
Lec13 Hopfalgebras filtrations gradings II
1 F G comedules vs D G modules

2 FaithfulrepresentationofG

1.0 Introduction

Let Gbe an algebraicgroup over an algebraicallyclosedfield
F Recall that in Lec 3 wehave constructed a unital associative

algebra of distributions D G
Let Vbe a rational G representation Let cy.veF G be its

matrix coefficients deV7vev Weclaimthat
i D G modulestructure on V s.t.ch 807 48ca.us
LEV VEVSEDGl C linearmap is D G linear Cstable

subspace isDCal stable

iil If G is irreducible as variety thenany D G linearmapis Cline
ar any Dla stable subspace is C stable

Recall Exercise 1 in Sec1.2 of Lect that therepresentation
ofof in V also satisfies α v7 LXCa Remark in Sect ofLec
5 says that g CDGI as a Liesubalgebra so theclaimed
D G module structure on V restricted to oggivesthe usual of
representation in V Nowconsiderthehomomorphism U g D G
Turns out that if char 5 0 then it is an isomorphism This implies
that in ii we can replace D G wogThisimplies Fact C in

feet
0 of Lec 10 originally in Sec2 ofLec 5



1 1 Pairings

By a pairing betweenvectorspaces VV we mean a bilinearmap
Vx V F Wesay it's nondegenerate in V if v 27 0

EV v0 Wesimilarlydefinethenon degeneracy in V
Also notethat from weget apairing VOV VOV F

determinedby nov2087 Cu 274 ps

Definition Let A0,21be a coalgebra A be an algebra Wesay
that apairing 7 AxA F is invariant if
11 Δ f a 67 Cfab feA abeA
2 f 17 2 f

Example Let A F G A D G Set of87 8 f o reads

8 8 m fil 18 8 f which is thedefinitionof theproduct in DG
Similarly 2 isthedefinition of teDal So is invariant
It is non degenerate in D a 6c D G is constructedas a sub

space in FCC In fact if C is irreducible then is non

degenerate in F G as well Namely let feF G beset S f so
SEDG Let A F 43 in bethemax idealofe Recallthat
D G Y.CAmkty Sofe mkt For G Gln this an exercise hint
m c fe F Cn Taylorseries of f starts w terms ofdeg k For
general G this a consequence of the Krull intersectiontheorem
Let A be a Noetheriandomain I A an ideal Then I 03
See Corollary 5.4 in Eisenbud's Commutativealgebrawitha view
I



12 A module from A comedule
LetAxA F be an invariantpairing So asA wehave a

linearmap as A F
Proposition 1 Any A comedule VΔv becomes an A module

via av fide as Δ o

2 Any A comedule homomorphism is A linear any A sub
comedule isA stable Moreover if 7 is non degenerate inA
then theconverses are true as well
Proof

1 Weneed to show a 627 cable Pro is exercise Let u ieI
be a basis in V Dulu Efi Cij CijeA w.li cij to co j
so avj Σ Cij as vi The comedule coassociativity lid Δ Δ

ovoid or reads Δ Cig EgCik Ckj Then 9 reads
Effik a Ckj67 Cij ab we have a buy a Cij670k

E Cik a Crj 670 Cij at U abOj

2 Let t V V in a basis tlv E tij.ve t is a comedule

homomorphism to id Δv vj Δ vet Vj s
toid Via Cj On Σ tj vi
IcVi tickj Vi CÉtkj
tick Ciktig i j

Similarly T is A linear tikckj.at City a i jet
aeA Part2 abouthomomorphismsfollows apartaboutsubmedules
s left as an exercise



Exercise Let Vbe a rational representation ofG hence an F G
comedule Theresulting D G modulesatisfies x 807 8Cau
hencethe characterization fromSec1.0

Example V A F G A D G Then we can writeΔ f m ff
as Efi fi withfigh filg fih So Sf g ES fi f g
eg forg e weget fh file f h
3 Sf e Slf
Ingeneral considerthe left action GAGno GAFIC so

18f g Sg f exercise

13 Ulog vs D G in char0
Proposition AssumecharF o Thenthehomomorphism Uloy DG
inducedby g Tel D G is an isomorphism

Ideasofproof details are extendedexercise
Recall that D G 1 A m m cA FG isthemax ideal
ofe One can showthatthis is a Hopf algebrafiltration

y isfiltered Hopf
homomim Arguments like those of Sect of

Lec12show y is injective thisrequires charo It remains to show
himUloglen JimD Glen n Notethat multiplication inA
dimD Gsn himAm Eghimmimi S mmy mimit
Eehim 5 mm himScogin himUloglen

Rem Thisfails in charp alreadyfor CGaCfExample in Secs



11and1.2of Lec 3

2 FaithfulrepresentationofG
Here we explain whyanyalgebraicgroupG is isomorphicto an
algebraic subgroup of Cln We'll construct a rational

representationP GLV s t P q Tepg g V are injective
We start w a general result on comedules

Lem Let AΔ 2 be a coalgebra IVDv be an Acomedule
VEV is contained in a fin dim A subcomodule
Proof

We can write Δ to Esui a w linearlyindependent a EA Set
V Spang Vil i 1 k First we claim that weV Bythecounit
axiom of a comodule idu 2 Δ o v under VOF v so

v lid 2 Eviea plainview
Second we claim V is a subcomedule Notethatany linear

mapSpangla F can beextendedto A 5 So it's enoughto
prove that αEA u a lair idea Orto wehave

Δ u EV A Wehave Δfida 0,14 Σ Or Vi ai so

Δv u Eyα ai Outuil id idea ovoid Δ o

ovoidal or idu Δ Δv idu id α Evi id 2 0 ail
EV A

Weapplythis lemma to V A F C Let f AEF G be

algebragenerators Let Vibefin Lim subcomodules containing f
5



V Ii Vi So we can view V as a rational representationof
G Explicitly we write off Efa fani Then de V we

have 2g77 If cd.fm fmilgl Eg take heG α V F

f to fh Weget g f h E fan hlfani g m f hg fhg
Hence V is stableundertheaction of C on F a byright

translations If gel issuch that g actstrivially on V then
fi hg filhl i heC Since f sgenerate F G Fhg Fh
FE F G hg h g e
Nowsuppose Eogacts on V ly 0 Weget x.fi e i

0 x.fi e Example in Sect2 f Sincefi'sgenerate F G
2x is an e derivation wegetthx to theLeibniz identity that
f o f 0

Rem With a bitmoreAlgebraicgeometry one can showthatthe
imageofeveryalgebraicgroup homomorphism is ZariskiclosedOnce
P G LCV q g g V are injective P G P G is

an algebraicgroup isomorphism See H1 Sec 8.6 fordetails
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