mz wnoé{oZa ‘L‘/af 9;7[=0 19[[., /Qec@ﬁf M70. I?f 04(21/ [F-‘O, f/em
F=0. And // har F=/v) 9,-7f=o ¥, =>/c~[F[x)fuxf] :-?o/egf;ﬁg

We now /pmm/c sutlicient conditions for (ker )., =10

Lemme.: Let [ < CZ be Ma/jeérojc 5ué7/’0u,o

1) If xeq, 2 €lF ar st (f(x) Q: /o/ ¥ vetionald representetion
P:f— (L) (Lo=T7), thn X=0 § 2=0.

2) Fov or: Sley)—>gr Uley), (Ker @), = {03

Boaf: 1) Simce (@l we have gcgﬁ, £ F i a vetionad (rep.
Tace l/= [F"@Em (“trv” for trivial). Sine x acts 6 4y ool =
a=o. Aud since gcgé:, X=0.

2): (ker ) ={a3 §/c 1#0 in Ula).
L xeg=5@)7 be st. xekerIre>  ae Z{@)S;ﬂ:f st X
Is 0 in Uy Thw X-2_acks @( 0 on ary Z{’[g)fmo/wfwg—/e,a

contrzoli ctm ¢ 7). d
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[oroﬁmar Assume 3 is as m Lemma
1) If chor F=0 then o Slo) =>gr Ulep), 50 FBW Thm hodbs
2) I chor Fepet, ton I S(o)ey, = g1 Ulop)per

Proof: combime 2) of Lemme w /Droloos}vf/on.

1.2) Additivity of x> xP-x %
[c))rog&ug: Assume chos F=pX bt [ be as i Lemma. Then
[Xf(j)F— [Ky)ip]'-' XP-XCPJ+GL]F—31[P] ¥ X4€9)
Proof:
Lot Z’éllfﬂJ be 4he pé’;%/ema of Lhs g rhs. WIS z=0. Netation:
for ue Z/(f])éi we wnte i for its elzss Z/[g)st-/a/g)g,-_,‘ Ej-/
Ulep),, /Z/@)_<0=[i) ar/ Zem/mg]:g] /4 §=§ ‘erg.

Step1: e cloim 2e Uly)ep.,. Mote thet she Uy, 3% U,
= 2 Ul But z+ ZI@)SID_,=(>?+3)Pf>?”—zzf=[grﬂ[g) s commuterive
as 7uovf/em‘ of Sly)]=0 = ze Z/@)S/D_,. cose. min't k w. 2 [ep)e,.
= ksp-1.

Step2: We laim that A(2)-2611182 Tydeed 4(5)=Fo1178F,
A(FP)= (§®1+7®§7P= [§@4 518 comufe]—-j”®7+7@f'p=> 4(z)=
261+ 102 Mow we'll use cloins befre Che bomma Lo Ansh the /700/_)

Sﬁf 3: (onsider Ee@r Ula)).= S(op),. Loi Ag: Slop) = S(2)8 S(p)
bo th coproduct Thn AG)+(UGI™), =4 (2) = A (2)=281+10T

%; Lloim in -64 /0}’007/ 0/ /Droloosfflon/ Zf ko1, —é[w VY74 /anfm,[s o/ Zz

|



VMIS}' A since /<</D = Zz-0 /%lm ZE Z/(g)_(k,,, we a/nve at a
contradiction w. &40/& of £ So ket = ze Ulop)e,.

ngo 4: [ P- ; —961(1/) be o yationl (- /eﬁfegwfq,{/on £
ﬁo T@ ﬂ——)ﬂ[{f/) %,_ ﬂm 7 Secz /[ec,z ?0[3—)” (/(§EPJ7 #féﬂ
50 2 ads :{) 0 on I/ 8} ’/)O/Zemmca 7 Secff 2=0.

13) PBW 4heovem m [/cu’/o
//e}’f_ e 5/(61‘04 2 /)’00/ o/ 'é[& /D%Wlﬂé‘/ ( éaseo/ on 5&{5‘6 MM;&)
Details ae L a5 an

ﬁ’aposﬁtlom Suﬂoosc ﬂcg[n 7Zm /DB{'l/ mm Aofa/s 7@/ g

Scetch of roo/

/) V3 5( [ jr 0@4 ‘L‘n/w S(g)wjr Z/(gy) This recluces
e /07007[ 'fp o cose of g[

2 Set gl (Z)=Mot,(Z) so Yot g, (F)-F&,qt, (2) ¥
fefo/s E (onsider e ing. U, [374:[2) d&ﬁne/m in e case of
pelAs. Use aniversal properties of U(2) £ estabtish /SDmamézsm
2 Fe, i, (¢, ()= Uy, (F)

3) Let x,. %, b & {R.SIJ 0/ 7 e ﬂjb&wjrapgf (7). Tlea
UZ@(’ (2)) = Spanz (X 0/70)

4) Use (1): with F=C o .S‘ADW X X, 6Z/7Z(g[ (2)) ave Mfa}’fy,
/no/e,oena/enf £ for arérf/erout F 4o fnsh 4 proof. d
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2) (omodtLes
2.1) Depnition
Tn the Zensor /)’oafucif /aﬂgqaje 2 module over an @%Mm
(4 /4 £) cen fe detmed as a vector space M foj@ﬂcr w. Cneer
mep pr: AOM —M Ma/a‘ﬂg, He /a%mé diRgrams  commutaZive:

ABAOM ———— AN FeM ——— M
’ MBI, d\ /
l/aﬁ@/lM l/"m EBldy, o L
AH —— M

Eel/ersmg, he AIows pe j&f # /wflowing.-

_[De/)m'f/on: Lek [/]/A,Z) be a Coa/%oém. ga_ a (1’/54‘@ COMoo/Me
over A is a vector Space M w o Cnerr mep M Z:M@A Making- an
/ﬂomng, aéf'aéamm: commutative:

M8 ABA «——— M4 MOF «——— M
oid, Loy N\ 4
A X 4 ' 4
S A
MOA < y M

&amp&-’ A . 2: A—A®A is a comodihe over Hself (/{514(2/ comodute).

2.2) ComodiLes vs rationed Vgﬁ)’esmfuflom
Lt ( b an Mgag/ajc group w. poduct m: (>C — G & unt e
Hot we view as a map pt = (. As weve sen iy Sec 1.2 of Lec 10,

___F[C] is & //6/9/ 4,[5@&/@ w A=m* & Zrdk
5]



Pmpas;f/oh let V fe a / nite dmensional vector space over [F Tef”'/”
V w. a [FLCT- comodule structure is . seme as to e;u//o i w a
strudure of a retionnl (. representotion. In /mrz‘rm&v
() Hom,, (V) = L FLCT - comoddule ﬁonmmyﬁums V1'%
(6) (/’Cl/ is [-stable<ss VeV s a sub-comodite.

Foof
First we cloim that +he /Mfawmoc tota are equivelet:

(&) A moyphism p: ¢ — End (V)

(i) o Onear Map 4,V — Vo IF[¢T

(iii) a bitineer map (o(,v)f—acd)v.' I/;Kx\/——},ﬂ:[é]

(i) —=>(iii): Pt Co(}v(gﬁ <d, pl5Iv> (matrix coe/#dcm‘)
(€) =(ii): B, ¢, = <ovid, 8,(1)> («0id :VOF[C]—> VeoF=1)

Now we (/ajm an/‘é (9 Is & /e/orasenfaffon@AV is & comodute struc-
ture. Inoeed GE o, v, €l be basis & o, € V* be dyel basis.
Wrke Gji=Cy, " 77@:7 p 5 & representedion <

() c ; (gh) - Zcmg)c (h) Vg heC L cle)= &y
AV is o comodude Sfmmfwfa < [aaSSoa@:éN/)fa( & count axioms
49[0( foasswdm@ Seys [/o/@d) °d, [V) (A /o/ 4, [1/)6
V@[—[C]m%‘(/ Ntz thet 2 (J/7-CZ ;@ Cii. 50 we arnve ot:
l.s. —Zt/@m"‘(c ), rhs= Z A 4)8C, -§v®c 8G; . So
N S=phs, < m*(cJ) C;.8C, <2 C (34) = [m*(c )](54
chk[g)c,i/ (h), wheh 4 152 part o/ (*). 712470//0% i similer

but easier

- To prove (z) Zake zcHom(V'V') § wrte it as a matrix [f[j)
6



Thon Tis (-6 fhear@fofj[y (9(37 °T J/g &=
(xx) Z‘f =5 ¢t
J" y oIk
And T is a comoa/w& ﬁomamoyoéum@ (t®id)e 4, = 4T
[ cwrite in bases] (¥%).
And (5) is letl o5 on (6th Cow&'fbns AJe E)gﬂ/eﬂ‘eo/as

ww/sémé o/ f/L mayix cOc///a'mfs)_ a0



