
Lec12 Hopfalgebras filtrations gradings III
1 ProofofPBWThm relatedclaims
2 Comedules

1 ProofofPBWThm relatedclaims
1 1 ProofofPBW in char0
Let F bean algebraicallyclosedfield C an algebraicgroup F

g Lie G Let IT Sog agrUloybethenaturalgradedalgebra
homomorphism Sec1.2ofLec11 In Sec1.4of Lec11 we'veseenthat
IT is a coalgebra homomorphism Ourmain result in thissection is

Prop Let g be a finite
dimensional Liealgebra T S g Abe

a homomorphism ofgradedcoalgebras s.t Ker t 03
1 If char F D then it is injective
2 If charF p 70 then Ker t sp

03
Proof

Assumethe contrary pick feckertml e w minimalm

Bytheminimalityassumption JT Slg am Asm so I IT

Slg am Asm Notethat It Δ f Δ t f 1 0 Also
Δ fl S g m Slog Slogm i Write off E off w

Δ f ESog Slogmi Since IT S g Slopmi A Ami
ecism off i o Now choose a basis Xp neg
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Claim m 1 F Slogm Δ F EnXi Dif

ProofofClaim enough to consider F xp x Δ F D x 1 10x

Bythe binomial formula x 1 1 x iÉ x x it Then

the term of the form is dix x.li xnh XiQ2iF

Weconcludethat Dif o i Recall me If charF so then
Fe And if char F p 2 f o i feF x XP degfxp.rs

Wenowprovidesufficient conditions for Ker it to

Lemma Let G Gln be an algebraicsubgroup
1 If xeg.ae f are st y x a idu rational representation

P G GLV Ry Tep then x o Rase
2 For S g grUlog Kerstls 03

Proof 1 Since CCL wehavego.gl F is a rationalGrep
Take V F Fern thu for trivial Since actsby0 onFern
a o Andsincego.gl D

2 Ker T 036 c 1 0 in Uog
Let eg Slog be st xeker aeulogs F 1st x a

is 0 in Ulogl Then X a actsby 0 onany Ulos
module of rep

contradicting 1
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Corollary Assumeg is as in Lemma
1 If char5 0 then it Sloy grUog soPBWThmbeds
2 If charFp 1 thenJT Sloglep grUogsp

Proof combine 2 ofLemma w Proposition

12 Additivityof axpxp
Corollary AssumecharF p let Gbeas in LemmaThen

xy
P
exty XP P yPyep xyeg

Proof

Let eulogsbethedifferenceof ehis rhs WTS2 0 Notation
for meUloy wewrite w̅ for its class in Uloglsi Uloy si Eg
Ulog Uloy 2 ofLemma g Beg

Step1 Weclaim ZEUogsp
Notethat eUloysp reUlgs

ZEU gsp But Ulogsp x ̅g
P xP̅JP grUog is commutative

as quotient ofSloy 0 ZE Ug sp r
Choosemin l k w ZeUlog sk

Ksp 1

Step2 Weclaimthat Δ 2 201 1 Z IndeedΔ g 1 10

ΔBP 301 10 P
5 1 2103 commute 1 1 JP Δ z

701 102 Nowwe'll use claimsbeforethelemmato finishtheproof

Step3 Consider EegrU g Sog Let Δs Slog Slog Slog

bethecoproduct Then Δ z Uloy7 Δ E Δ E 201 107

By claim in theproofof Proposition if Kol then allpartialsof E
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vanish since kep E O Hence E E Ug k r wearrive at a
contradiction w choiceofK So Kst ZeUlogle

Step4 Let P G GLU be a rational Grepresentation

4 79 g g V ByThm in Sec2ofLec2 y 3
P
y

D
zeg

So z acts by 0 on V By 1 ofLemma in Sect 1 z o

13 PBWtheorem in charp
Here we sketch a proofofthefollowing basedon basechange
Details are left as an extended exercise

Proposition Supposegegen ThenPBWThmholdsforg
Sketch ofproof
1 If Slgn grUlogh

thenSlog grUlog Thisreduces
theproof to thecaseofgln
2 Set gt 7 Mat 7 so that g F F gCn 7

fields F Considerthering Uzlog 7 1 definedas in the case of
fields Useuniversalproperties of U to establish isomorphism

11 F guy logen 7 Ulogen F
3 Let m be a basisof thefreeabeliangroupgC 7 Then

Uz of 7 Span xp xhmld.ie
4 Use 1 with F C to show meUnlog 7 are linearly

independent forarbitrary F to finishtheproof
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2 Comedules

2 1 Definition
In thetensorproduct language a module over an algebra
AM E can bedefined as a vectorspace M together w linear

map jun A M M makingthefollowingdiagrams commutative

FOM MA A M Fms M
E MAMidMM

A M 1m

Reversing the arrows weget thefollowing

Definition Let A 0 2 be a coalgebra By a right comedule
over A is a vectorspaceM w a linearmap M F M Amakingthe
following diagrams commutative

M F MMOA A F Δ M

m idme
MA

id

MOA I M

Example A w Δ A A A is a comedule over itself regularcomedule

22 Comedules vs rational representations
Let G be an algebraicgroup wproductM GG G aunit e

that we view as a mappt C As we'veseen in Sec 1.2 ofLecto
43 is a Hopfalgebra w Δ m 2 et



Proposition Let Vbe a finitedimensional vectorspaceoverF Toequip
V w a F G comedulestructure is thesame as to equip it w a
structure of a rational Grepresentation In particular
CalHomaVV F G comedule homomorphisms V
6 V CV is Gstable VCU is a subcomedule

Proof

First we claim that thefollowingdata are equivalent
i A morphism p G EndU
iil a linearmapΔ V V F G
iiil a bilinearmap αv7 Cav U xV F G
i iii p a Caulg 22piglusmatrixcoefficient

ill iii Du es cau said Δvv77 said V F G V F V
Now we claim that p is a representation Δ is a comedule

structureIndeed let u UnEVbebasis α aneV bedual basis
WriteCij Cary Then p is a representation

Cijgh ECikgCig h gheG Cij e Sij
Or is a comedulestructure coassociativity countaxioms

held Coassociativitysays id Δ 0mUj Oneida Δ Vj
F G j NotethatOnluji E vieCij So we arrive at

eh s v.fm cijl rh s ΣDalk ckjE.li CinoGcj So
eh.s r.h.se m cijl CinOCicj Cijgh m Cig gh

ECikgCig h whichthe 1stpart of The2ndpart is similar
but easier
Toprove a take teHomViv write it as amatrix tijT



Then t is Clinear topg piglet g
tijcjkj.ECjtjk

And t is a comedule homomorphism toid Δ Duet
exercise write in bases
And 161 is left as an exercise bothconditions are expressedas

vanishing of thematrix coefficients


