Lec 13- A/O/)/ a/awgmj, Athrations Z\JVQa/lnﬁs, v
1) FIC] -comodiles vs D(()-modules
2) Faithful representation of [

10) Introdu ction

Let G be an A,%&él’ajc Group over an ﬁ/{ﬁ{/g}’aj(:% closeod fetd
[F Fecoll ‘L‘Au‘ in Llec 3 we ﬁau/e Conrf/udca( 2 wmtel assocatve
Mgeém of distridutions, D(G)

LV be 2 rationet (-representotion Led ¢, € FLG] b /ts
matrix coeflicients (x V¥ velr). e Mo Lhat:

) 3! D) -module struture on V st <d dvr=<§c¢, > ¥
e V¥ yel §eD(C). VL bimear map is D(()-linear { + (- ctakle
5065/9&& i DIC) - stable
(i) T (s rredudble as {/QJ’IV%, Ehon any D) - Cmear map s (- {ine-
w oy D) -stable 5u55/oace s C stofle.

Recall . Fxercise 1 in Sec 1.2 of Lec ¢ thet e representation
of g mV also setishes <4 xvr= <X Gy femane 1n Sec 1 of Lec
5 Seys thet ﬂCﬁ(C) as a e Sbéﬂ/%fxg}”{ g 50 He closmed
D(C)-moduly structure on|/ vestncted to a7 guves e usuad 9-
repyesentation in V. Now consider s ﬁomomyn//m Ule) — D(C)
Torns out that it chav [F=0,ten it is an /50/140//’04/”14. This imptaes
that in (i) we con reptace. D(() w.op. Ths mptaes Fact C in

Sec 10 of Lec 10 (origin in Sec 7 of Lec 5)_
- 5L



11) Pajnngs
g? a podving fetween vector spras V" we mean o blinear mep
<; v /X V"—eﬂ: We s /'7.1’1 /10”0/636/76/2256 2 l//'][ <v/ A7 =0 a
el = V=0 W s)'mffay% define Ho hon- o(ecgemmt? m
Also note thot Fom <7 wh gt o pering Vol VoV — [
o/figﬂminco(@ Sudl A8p7 = <u7<y, B7.

Debnition: Lot M,A,Z) be a codoq@gm LA be an ﬂ«@%f’a. We Jay,
thet a peirmg. < 7 AsA "= F s mariant: if

(1) <4, 2887 =<fab> Y Lof qpet”

() <t12=9lf)

Example: LA A=FIC1& A=D(C). Set <f,§7:=8(f). (1] reacks
(808 ) (EN=(Ex 8 1) whed i b defimtion of 4o produdt in DIC)
Simiterty, () i e defintion of 1€ D) So <3 js invariant.
T is ﬂoﬂ‘o/ﬁjﬁﬂfm]éc in D(C) lore DE) is constructed as a sub-
space in FLCIT). In fak, if C is imedudble, tan <> is non-
o/fgehe/u‘e m FILT as well. Womely,, bt LeF[C] be st. SH)-0
VY Je DG). Let A:=FLCT £ tn be #e max. ideed of €. bocoll thet
D)=L (A=) So fe N For (= (L, , his a (hint-
ﬁﬂkC{Kfz//‘_[(4]/ Taj&)‘ Se'//f! of £ starts w. terms of a/ed'; 2k). For
general G this a consequence of He Kvull mtersection Lheorem:
Lot A be o Nbetheren domain 8I1¢A an /a/fa,z Then [7/1_7:':’ {03

See [éraZ(M 54 in E/'sen/uq]’s "&)mmuz‘a;fn/e 4%{1/5/& with a view..”
7] i



1.2) A module from A- comodite.

Led Ax A" —F be an inveriont pairimng So, ¥# a€ A’ we hove o
Onear map <va7 4=

Proposif{on-‘ 4) lf}z A- comodude (1/, A,/) becomes an /41/'/%06{/14,&_
Via. QU= [io(®< a7j)HL ().

2) Ay A-comodude 4omomo7aéum is A~ Cinear § any A sub-
ComaWc 1 /{ stakte . Moreoue;/ 17[ ( *2 (s HNon- D(egemnafe /n /4
Yen He comverses ave true as well

Roo#:

1) We need 4o Show albr)=(h)v ; =1 1Is Lk v ,,iéI
be a bass m V £ Al (U‘)“ ZU@C (C "/4 w. /{cIC,J#O}I<°° f/J)
So RY; = Z C’,,aﬂf T Comoa/ule coasjoomz‘/m‘& [id, 8474,
= [ @m! Jo &, reads Alciy= 2 C; @G Then (1) reads

“Z_:r<c’,t,a7<c‘] 6= <C,,a,£7KWe howe a[AV) Q(Z.<C ,628)
2. <Cir,a74 G, 6>zr Z<c ab>u, = /al)ar

Lk

Z) Ze]f - (/—"l/ /ﬂaé&iS/S Z'/l/) é z‘ T icQ Comop/wgi

AOMDMOIPAISM < [r® /o/] 8, (v) AVz Z‘[t/) *VJ
<=7[7®m/](2 I/®C ) 4, (Zf
& Zv&z‘wc,ﬂ Zv&C

LK

<=>Zf =2 C,k A LJ
S/m;fayga T Is A*- fnea/ <= <Zf cly’a> <ZC,kf;<,Q7 ¥ [

Yaeh Bt 2) about Ao/Momarpé/sms /oﬂfaws 4 pcm‘ a,gouf Submo wZeS
(s fa’f RS an , d
K]



- Led V be a rationad //qorf:Swfwf/on 0/[) Jence an [FLCI-
Camoa/u[e. TZL i’eyw&’fmoz\ ;D[C]’Ihodde SMfU/;eS <, Jv7 = S(Cd,v)/
henis. the chaveterieation BHom Sec 1.0.

Exam le: Y=A=F[¢] A=D(C) Then we can wrte &(¢)=m¥{)
s z/ of, with Fgh= =L QLK) So [5f105)-[= £ 1(5)
es. e goe we gt ) L () =
(3) [S’f](e) 5.

Injﬁzoeral,consw/fr o el ackion CLC~ CAFICT, s
[Sf]g% 5(5’#)( ).

1.3) 7//3) vs D(C) in chor O
Pro/oas;’{lon Assume. chow F=0. They 'L‘/L Aomomorpﬁ)ym Z/@)—ﬂ? D)
moluceof / g =l =D) is an somopphsm,

Ldlees 0/ }’Dof (deteils ave )

Fecall i%cuf D)= U [A/ﬁn"') (hchA:=F¢] s 2 max. jileal
of e). One con Show -ééuf 'lfé)s s o //// a[ ebra //&‘m{mn &
7/ /s /éfﬁreo/ £ Ho /af homam'm. /fV uments L//Ke '64056 a/ Sec 1 of
Lec 12 show Wis in ective [Lhis miumes Hor a). It remains %o Show

dom Uln)s,? dim D(C),, ¥ n /Vo'ft het /huﬁlplfmafll)n m A
dim fD(C)q, dm '4/%'“' p/zm 54/54' : [5 (ﬁv/ﬁ:) —>’ ﬁ/)/ﬁf”’]
< Z dim S “(h/ ) = dhm 5@74”-;{/”4 Uls)e, a

7 ,an,; TA;'S 7‘%\1(5 n 044/ /D, Mfctzo[g, 7f0y (- (E’M C’f Exampé i Secs
4



11 ond 1.2 of Lec 3.

2) Faithtul representattion of ()
Here we exploun wlg an ﬂféwénuc group C s ssomonphic 4o an
aljp/grafc Sué(j’)’w/o of KZ Well construct a rational represen-
tetion P: (= (L (v) st P g 50 Tcpg_,g[’[;/) e /ycﬁfn/e
We stert w a 36»75%5 vesult on comodules,

Lem: Lt (4,4,y) be a coalsetra & (1 2,) be an A- comodlilLe.
Y el i fonfa.imo/ In a /))7. dhm. A- Suécolﬂoalu//e_

Froot:

We com wrrte A)V(zf) ZU@& w. rf’meayfav MO&/)Cnoéuﬂl a,é/’ Set
V= Spw)&.(vla 1.k). /—'rs% we tloim thet vell! /% tho counit
axiom of a comodulle: //o/ @g) ) [zr) U‘/una/er Vel =-V) so
v=[id ®g](2_v®4} Z ()75, e[/

Second, we cLlpim l/ is o subcomodike. Mite ot any tineor
mop szw (a) —F con e exfem/eo/ 4 A= So s enough 4,
prove f[azf ¥ wed” £ u- Z,{(@)U [/o/®o(](él (s5)) e heve
8, VA e have (8, m() A, (v)= 2 2,(6)84;, 50

4, (u) = Zd(ma (v;) = [n/ @,02@011 [0,8id]e 4, (5) =
=[(, @/J) a,=(i,®4)es,]= [id, ®/o/ w](zzr@([m/w](a(a )
c /94 0

We appty this lemme. o V=-A=F[C]. Let . L €FIC] be al-

5{’/4)/& geﬂe}’wfom Let V. ée. //1 o/lm Su!&omooA/&' Coni‘ammg, 7‘,7
5]



X (//: =ZK: ]/L/ So We Cen view 1//5{5 Q /’27!.‘10}70./ f’epycmfa;élon 0/
G Exp&'a{fg, we write A(f)zéé),@{m- Then # €/ " we

hove <o(,j_7!7= ,,i, <o()7€4))277/m1[(5). 5(7 tore hel £ o: V' —F
Froflh. We got 34100 = =1, 07, 6> =m* (D) ()= Flhy)
Hene V'is stable wndler e action of C on 1G] /5, Yioht

Lonslobons. If g€l is such that g acts trvially on V'
F )£ () i, ¥ he (. Snee £s generette [FICT, Flhg)=F(h) ¥
FeFlcl = Agré ﬁg:‘e.

Wow Suppose X € of acts on V//g g M;j{ﬂf X.f{=0 Y[ =
0= [x41(e)=[Example in Sec1.2]=xU). Snee 475 generarte Fl4]
X is on c—a/e//n/azfion, we 575 £hx 4o f[c Leibniz /o/e%’é/f&l féaj‘
xf)=0 ¥ £ = x=0

Rem: With a bit more dfgyémc jeomaf;’a( one con Show et e
Image of every ﬂ«%&g}’&j(_ 9104 4omamo;;néum is Zevisii closed Unee

P: G— (L) & 30-‘57——@7[(1/') e /(lf/lec{/ve, P: =P &

6|

an Mg@é/’ajc 5}'au/o /SQMO};UA;SM_ See (H1], Sec 8.6 for details






