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1 Chevalley restriction theorem

2 Proof of HC isomorphism

e Recap

Let Fbe an alg closedfieldofchar l
Let g 3 n 5cg is the subalgebra ofdiagonalmatrices W Sn

betheWeylgroupacting on525 bypermuting the entries
In Sec1.1 ofLec16 we've constructed a linearmap it Ug
4157 We interpret U5 as F5 3 equip w a shiftedWaction

wt wAtp p Xe where
p É n 1 ai Ei

Last time we stated todaywe'llprove
Thm Therestriction of it to the center Z ofUloy isinjectivetheimage is F 53Wi

1 Chevalley restriction theorem

1 1 Connection togroup invariants

Let CSln Recall Sec 1.0 in Lec8 thattheadjoint
representationofG inog is by Liealgebra automorphisms sogivesrise to

a representationof G in Uloy byalgebra automorphisms

Lemma I cUlogl coincideswiththesubalgebraofinvariants Ulg

proof



Recall that we have an algebrafiltration Uloyen Span x Xil
jeg isn Gpreservesthisfiltration Thetangentmap forthe
Gaction is theg action adx a taxa ax g End Ug en Indeed
let 2 9 Uloy en xp Xi to x Xi isnt it's C linear Forthe
tangentaction we have X x it f x xp x 2Éxp xXj30Xi

ITXp x x Xi x x xxj xjx recancellations xx x Xp Xix
Note that since g generates Uloy Z zealog xz zx eg

So now we reduceto thefollowing
Exercise Let Vbe a rational Grepresentation If char F e

VC V9 veV xu o xeog Hint V HemalFern V1 V9
Homy Fern V G is irreducible then seeSec2 inLec5

12 From Uloy to Flog
Recall that the filtration on Ulog comesfrom Tlg Uley

while Slog is a gradedquotientofTroy thisyields a natural
hence G linear epimorphism Slog grUlog Lec11 it's
Iso conceptualformofthePBWtheorem Sect ofLect2
If zealogen is G invariant thenso is Z Uloy n o Soweget
the inclusion gr Ug

9 Slog 2 Zen z Ulogen ten n th
graded component Below we'll see it's an isomorphism
Recall that Slog Flog a canonical identification henceG

linear Thefollowingallows to identify F of wFlog

Lemma Thesymmetricbilinearform xy trxy onogisGinva



riant nondegenerate
Proof the C invariance is an exerciseTheform is non degenerate

ongC Eji 1stjan is a dualbasis toEij SincecharF doesn'tdividep lid idl n to SinceSC id t l it isnondegenerateon g

To summarize gr U g
9 Slog Flog In thenext

section we determine Flog

13 Therestriction isomorphism

Let 159g it Fog F therestriction Forexample
consider the coefficients Fi ofcharpolynomial

Let x X id X EExifi x
We have Fil Gi the ith elementarysymmetricpolynomial
restricted to5 Note that FieFlog

Thm Chevalleyrestrictionthemfor34
Fog

ʰ F5 is injective w image F53W fortheusual
action of Won
Proof Notethat SC orbits in 34 conjugacyclasses of

matrices AE Ln a e F1031 aAESln so F E F og is
constant on conjugacyclasses

Injectivity If FeFlog vanishes on5 diagonalmatrices then it
vanishes on all diagonalizablematrices Thissubset isdense inthe
Zarisia topology exercise look at matrices w distinct e values
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im c F53W fe F5 Wconstant onWorbits Notice that
matrices diag x Xn diagXan on are conjugate via a

permutationmatrix beSn
im F53W 6 E im seeabove 62 Gngenerate F53W
see Sec1.3 ofLec16

2 Proof of HC isomorphism
2 1 Commutative diagram
Recall that Uloy U5 wasdefinedby

f Lée
me

In particular it's filtered underthe identificationgrUlogl Slog

grU5 515 its associatedgradedmapgrit
coincides w the

map Slog SG definedby the sameformula

Proposition Wehavethefollowingcommutativediagram

gr Yly gr Fgglw.ly
oseat2

Iggy 5151W

Proof

Step1 rightverticularmap Recall T 5 5ᵗʰ 707 pro
t F53 F57 Notethat grt id recall t F53141 f5mW
as subalgebra in 15 Thisgives a rightverticalmap it's an Iso

T



Step2 bottomhorizontalmap Recallthat we identifyof g
5 usingtracepairing Thisyields thefollowing commutative

diagram Flog F5
1 Is
Slog 5151

Indeed under trpairing we have it on g g if xisdiagonaly has e entries on thediagonal tr xy o Now we apply
the Chevalley restriction them to see that it restricts to an
isomorphism Slog 5157W

Step3 commutativity Bythe constructionof itST thefollowing
is commutative

gr Ulog grUlg
s grF5

login g 5151

The images of composedhorizontalmaps lie in respectively

gr F53 5153WThisestablishesthe requireddiagram

22 Symmetrization
Toshow it is an isomorphism it suffices to showgrit is cfProb

3 in HW2 Thx to Proposition in Sec 2.1 it sufficesto showthat

gr Ulos Slog9 is surjective Forthis we willproduce its

right inverse
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Consider a map of Uloy a to Elam am multi
linear Gequivariant andsymmetric theimage staysthesame if we
permute thearguments sogives a G linearmapsym S g Ulogl
w I it Es so You Extendit to Slog bylinearity Sincesym
is Glinear it restricts to Slog Uloy And itgives a right
inverse to gruly Slog thx to thefollowing

Exercise sym x Xe EX NotUloglek r Xity

Thisfinishes theproofof HC isomorphism

Andnow we canexplain how Casimir CEU34 arises

Exercise Showthat under Flog Slog Fx tr x2goesto

h'tzfe whichundersym Sloy Uloy goesto 12hthtzfe C
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