
Representationsof342Sln
1 him X for XeA

1 0 Recap goal
Recall that F is an algebraically closedfield ofchare g 34 F
b diagx Xn xp n o the Cartansubalgebra w basishi Eii Einit
for i 1 n 1 Considersubset ofdominantweights

A 75 1 7his 7 ti X Die wXie727,7 In
We have a partial order on5 75M m.deSpang Ei Ej icj
For a positive reetβ E Ej icj wewriteepforEijRfpforEji

For Xe5 we have defined the Vermamodule
ΔX Ug Ug Span x at x ep all xebapositiveβ Vx cosetof1
In Lec14 Sec2 we've seen that
1 g repV Homoold V1 vevlxv.clx v epuse ptsy ux
2 Thevectors f form a weight basisofDX ie 7 N nin11 2

2 Δ X ΔXp wt spaces f v XM EKβ formbasis inoldly
3 uniqueirreduciblequotient X of Δ X Debt
4 fin dim g irrep V dominantweight X w V X

Thefollowing will finishthe classification of fin dimg irreps
Thm XeA dim A co

To provethis we'll construct an apriorilargerquotient X

If Δ X
showhim A o Later on we'll show X LAI



11 Construction of X
Recall that in the case of81 wehad X 011 f 01 1 Sec

14 ofLec 6 the construction of X forg 3hgeneralizesthe rhs
Set α Ei Ein Theroots 4 tn are calledsimple

Lemma Suppose cXhis ne76 nonzerohomomorphism

9 Δ 7 ntl di Δ X

Proof Consider v f veOX x ennui Thx to 1 in Sec1.0 it's
enough to show epf v so positive rootsβ Considertwocases
1 β di so epitiegi 51 By Lemma in Sec 3.2 inLec5
eif ntl f hen f e eif v0
2 β di We'll need
Exercise f ep is proportional to eyfor apositiveroot 8 4

Weclaim epf.ir o mao Theproof is induction on m w

step epfimvx fiep.fi v aegf v aef

Ofcourse if XeA then weget g Δ X cthis 1 4 O X
ie 1 n 1 We set

X Δ X Elimgi
The nextpropertyof X followsfrom 2 in Sec1.0
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12 Finitedimensional weight spaces
Lemma Wehave him o Xp o Xe5 pest Hencehim d no
Proof
dimΔ X 2 in Sec 19 ko kn Ekipi p X
Set p diag t leg so thatforp e Ej pp i j
if i j e7ha So Σ lip p x Σ kcpi.pro ca t p's
himonly ftp.tpistil

Toprove him X co it remains to establish

1 Wt X Epl X 03 isfinite

1 2 Weylgroup
To show we'll need a certainsymmetryofWt X The

symmetry is w.at a subgroup ofGC5 1

Definition Define sieGL5 1 by si d X axhisdi let theWeyl

group Wbe the subgroupof GL5 1generatedbyso sn

Notethat for X EXie wehave Xhis XiXin
Sit IEXi i Xi Xia E Eiti T E t.it timeitXiEat Then

It follows that WSnactingon5 bypermutingthe coordinates
Si iith
We will provethefollowing

31



Proposition Foranyfinitedimensionalg rep V alsofor V X

wehavedimVn JimVina weW

Proposition implies NamelynotethatWynAt is a singleelementMEN theweightlattice weordertheentriesgungun indecreasingorder So we need to show jueAtlast isfinite Notethat
pipe 7 meA exercise so apr7me 7 cpyxmscp.hr
As in theproofof Lemma in Sec 1.2 this leaves fin manyoptions
for Xp So we havehim X o moduloProposition

13 Proofof Preposition
Lemma ve X i 1 n 1 findim g stable subspaceVCV w.ve V
Proof

Let 1 be the imageofv.EDU in X Set
V Spang fix it athis

findim gi stable Notethat Ulog v Δ X Ug 1 X
Uloy V X Notethat Uloy V E.imyi where

p g V X XP X X Xiv
We'veseen Lemme in Sec1.1 ofLec14 thattheactionmap
goU U is g linear grepU so theiteratedmapgo V V

is g linear exercise inducton i Sincey is therestrictionofthis
map to a g stablesubspacego V c g V it's g linear
So im y is gi stable findim Wetake V is imy for sui

stable j



Proofof Proposition Suppose V is a g repin ie 1 n

i V
n
Vm ValueUxv.cm xv xe5 w dimUnco µ

ill vev findimgestable V'CV s.t.ve V
Weclaim that dimVn himVsip ieA Conditions i ii

held for both kinds of V in theproposition all i HenceWis
generatedby theSi's theclaimofproposition follows
Let n cmhis so that sip p nai We can assume nootherwisereplaceM W Sim Then fi V V sends Vm to Usp We

claim that f Vn Vsp is injective
Assume thecontrary let

veVn beset five Take Vov as in ii so that ve V the
weightspace forgi Decompose V as thedirect sum of gi irreps
V mil mie Thevector v can have nontrivial

projectionto mi only if Mi ne 274,0 And in thiscaseboth
min L mi n havedim 1 f min mi n exercise

We arrive at a contradictionw.fi use f Vn VspSimilarlyet UsingVm finishing theproof

14 SC specificproof
Theaboveargument worksfor all simple Liealgebres Here's an

easierproofofhim X forg 81 that also classifiestherationalSln irreps
Definethe fundamental weights wie 0 1 n t Wi Eye so

that wihj Sig Every TEA isuniquelywritten as It niw w

hi hi The



Proposition TheSlnrepresentation AF9 has an irreducible

constituent that whenviewed as anSlarep is irreducibleofhighest
weight 1

Proof exercise observethatthe highestweightof niff
is X

Another exercise provethatthe irreduciblerational Scn reps are
in bijection w A bytakingthehighestweightofthecorresponding
Lie algebra representation
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