
Lec18 representations of3h Sln
1 Weyl characterformula

1e Intro
Still og 31 F w charFO F F 5 1diagx nl Exi o
Recall that we have the weight lattice A Xe5kXhisex

containing thedominant weights A that classify thefinitedimensionalirreduciblemodules X w XeA A reasonablenextquestionis to computehim X or evenbetterthedimensions of all
weight spaces X men This is what characters are about

Notation consider thegroupring I A oftheweightlatticeA We
write e fortheelementof TCA corresponding to XeN TheWeylgroup
W S acts on5 preserving A Σ XielXie7 andhence on
TL A we ew Thisaction isby ring automorphisms
Wealso considerthecompletedversion A consistingofall infinite

linearcombinations of et XeA

1 1 Definition keyresults
Definition Let M be a representationofog w M MxwdimMpo
Below we will call sucha representation a weightmodule

The formal characterof M chM EdimMx e A

gxample
The Vermamodule Δ X has weightbasis f o wweights

1



X kjβj N n n 1 2 Bo Bn are thepositiveroots So
ch Δ X Eg e

Σ
e rérité Bit et r éβjj

Ourgoal is to compute ch X forXEN RecallSec 12 ofLec
16 p ite phis 1 ti sopen

Thm Weylcharacterformula let XeAt Then

ULM EEwsgnwcholw.nl

Examples 1 o isthe trivial representation andwerecover
ch triv e 1

2 Let n 2 Then ch n dim n 1 for n n 2 nand0
else enter t.ie Since p is identifiedwithcphis 1
22 2 thisagreeswith the theorem

Exercise For g representations MM as inthedefinitionaboveand
a finitedimensionalg representation V wehave

ch M M chM chM ch VOM ch v chM

Rem As other results in this course Thenholdsfor all simpleLie
algebras For 31 specifically the vhs can be interpreted as the
JacobiTrudyformulaforSchurpolynomials
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12 Characters of X s vs characters of Δ p s

Recall that WAA via wit wiltp p A is equippedw
partialorder Xsp if 7meSpang positivereets Thegoal ofthis

section is to prove

Proposition Xen ch IX chΔ X1 E man
amcholm ame7

Proof

Step1 Let M be a weightg module NCMbe a submodule
Then NMINare weightmodules

dimMrLimNathimMINp MEN A

exercise et theproofofProposition 2 in Sec 1.3ofLec6
Step2 consider a sequence a NsNs N Δp of subveps

Weclaim that esEmanhim am

Set L N IN to is1 1 By 117 ten
him01m Lis 3

So 2 will follow if we showthat I wellLiwinte
automatically wipism Since Li to oil to tsp L has a
highestweightsay t nontero old Li Notethat thecenter2
of Uog acts on Δ Ji 01m via XpXp Z F respectively w

mlt HCml Since4 to Xp By Corollary in Sec1.2ofLecb
Wil t WiM Thisproves 2

Step3 Take a N N's SN o1mlw maximalpossible e
k e JordanHolderfiltration itexistsbyStep2 Automatically



each L is irreducible Andthx to nonzeropi OWip L

LieLlwiM
Step4 3 chΔa Eachllwi.pl w WimsySince

himΔmm 1 wehave wimm forexactlyone i wj.am jti
So weget chocpi.ch limitepppambach A 6,6740 4

Step5 Let M Micbe an orderingof all elements ofW.ms.t
Mism i j at leastone suchexists Applying 4 for all mi
we see that ch oMillis is obtainedfrom ch Millis by

applyingan uppertriangularmatrix w 1s on diagonal Inverting
this matrix we arrive at an expression of ch Millis via
chΔMillis yielding theclaim oftheproposition

13 ProofofWeylcharacterformula
Recall Proposition in Sec1.2ofLec15 findim g rep V

himVn dimUp weWMEA
Weapply this to V X w XEA to get

ch IX E I AT 5

forthe usual action ofW on A NowtheWeylcharacterformula
followsfrom 5 Proposition inSec 1.2 2thenextclaim

Lemma Let XeA te I NWbe s.t
A ch o X Ewxp amchout

Then



Proof

Recall Example in Sec 11 that
cholpl emj1 lt epis

where
β Pn are all positivereets

Step1 we claim that 2 ee o e Pi satisfieswysgnfwl2
weWThis will follow if we show sip y i

Notice that si iito sends a rootto a reet that side α

di E Evil if β di Sip is epositive root So
si coeβi si o é 7,1111 e

p 1 e
a
1 e B

Recall Sec 1.2 ofLec16 that sip p di So
Sir P_ 1 e

a
1 e p et e 1

a
1 e β 2

Step2 Note that 7 A Laurentpolynomials is a domain It's
enough to show20 Ewsgn w ew Notethat isWinva
invariant 22 is WSgn invariant So20 is Wsgninvariant
Ontheother hand20 2 cho N Egancho wit Example

in Sec 1.1 et e Eganew extet E anew Andsince

20 is Wsgn invariant thisforces awsgn w provingthelemma

14 ch CA for X nondominant
One can ask about computingthe characters of X w

general XEN equivalentlyabout computing thecoefficients



aw in ch L X chold Exmananchout Here areremarkablefeatures ofthis question
1 The answer for an is known but it's notexpressedusing

elementary combinatorics which is thecasefordominant X Instead
oneneeds KathLan Lustigcombinatorics Moreover in mostcases
in Representation theory where charactersdon'thave elementary
description but can be computed theanswer is expressed in a

similarway
2 This looks like a completelyalgebraicquestion Yet both

theconjectural answer KathhanLustig 79 20thcentury
preets closelyrelatedproofsdue to Beilinson Bernstein

Brylinski Keshiware 81 and a later quitedifferentproofby
SeergelDe requiregeometry oftheflegvariety KathLanLustig
Beilinson Bernstein BrylinskiKashiware works are amongthe

pioneeringpapers in Geometric Representation theory initiatedbyDeligne

Lustig Springer in 76 Only in 2012 Elias Williamsonfound
an elementary butnoteasyproof basedon Hedgetheory w o

geometry
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