








































































Lec16 Representations of Sln23h III
1 Harish ChandraHC isomorphism for the centerofUlog

1 0 Intro
F alg closedchar 0 fieldof 3h F Z Z Ulog

Goal Describe the algebra Z andunderstand its action on Δ X
anditsuniqueirredquotient X Xe5 Apply thisdescription toprove
that every finite dimensional g representation is completely reducible

1 1 Homomorphism Z Ub
Todescribe Z we construct an algebra homomorphism Z 415

Later we'll see it's injectiveanddescribethe image hencedescribing Z
This homomorphism will also beused to describehow Z acts onΔX

Recall forβ E g icj wewritefp Ejiep Eij For 1 1 h 1

hippi not Pride it EEez n

og
hence5 acts on Ulog by ad adx a a xeb.eeUog

Exercise 1 is a weightvectorofweight E mjk.jp hint xeb
beUloy have x ab x a 6 a x63











































































Now we define themap it Uloy U5 sending aeUlg to thesum
of all monomials in theexpansion of a in 1 thatonlyhavehi's

Example for C 1hth fee Z Ulsh A C 1hth

Note that all monomials in theexpansion of a it a must have

1g 70 mj.se for somej j If a hasweight 0 ba o a e Z then
monomial in a musthave weight 0 So TCal Ul satisfies

a salt Elepy 2

For zeZ setHC 967Notethat is an abelian Liealgebra
4157 55 F53 So we view HC as apolynomial on

Proposition 1 ze Z Xe z acts on Δ X d byHC X
2 Z H HCz is an algebra homomorphism Z UG

Proof 1 Since epko positiverootβ 2 Zv HC X Vx VEON

aeUloy v avx Have Zv Zav azvx H z Xaux HG X V
Theclaimfor X follows bc Δ X X
2 z HC is F linearby construction By 1 H z z X theXHCA
Xe5 Z z E Z Indeedbothsides are thescalarsbywhich2,2

acts on Δ X computed in twodifferentways
So HCzzithatCz
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12 HarishChandra isomorphism

For is 1 n 1 define six X 47his 1 α so that si is anaffine

map 5 5
Proposition zeZ Xe have HC X HC s X

Proof Case 1 his The BySec1.1 ofLects nonteroUloy linear

homomorphism Δ s X Δ X scalarsofactionsofzealoy on
Δ s X O X coincide By Prop 1 HC X HC s X

Case 2 general The locus Xe5 1 7his The is a countableunion

of hyperplanes Xe5 1 1his m for me 7 Anypolynomial
vanishingonsuchloans is identically0 Apply this to thepolynomial
X HC X HCz s X finishtheproof

Example For84 5 D w h 1my v 2 2 p 1 5 x X 2
Since HC Eh'th weget HC X X X Hcc X 2

In fact X as X extends to an actionoftheWeylgroupW Sn
on5 Set p Ej e g Ey i ee5 so that phis 1

Sip p 2 Then Si Xp p Xp Xtphisα p 7 X hit1 di sit
Here α Ei Ei is a simple root

Definition Theshiftedaction of Won5 isgivenbywax whip p

Consider thesubalgebra F53
ʰ fe F53 fewx f t Xe5 new of
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invariantpolynomials Since theelements sigenerateWPropositionabove

implies HC e A53 ZEZ Thefollowing will beprovednexttime

Thm HarishChandra z aHCz Z 553

Corollary For 7me TFAE
1 XeW.ju
2 H z X HCGu ZEZ

Proof a 2 is a direct consequenceofthetheorem c t becomes

if fX fyu fe F53Wi then heWyu This is exercise hintfinda
polynomial f that is 1onWX O onWyuandaverage w.at Waction
f to T Ewfw

13 Algebra F5 3Wi
Consider the affine isomorphism t Itp sothat t wX
WICK So t gives rise to an isomorphism t F53 F53
Let's describe thetarget Embed5 4 F via Eitse Ineatten w

image x all it Xn o Let G EFCF bethe ith elementary
symmetricpolynomial 6 to Xn E.gix.jo ji

Lemma F53 is thealgebraofpolynomials in62 ibn

Proof exercise hint show F5 W F F3W 6 usethefundamental
hmabout symmetricpolynomials todescribe F F











































































Exercise Z CU84 isgeneratedby C

14 Application completereducibility
Thm Everyfinite dimensional representation ofog is completely reducible

Lem Let X Me A ThenHC X HCm forsome zez

Proof TheentriesofXpyep are still decreasing so XEW.pe
ItpeWhup for the usualaction Xp isobtainedfromjutpby
permutation implies X p So thx to Corollary in Sec1.2 Ze Z

cting on LX Gu bydifferentscalars

Sketchofproofof Thm Let X Z F be a homomorphism Eg
for Xe5 we can considerXy z to Hz X For a g rep V X Z F
set V ueV zeZ net S.t z X t v o theintersection

ofgeneralized espaces Notethat if22 the2 correspondto626nE
F5

Wthen V is theintersection ofthegeneralizedespaces Vxa ti
i 2 n Notethatsince Z isthecenter V is a g subvep X

Exercise If V is finite dimensional then

VII e V
2 V o unlessX X for some XeAt

So it's enough to show that V is completely reducible if V.V
51











































































First observethat if veV satisfies epuse positiverootsβ M D

if veVp then Zv H z p v zeZ This impliesHCfil t z t
zeZ andby Lemma XM
Now let veV q Δ X V w unv Then V Δ X Kevy

isfinitedimensional Weclaim V X Indeedsinceeveryhighest
weightof Ker V X CV has to be 7bythepreviousparagraph
On theotherhand all weightsof Ker o d X henceof
Ker V X are cX Combiningthesetwoobservationsshow V X
New theproofrepeatsthecase of Sec2 ofLec6 is left

as an exercise

Corollary Every nonzero finitedimensionalquotientof a Vermamodule
is irreducible Inparticular X LX XwasdefinedinLec15
Proof exercise

Rem We don'tneedthe fullpowerof HC isomorphism toprove
the complete reducibility there are moreelementaryproofsWe will
use the theorem whenwe compute the character of X XeA
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2 Proofstarted
2 1 Z vs Uloy
To establish theHC isomorphism we'll need an alternative

description of Z Let Gbe aconnectedalgebraicgroup w Liealgebra

g Recall Sec1.2 ofLecto that Gacts onUlog byalgebraauto
morphisms the subalgebra Ulog CUg ofinvariants
Lemma Z Uloy

Proof Z aeUloy adx are xeog Wewrite Fforthetrivial
representation of g or of G Then

2 41

Homog F Uloyp4
Homa F.at By

Thm2 in sec1.3ofLec t

iii
3 Complements

Here are somedetails forprovingTheorem in Sec 1.4
Decomposition into infinitesimalblocks Let Vbe a grepresentationnot necessarilyfinitedimensional Let X Z F be an

algebra homomorphism Set



V veV1AzeZ I m e set Z NN O

This is a Ug submodule in V If V isfinite dimensionalthen
V QV Moreover Z actsby 67 on every irreducible constituent

of V It follows that Nt HC X forsome Tent whenever
t 03 Moreover by theobservation in theproofofthetheorem

in Sec 1.4 in this case X is theuniqueirreducible constituent
of V
So assume V V V isfilteredby X w XG HG X

Then LA O V T Vthepreet repeats that in Sect3ofLeed
Details are left as an exercise


