
Lec14 Representations of 342Sln I
e Introduction

1 Weightdecomposition highestweights
2 Vermamodulesandtheir irreduciblequotients

e Wenowproceed to understanding the representation theoryofsimple
algebraicgroups theirLiealgebras It turns out that the case of
Sln Sh isalready representative enough outsidethesettingof
characteristicp Lie algebra representations wherethe case ofsh
is significantly easier than thegeneralcase Wewill concentrate
on the characteristic 0 case andbriefly discussthe charp case

area ofactiverecent currentinterest
The threeproblems we aregoing to addressfor34
I The classification offinite dimensional irreducible representations
I Complete reducibility offinitedimensional representations
II Computation of characters of finitedimensionalirreps
Westart with I basedon highestweight theory

1 Weightdecomposition highestweights
1.0 Reminder on repsof312
Manyquestions about representations ofg 31

reduce tothose

about34 thanks to thefollowingsubalgebrasg Spangeihifi
with eeEi in hisEii Eia in.fi Eini 1 1 n t the1st index is

the row theherd is thecolumn Each ofg 312



Another important property is
h hn pairwise commute
We'll needthefollowing claim about findim 31 reps

Lemma Let Vbe a finitedimensional36representation Then
1 V Vn h where Unh vevlhv.nu
2 e Un Vn is injectivefor me

Proof Themain classification result ofLec6 is isomorphism
Lexi whereDietzo
Both 1 2 reduce to the case when V X There V has

basis Vi 1 0 X with hui X 2i Vi evi i X it 1 vi 1 22

1.11Weight decomposition
Definition 1 Thesubalgebra of all diagonalmatrices in34
diag x Xn Xtxt Xnso iscalleda Cartansubalgebra Wedenote

this subalgebra by5 Notethathe hn form abasis in5
2 Aweight is an element Xe5 s.t.at his 7 i 9 n 1

The set of weights a lattice inb isdenotedbyA
3 For ten and a ogrep V we definetheweightspace
V vevlxv.at xsu xeb Vanhishi

Examples 1 Let V F bethetautologicalrepresentation of sh
w tautological basis g en weightvectors Theirweights are denoted
21



by En so that diag x Xn taxi

2 Consider theadjoint representationog For X diag x Xn Y yig.ie34
wehave XY x xjlyij So b g andfor i j wehave that
α E g is a weight ofof w g FEij Thenonzeroweights are
calledroots they are E Ej it j

Exercise Theweightspaces in A f are 1dimensional theweights are

oftheform Eif E E is ik andthecorresponding weightvectors
are ei ein Mein

Thefollowingsummarizesbasicpropertiesofweightdecompositions
Lemma 1 V nVx
2 If y U V is a g linearmapthen qUx CV XeA

3 If uellx.veUp Uove U V7xp so U
V

n
U Vo x

4 Themap g V V you axo is g linear
5 If xeg AveVx then we Vya
Proof

1 pairwise commuting diagonalizable operators h i 1 n 11 are

diagonalizable simultaneously
2 23 exercise

4 Let q gov Vbe themap q y x v7 y y Gtx yr
y xutxyu yxu.gg xor

5 Follows from 2 3 4
31



12 Highest dominant weights
Definition positiveroots are thoseoftheform E Ej w icj
For T.pe5 set Xsy ifµ D Epi forsome k positiverootsβi
A highest weight of V is amaximalelementof 71V 403
We
say TEA is

dominant if Xhire is1 n 1 The set ofdominantweights isdenotedby A

Wenotethat every XeA can be nonuniquely writtenas Xie
w XieTL theconditionthat heA meansthen XpXp In

Example F has a uniquehighestweight it is Ep

Lemma 1 Every nonterorepresentation has a highestweight
2 If X ishighest weVx then yerso yeop ifβ ispositive
3 Everyhighest weight X is dominant
Proof

1 follows bc the set ofweights isfinite 2 is an exercise
3 e Ege en Ei ispositive eir o very Vaxhishi

ApplyingLemmain Sec 1e to g Spen ei.hi.fi 81 we see that
Xhisso Thisholds i 7 is dominant

Exercise 1 E t E is theuniquehighestweightofAif i p n o

2 If Xp are highest weightsofUVthen Xp is a highestweight

fit U
V



Ourfinal classificationresultforfinitedimensional irreducible

g representations is thatsuchhas auniquehighestweight that
takingthehighest weightgives a bijection between theirreps A
Thisgeneralizes the84case

2 Vermamodulesandtheir irreduciblequotients
Ourgeneral construction follows what we didfor31 weconstructan invep w highest weight X as a quotientof the

correspondingVermamodule

Notation Letp pn IN be thepositiveroots in someorder
For Pi E Ej icj we write epiEij fp Eji Theelements
hiEp form abasis in g For Re71 we set et.sep epn define f
similarly Andfor Ee7 wewritehefor11hi So thePBWThm
tells us that themonomials e hef I me74 Ee 7 form a

basis in Ulog

ThefollowinggeneralizesDefinition in Sec 1.3 ofLec6

Definition Let Xe5 The Vermamodule Δ X is Uloy Ix where
I Ulog x Xx2 eat eb d ispositiveroot

Set vx 1 1 Wehave thefollowing similarly to Proposition in
Sec1.3 in Lec 6 Theproofs are similar are omitted
51



Lemma al Homy
y
Δ X V vevlxu.atx qu o qty Vx

g representation V
16The elements f form a basis in Δ X Moreover wehave

f 7 Ekjpj x fvy xeb
e Inparticular Δ X guOXp

w o t Fy

2 ForanyUlog
submoduleMCOX wehaveM My My MAoct1

When n 2 one can completely describe all submodulesofΔX In
general this is impossible However we havethefollowing

Proposition Xe5 ΔX has a uniquemaximal wv t submodule

henceuniqueirreduciblequotient to bedenotedby X

Proof Consider a Ulgsubmodule M ConsiderthesubspaceO Nt pay
Note that dimΔ X Fv Δ X Ug Vx c ofLemme thxto

2 ofLemma M 01 1 MCΔ X subspace Vco X containsthe
uniquemaximalUlg submodule Aug veulaver exercise Apply
this to V Δ X finishtheproof

Corollary Let Vbe an irreducible finitedimensional representationof

g Then V LX for a uniqueTEA Moreover dimV51
Proof

ByLemma inSec1.2 Vhas a highest weightX verysatis



fies Xu ct v ex o positive 2 By a ofLemmaabove we
havenontero Δ X Vhence Vis an irredquotientofold so V LX
Notethatbytheconstruction of X wehavedim X xdimΔNet
Alsoby c above wehave X 03 MstThisimpliesthe

uniquenessofthehighestweight

Conclusion Wehaveembeddedthe set Irreyog offinitedimensional
irreducible g reps into theset A ofdominantweights Whatremains
is toprove thattheimage is A foreachdominantweight there is a
finitedimensional irrep w thathighestweight forXeA dim d a

to bedone inLec 15

A


