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Representations in charp
In char0 the findim 3h irreps rationalSlairveps are

classifiedbythedominantweights Lec15 thecharacters aregiven
bytheWeyl characterformula Lec18 In thislecture we'llexp
lain what happens when we work withSln reps over an algebrai
callyclosed fieldofcharp Proofsand a moredifficult caseof
Lie algebrarepresentations will beaddressed in bonus

lecture.SetGSLn let B resp 1 bethesubgroup of all lower tri
angular resp diagonal matrices in G Here are resultsobtained
in Lecs 7 o for n28 their

generalizations1
Weight decompositions anyrational SL2 rep Vdecomposes as

VoplusinmathbbZVn where VnleftvinVLiagleftbeginmatrixz00z1endmatrixrightvtnvforallzinFleft0rightright Thisgene
ralizes as follows Anyelement lambdasum_i1nlambdaivarepsiloniinLambdaleftlambdaiinmathbbZright gives rise

to an algebraicgrouphomomorphism

lambdaTrightarrowmathbbCm Liagleftt1ldotstnrightprod_i1ntilambdai
Then VopluslambdainLambdaVlambda where VlambdaleftvinVtvlambdalefttrightvforalltinTright
Theproof basically repearts that for SL2CS eangle11 a fleftecthetaright



2 If V is a rationalScn representation then Vn Vwp weW
MEN Indeed let ME Glnbethepermutationmatrix

correspondingto weSn ThenMhMwdiagsgn61,1 1 ESL
Mwdiag t tn Mi diag twin twini

An isomorphism Vn Uwm isgivenby v M'wv exercise

In particular every highestweight of a rationalrepresentationisdominant

3 Dual Weylmodule ForSL we consideredthe representations
M n homogeneousdeg n polynomials in xy which we interpreted

as IndbAn fe F 431 f 9 g zhfg geG.eeFKo net
The letter descriptiongeneralizes to Sln we can view 7 as a
homomorphism X B Gm

g
to Mt Then we set

MX Ind Fx Here are two importantpropertiesofMX XeA
a It contains a unique irreducible subrepresentation XI

every
irreducible rational rep withhighestweightX is isomorphic to

L X Theproofessentiallymirrors the SL case Sec0 ofLecd
6 For a rational representation V we can consider itsformal

character ch V EaHimVale notethattheactualcharacter
evaluated on T is try diag t tn E dimVx t tn An
important result is chMX is stillgivenbytheWeylcharacter
formula cf Sec 1.1 of Lec18 ForSC2 thisfollows directlyfrom
theexplicit realization ofM n whilethegeneralcase is more
involved
21



4 Steinbergtensorproduct theorem For n2 we take ninmathbbZgeq
write its padic expansion nn0n1pldotsnkpkniinlangle01ldotsp1 Then

LleftnrightLleftn0rightotimesLleftn1rightleft1rightotimesldotsotimesLleftnkrightlanglek 1 where is the i foldFrobe
nius twist Theproof is basedon thefactthat Lleftn0rightcontinues
to be irreducible overog
Thisgeneralizes to SLn Set Lambda1leftlambdainLambdalambdahiinleft01ldotsp1rightforalli1ldotsp1right

Anarbitraryelement lambdainLambda is uniquelywritten as
lambdalambda0plambda1ldotspklambdakleftlambdaiinLambda1right

Then onehas LleftlambdarightLleftlambda0rightotimesLleftlambda1rightleft1rightotimesldotsotimesLleftlambdakrightleftkright Theproofis
still based on theobservation that Lleftlambdaeright remains irreducible
over g which is considerably more subtle thanfor n2

5 For n2 we can completelycomputech Lleftlambdaright since we know
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41
t
l
o

o

r
beginmatrix7Mn3endmatrix

lambda0
t

7

he

forall

ch

lambda

er

E

a

wedge

cter fo
0
rm

1
ne
cdotp
es

1
a
thin.infojttoIni.stothe work of a lot ofpeople from1990to2020 The answer is

given via KathdanLustigcombinatorics butunlikewhat we've
seen in Lec18 the Weylgroup in question is not Sn but the
affine Weylgroup WltimesLambdar where LambdanuSrho anpicroots x1 istherest
lattice
The case when p is not enormous comparedto n is open

des

pite a lot ofprogress in the last 15years or

so.B



2 Flagvariety
2 1 Definition
Let F be a field Vbe a vectorspaceofhim n By a comple

teflag in Vone means a collection ofsubspaces
V0left0rightnsubseteqV1nsubseteqV2nsubseteqldotsnsubseteqVnV

wherehim Vii automatically Theset of completeflags isdeno
ted by Fln Wesay that a basis V1ldotsVn of V is compatible w V

cdot

if ViSpanleftv1ldotsvirightforalli
Here are some observations aboutthe structure of Fln

1 GnleftFright acts transitively on Fln fortwoflags V1 V20 cheese
basescompatiblew_them thenthetransitionmatrixsends Vi toV2

6

The stabilizer of V in GLnleftFright is thesubgroup of all matrices
in GLn that are uppertriangular wut any basis compatible w V

Q

Exercise SLnleftFright also acts transitively on Fln

2 If F R or cent then Fln is a compactmanifold real or comp
lex And if F is an algebraicallyclosedfield thenFen is
naturally aprojective variety zeroesofhomogeneouspolynomial
equations in aprojectivespace

2 2 Schubert stratification

Wewrite C for Gln B for thesubgroup of all uppertriangu.Carmatrices For winSn let Mw denote thecorrespondingpermuta
T



tionmatrix The following is a consequence oftheGausselimina
tion algorithm WewriteBWB forBM wBleftb1Mwb2biinBright

Proposition 1 Gcoprod_winWBwB
Definition The Schubert cell labelledby w in FlnGB is

BuB
BHere's

a description of BWBB Wewrite U resp U forthe

subgroup of upper resp lower triangularmatrices w 1 on the
diagonal Set UwUcapMwUMw1 Bytheconstructionthissub

group
consists of all matrices aij 1st air 1 i a

y so if isj or
W1leftirightW1leftjright Theentries aij w icj winswig are arbitrary so
UomegasimeqFlleftomegaright where lleftwrightleftleftijrightright aa a winwig is thenumberof

inversions in thepermutation W1 This is calledthe length of

w.Examplen3 Wleft231rightlleftwright2 Uwleftleftbeginmatrix1010001endmatrixrightright
Proposition2 Wehave an isomorphism Uw BWBBgivenby

u uMwBB

Proof inthe case FFq theonlyone we aregoing to use
Set UwUcapMwUMw1 Inparticular U UwsubsetU are subgroups

frac85UwcapUwsubsetMwUMw1capMwUMw1leftUcapUlefterightrightlefteright Note that B



TXU TMwBBMw normalizes TJMwTBBMwBBS0tke
action of u on BwBB is transitive 6KB acts transitively
The stabilizer of MwBBinBwBB in u is UcapMwBMw1leftevalis1right

UcapMwUMw1U WSince UwcapUwlefteright themap UwrightarrowUUwBomegaBB
u uMnBB is injective Ontheotherhandthecardinalities
are the same for Uw it's qlleftwrightwhile for UUnu it is UUw
qN1qN2 where

N1fracnleftn1right2leftleftleftijrightrightijrightN2ij I icjawinaw.ly
so N N2lleftomegaright Soany injectivemap UwrightarrowU UWmustbe a

bijee.tien
2 3 Geometry of Fln
Assume thebasefield is C In the last lecture wecomputedthecharacterofthe irreducible 3h representation Lleftlambdaright lambdainLambda
Computing thecharacters of Lleftlambdarightwith lambdainLambdapossiblynotdomi

nant reduces to certain questionsabout Algebraicgeometryof Fen
We'll mention some of thesequestions here wo explainingthe redu
ction
What we look at are the Schubert varieties BuBIthe

closures of Schubert cells in Zariskitopology One can desc
ribe it as a subset as follows Weequip WSn wpartial
order Bruhatorder by declaring that UleqW if transpositions

t1lefti1j1rightldotstkleftikjkrightinSn St utkldotst1wllefttildotst1wrightlleftti1ldotst1wright

6 I
foralli1ldotsk Then overlineBomegaBBcoprod_uleqwBuBB



Example oforder Let n3 thenthe relation with for a
left13righttransposition t looks like this L

left231right left213right
rfloor

left12right left23rightV
rfloor

L

idThecomputation of characters of LEXI's reduces to thestudy
of singularities of the Schubertvarieties in someaspects The

cases when BUBI is smooth everypointhas a neighborhood
in the usualtopology that looks like a ball in

w
cerves

ponds to easy characterformulas Onesuch case W beginmatrix12ldotsnnldots1endmatrix
the longestelement Here BwBB CB smooth thx to the tran
sitive Caction It corresponds to anglelambda

w dominant X where

the character isgivenby theWeylcharacterformula


