Lec 15 Fepreseatatlons 0/” cs’l £ S,
1) A/%ff character formule

1.0) Intrs

Sttt op= 8L, (F) fuo. chor F-0 F-F) £ fteiog 4, .x)] Zx; <o

Pecadl ot we fove £l h/@ia%f lattia /|={/'16j‘/<1,4,-767/f
Confamm& £ dbminant h/e/('j%fs, /] +,{A,Ué c/cass;}g‘ Ao fnrte dmen-
sional wreduci fts modules: () w. ﬁé/l,r. A reqsonabte next ues -
tion is o compute dm L(\) or,even better, “o dimensions of 2l
t«/&ijl:f Spaces Z[/\% (ueA). This is whit characters are albout

Nbtaton: consider Zhe Jroge 15 ZN] of e h/&j/‘/ lette /]. Wt
wnte e for He elemont of 70T cmzyoana@, % reN. T, A/ﬁtjmfo
h/-'S,, acts on !*/D)QS&'I/M& A(’[Z ﬂ,-&-/},éZ}) 2o fence on
ZIN]: wers e This action i 5} ring &ufomor/yévm;.

We also consialer e comp bteod vesion 21T cwz.rz‘marL of e infmite
linear combinettions of €% Ae /|

7.1) Defmition § key results

3{3/[14[1‘10;7.‘ LA M be a /f?o}’e.fmztd/'f/on a/ g w M= @/\ /‘4A w dom /{'§<°°.
ga&w we wtl call J'qz,/ zfyfamfd/on a chj/rf mocludls. .

The (foymel) charat o 0/ /// 04 M: = %ﬁ/}m M, )6*6 Z[A7).

-

__EXM/)&; Th Vorma modike AC)) rs A/e({jﬁf B sis 7/‘0:\ W. h/cz’}h‘s
]



A= JA,/ KB (M= '7[’)-/)/2),)15;:- ﬁ” ave A}‘A pos/fu/c yoot's. é;o 5
h ooty > eV L [T e e e =£3./7[1~c"€")
J=7 =7

K.k, %0

% (7041 is 2o compuite A L) Ay deN? focall, Sec. 17 of Lec
%, szt{/%'i)éi > <p A=, #’.JS"/DEA‘

Thn (Megt character formutn): Lot de N Tl

= thfw)e wmf(’)

AL - —PE ( Z squiw)ch 4(w-2)
Jo!

£. Xamp(es ) [ (0) is Yhe bvied /fo/efcﬂ'hvf/on S end we Yecover

ch D = zfo/=7).

2) Lot n=2. Tha ch L) Lol Ln), =7 for C=hn-¢-0 and 0
n_ ™Ml e m) Since I )5 identitred wit] <(9,47=/,

” n-t -
else]=ere" v re”=C—E—

X o« <—>2) —///5 4(7/«5 MZZ/ L(n/e z‘éeorem.

/L;r g‘fgﬂ’eSwfﬂ/f/pns /%/’4/ as In ‘f[c o/eﬂm‘fim 4/0:/4, zwo/
< Ante dmensionl ﬂ-/’qrwwfa/f/on V  we have

2

ch (MOM') = chiM)+ A M) A (Vor) = ch (V) ch (H)

/@m-‘ As 07_(46)’ /6514/[{5 m z%'s Course, 7Zm 40[0/1 75}' 0[[ S/m/a& //e
dgagms. For &[ j/acoi/?cd%,f/e rhs. con be Mz‘e//owyfeo/ as
Jacobi- 7;1401? formula, for Schur fo%ﬁomfds.
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12) %ara(/fars o/ Z[/U’s Vs %zu/aﬂeers 0/ 4]9-4)'5
Recall thet WA vie ws) - W(/\T(D)’() AN i 6?141}9/9@0/ W. /mzyfl-
el ovoler: k< if ’A—ﬂeS/’auzh(poy;%zve voots). Th goolk of His

Se(iélon is to /ml/e

Pg)po;fion cAeN = ch L)) =ch A[U;%a’ﬂd 4, JA{N) (4}4671)
Voar-

Stept: Lt M be a weight g-modude { Nt be o submodtute.
Thn N M ane h/eiJH modudes &

don M= lm A+ dom (W), ¥ pre (1)
( c £, /%o/ of /0/9005]{(0}7 2 (n S 13 of Lec €).
Sff,o 2: consider a, Stouence 0=NsN's.. Q/VZMQV) of 5140’1/905,
We doim thet o 5= g A0, (2)
JeWpm V<M

Set LN W (#0),i=1.L B () #Aeh=

a/lmA//d).f ,.%—— Zy. )

So (2) wmtl follow if we show tot ¥ 3 wel| L,  #4
M’éomlliICd% Wy psp. Since L #0 = Ay #0 > A, L “has 2

hghest weisht, say A ~> nomers a0;) %5 £ Mite that the conter Z
of Ule) acts on 80V, A(p) wiv )(4',,\%/4‘2 - F Ve,ygcoflwxé, (w.

%(i)’ﬂfa&u])- Since G0 ;7!4,-:1;4‘ % @}'DZZMOLL in Sec 1.2 of Lec§,

5 U;} '\)":Ui'ﬂ_ ﬂl‘.f /0)’01/25 [Z)-
Sﬁfip 3: Tare 0= /I/aﬁ/l/li..-ilf/efélﬁ) w. maximed /Uoswéfe 4

(a.x.a. Jorden - Holhler fittration), it exists [3_ Step X A]u?fomd/c%,
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each Zi it veducible. And Yy 4o nonzeso gﬂ,--'d[h/;-/a)—-v / / =
ALAC) M),
5{{2})4 (2) = GAA@ Z.OZ:Z[W M) W Wy, Since
dhw A(), =1, we hove W M /4 for examfé} ane (& w-pep #(/n
So We gt of ppey- WW%Z‘MA chlf) (bety,) (4)
Sfe,oS Led P M be an oro/erln o ol clements of W- M <t
M S =2 £>J (ot least one such, fxufs) 4/p§m5, (4) /{ar /A
We St£ ’L%L?f [&é d[/{ ))‘ = /5 ah‘ameo/ 76’011/1 [OA Z&@)) J a/p/o
glng w1 upper fymngulaf matnx w. Vs on ﬂ(/@wd Imxem‘MJ,
#his /muf;’/x we ayve at an Expression of (ch Lip)),,
(ch &lp; )., yeldimg e cloim of Y /a/o/oom‘/oﬂ a

13) Proof of /l/fyf chatacter formula.
Kecodl (Proposition in Sec 1.2 of Lec 15): ¥ fn.chm g-rp. /=
dim V dim V # weld, pe/!
We appt, s t 1 /) w \el, o get
oh () e 717" ()
(for the usuad action of W an ). Mow Fh A/  character formude.
follows fom (5), Pr/oosztzon in Sec 12 8 #, /zexz‘ cloim

Jemme: Led Ae AT & 6’67[[/\] be st

G=ch st > 4 2, ch du).

Then
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p th[w)e wmf(’)

e"[_y?[wc"""i)
Proot a
Eecall /Exayu/ofe /n _gec 11) el
ch Agm)- e"‘/7[1 i)’
where B py 2 ) positive Vomfs
Sﬁt/o 1: we Laim thet pi= epn[7 e Fi) satichies Wy =5gn () y
YwelW This mth foﬂow i we /;ow Sy =~y #e.
Notice tht s; = (0 (+1) Sends a root 1o 2 /ow‘f Hot S; d:= =
(o= &- E,ﬂ // /E-fo( = S /3 Is Q/OS)‘L‘H/& rot. So
s, /7(7 efi)=s.((1-€%) [1 (1-e*)) = (1- 5“)/7 (1-¢”
eeatt’ (Sec 12 of Lec 10) Yt s, o-p-s: s,
Sy =e® (e )ﬁﬂ(‘ﬁ eP)=ef(e’ ~/F;L;[¢ e?)=-y

SEC/O 2: Mote that ZUNT (Jaurent Iﬂo(;Mommjs) is o domain, T
fﬂouéé ‘o show fé’ Z Sgl’)/b«/)@w{ P) Nite Yot 8 is W-inva-
nvarient X y i W- Sg" /nvanqmé So ZQ is 1/1/-55/7 -mvariant.

Un o other hond, y8- f(m 4(1 )+ Z 4, ch 8 D)= [oxanpte
in Sec1.4]=ef(e? +Za e"*) = A+P+ > a, e 4»0/ Since

W1

29 is W- Sjn /Warzmré 1%.‘ Sorces R, Sjn(w) proving £l Cemma. 0

149) ch LN) for A ron- dominaut.
ﬂm con ask Mw% camlpuém f[L O/c)ffwfers 0/ Z[H w.

Njweyaﬂ }é/f e?wmfw'fé? a/ou‘é Compaf/ﬂ} Z‘A Coe//awz‘s
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a, i ch LOA)=chall)+ Z} 8, oh Q(u). Here are temar-
keble Feetures of this 7ue§%fohﬂ/- s

1) Tle answer for 4, is cnown but s nott expressed usmg
Vfcmmfay} combinatorics, whid is o ease for dbminant . Instead
one neeols “Eaehdon- Zuseflg, combnatorics” Moreover, in most cases
n fefrcswéa;é{on fzeor& where chavacters domt hare &(%}mm‘ary,
D/ZSCV{/Dﬁlon but con be wM/owfeo/) fl& answer s gx/))@sSfo/ N a
smilor woy.

2) 7ZSJ /ooks Z}ke Q Co/h/o/fy‘i‘eé dg&tg}’ﬁic yuesfzon. St 50?%
4o m/ycyfurd on swer Ka%o(m»[uszfzag'@) £ A cem‘wy,
/ﬂmpfs " ( MDS&% relotes /0700/5 due %o Beilinson- Pernstein V4
Brgfmsu' Kashware §1: and o loter fuf‘fe A fferent /Voo/ .{}
S)aergef J0) Feguire JZOMf/’&?’J_ (f 4L 7%3 '/”J’Wfo\t) [&'Z‘Ao/a,n-/u%t(lja
Beibnson- Bernstein & Beylimsii- Eashara wones ate amons e /)bne-
C"lné, /007/196)'5 (n [éom%(}’/c ,Z:/oV{SwZLAron 't.‘/!ora, [mh‘m)ﬁto( {; Mjﬁe-
AAS%{)é & 5pyinger m 76 ) @19 in 2012 Elies & Williamson 7611;70/
an ofemmzlm& (buit not ms;) /m’oo/ besed on "/‘/o/ge {/eor} W/o
360/#/(76}’3 !



