Lec 19: Representations of S, £3)
7) ,Qe,omsenfuf(ons (n chav /

Z) FZ&} l/&mvfg,

1) Kepresentations in chay

In char 0, ‘fle P, dom. <§(.:~///e/gs £ rational SZ,,-/M’/JJ are
Massfﬁeoz 504, 4, dominent weichts (Lec /E)X-éL chora cers are guen
é A, A/\’gf choracter formala ([ec 18). In this lecure we e exp-
loin Whet Awoens when we wore with S, 1eps over an A/jm%u'-
CW} Loseod Fedd of cher 2 Froots and o more difficadt case of
Lie Mgagm represetations wtl be adblvessedd in bonus lecture.

Set (= SL,, bt 8 begp.T) be the subgroup of all bower -
Jzngqfar (resp., »(iegonal) matrices in ([ Heve ave results obtained
m Lecs #-9 Fr n=2 & their 5@5/@04_@7610;75

1) A/ﬂjﬁ decompasitions: any rotional SL-rep V decomposes as
V= ,@7‘ v, where U - {vel o&@ (o%g'):/— 2" ¥ z€ [!'-'\{0}}. This gene
radizes as Follows. ,4;«? element = l2_:). Ae e/l [1,-E7Z)jn/es Jise
to an algebraic groap 40m01140r/41m .

NT—C, ﬂ(iada, &. 4, f—aﬂfi ‘

Then V=@ U ,where Y ={vel¢v= Uty # 4T

Tl prect 5&5/’44,5(& /’efean‘: that for SL, (Sec 11 of Lec 9)
7T



2) IV is 2 rational Slh'//tpr&swz‘ajtzon, Hlon [% i}Vw/M ¥ wel/
b /qe/l_ TIndeed, ot M, < (Ll be 4, /ac/mwfu‘/on matrix corves-
pondling & wE S, Tha My =M, dicg (3g1 (), 1..1)€ S, §

/%/, 95&3 (‘é,,--ﬁ\)/'f;,—7= oé'aaq [‘béw('i)""fwf'”)
A ljomo%%)sm %—’“—’ Vwﬂ Is given é vie M v [ ).
In particelo, every ﬁ/;éeﬂf weight of a refioned represeata-

'floM Is O/O}M wazf

3) Duod h/gf modude. For S[l we consf'o/e/e/ f/L /{/Vesenfq;f/om
M(n) = Uomofeﬂeous o/eé " /ao%nommjs (v X,(j} which we mfe///%‘e/
25 Z;»o[gcﬂ‘; ={feFLCT {( (5%0-,)5%2”7”{57 #JEC,fEﬂ:I[O},UGf}
71«, /o)ffcy /esch/b'f/on 36//76/@5{%65 %o Sé,,f We can view A as a
hemomonphism \: B — €, (;"--é )b [1E7 Then we set
M(A) = Ino/;ﬂ. tere ave two c';npon‘w'f /070/06'2Lf65' of ML), AeA,.

2) Tt contains a unigue I17edlucitle Subrepresentation L(A) &
el/tg wreducible vational rep. with /54{5{ h/e/'jﬁ A s /Somo;péfc Zo
L0, Tl /9}’00/ €S§en’éml% mrrors the S, case (Sec 0 of Lec 9).
) For a rational representation V' we cen nsier 1ts Rrmal
haracter b I/ - % () E> (note hett to actued choracter
eVelueted on T s fry [aﬁ&é(@,_,fh )= %.(o//m l/)\)ff.f-‘f,,%). An
Zynpayzla,n‘f wsult s oh M(\) is 5f)ffj>ll/€n {a( £ /l/yf Auvacter
Formude, (cf Sec 1.1 of Lec 18). For S¢,  this Fallows A//}’eﬂf% Hom
tho explicit realisation of Mn), whte +le C?ﬁlle)’@/f case s more
/MVDZ/eOZ
Z]



4) S{ainéerﬁ, tensor /p;’oﬂ[uﬁf %Ago/@/n_ bor n-2, we take nelfl,
£ wrrte (ts /0 adkic EXPANsION i N= A, 37 pt..+ "',c/ﬁk (€ (0, 7,--/1‘1}),726#'
Lln)=/(n)® Z(n,)(qéa..@[(nk)ck,’ wheve i 4, c-Fold Frobe-
nius twist. Tl /aroo/ is fased on 2o o hat L) contmues
to be //)’fﬂ/uu'éfé oVer 9]

This generabizes Sty St N ={Aeh| <hhedor. p-i8 ¥iet..pf
An wéz'z‘my& elemont Ae/, is unisu written as

A= drph s g, (Le )

Tl ane has L0 = 0,10 L0, 5.0 LAY The proof i
stith based on o observation Hat [C,) tmains irreducible
over g, wheh s L‘MS[O/ULK%. move subtle than Hr n=2.

5) Fby ﬂ:,?, we Can comp/e{e? fom/m‘fe OAZ(U SiNce we Ehow
thot L00)=M() # ﬂoe/l; (- {gf../o—zE).ﬂis Yo é'ger e case
M/eebpba, —é}r N=3. m %ama‘er /ﬁmu/zzs e khowh 7‘%1/ P770 féamcs
4o Yo wore of a tot of /Eoﬁ[ﬁ Fom 1990 4 2020. Tk answer is
(7/1/07 via ,Kafé A/M'Zujéfig, coml/na;far/cs /uf cm(/ze onJE we ve
sewn in Lec 18 the h/egf froup e ?aeﬂz/on s nt S, but e
afg; [/1/@(75 jl’ou/o A/IX/[V,WAeVe A,,=S/Daﬂ7d (/ooigs)C/I Is fé/pﬂz

/CE.

The case whin P ie et enormous (compa/eo/ ‘o 1) I 90en tes -

pnfe a Ut of /a)’%/cs: in He tast 15 years or so.

3]



2) Ffa} (/w’)?/fy,

2.1) Defintion
L [F b a freld £V be a vector space of dm=1. % a cam/m,/é-

te /fag, in V one means o colloction of Subspaces
V= (fo3sVire. gV-v)
wheve dm I/ =0 (putomaticall,). Th set of Camf/wfe //2(73* is abro-
Zed {; FL,. e Sy ot a tasis v,y of Vi compatibtle w. V'
// AL SPM (v,,..v.) ¥
Hove are some observations aboit e structure of 5
1) (1 (F) ads ‘f/awsizz/wé on I, (fo tws /ﬁjs V' 1V, choose
bases compatible w.them Hen Ho tronsition matnx sends 1] %o lf.
T stabitee of V' in CL (F) is 2 Suéjroa/o of all matrices
in (L, that ave cpper %//Mjuﬁw w.rt. any basis compatibte w. V.

= S, (F) also acks 'fmmi‘fn/w% on TC,.

) B F-R o C, Hon I ic 2 ompacdt menittd (real o comp-
tex). And if [F is an ;c%@ém@ﬁg, closed freld then C i

raturolly a Projective vanety (- 2eres of homagencous frolynomieL
67uazflons m a /ar?/'cmfwe spac)

2.2) Schubrt stratification
We wnte ( v (1, 8 B for A Suéﬂrou/a of ol uper fr)}wja-

lar motnces. For we S, 4t M, denste e co/res/oonaénae permita-
]



Lion matnx. Th /ﬂawiﬂj/ is @ consequent of Yo (huss elimina-
tion Mgorff/im. We write BulB for BM,B=16M, 6| 6€BE

ﬁ’opasfflon 1: cheL{/ Bwh

fDe/imf)om: The Schulert cett /M&Mfo/é, wom Il =(/B i
BuB/8

Here's q o/escn)ﬂz/on of BuB/B. We write U [rap_ U~) for Z‘A
Suéjmup o pper (resp. lowrr) fn}zndeu/ar metnces w. 1 on £
dizsonal. Set U, = U MM By He constraction Hic sub-
Jroy consists of all matrices [R;J-) st a1 ¥, 2;; =0 it /y' or
w”(z)<w—é/'), 7ZL ehZLr/es ail- W L2 £ wzqz')7u;Z') are arg,‘fm/ So
U, = [T—de[w, wheve Clw) = /[/z)j)/ 57 /4 w~2¢')7 W-’(J’)}/ A N ber o/
imversions m 4l permitaition w" This is called He /enjz% of .

1 %X

Exampfe: n=3 w=(231) w)=2, %f Zj(z J 04)§

/D/o/)amfm 2: We hove an /Som0)/'y/1ym U, <> BuB/B glven /5,/
u > uM,B/B.

Boof (in te case F-F, e angﬁ one we are goung o use)
Set U =U/NM, UM(,;’. In /nert/a«/cug 5/,“0/,” U are Suéy/ou/oj

,_c,f WU e M UMM UM = [UNU=leF]= (o] Mite that B-
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Tt £ T, B/B=[M, nomelizes T1 = M, TB/B-1M,EB/B. S+l
action o/ U on BuB/B is transitive (b4 B ats ‘L‘mezf/ueé,)
77-: stabitirer 0/ /‘/WB/BGK»VB/K m U i Uﬂ/”(wBMb;’=[€’Va/’S’7]
SUN MMM =8 Sme U, NU 163, th mep U, — U/, BuB/B,
u > ul,B/B is /)y"fafn/e- On He other hand the cordinadities
ave e same: for U, ibs ?m'f whte for YU, it s U/,

=ZM/?A/j WA&Vt

# =" LG (<514 M=1G))] <] &l |
So N ~M = L), So w\g /?/'eyf/z/c map U, U must be a brjec-
Z1om. i

2.3) Qamﬁfl’&z 0/ %,
Assume He brse Hedd is C. In He last leAure we compated
fZL charater of A imeducilbe A’l: '}’goreswfg;ézon /(1 ), 16/[+.
fampmf/n P 2 cheracters of L) witd el /om'/df; not Aom-
pant reduces to certain 7ucsf)ons wbput 4%%Va4'c gew%‘g of %
Werll mentoon some of Hesc guestions here iy ex/o{u'mnac e vedy-
Aion
What we loe ot ave o Schubet venetees W e
%Surﬂj 07[ S’J uéevf wéfs /N wa/ﬂs{ ’fo/apfajg,, ﬂﬂc can O/CSC-
nhe i as a subset as Hllows. We Eouip W= S, w /mn‘/al
ovoler (Brukat prdley) 5& afec(cwn} that <1y if 3 —(f}/MS/Jasn‘/ons
(A (ZPJ',),..., fkf[zk',Jﬁ—s.f. u=t,. . tw § Ut 4w)<ll, £w)
Yi-1_ k Thn BwB/B - L] EB/B
A o



Exzzmp/a [o/ ovaer) Let n=3 1‘[»; fZL velotion wirtw v a

’f/aﬂs/oos{%zom £ looks lie this /(433

(231) (212)

f

(12) (23)

w [

id

The computation of chevacters of L0)'s veduces 4o # J‘fwly,
of S)M;ufaﬂf/es of ‘éze Schubert veriedies (n some a))oeu‘fs)\ The
cases whn  BuB/B is stodts ( every /yoim‘ 4has a ﬂ&géfoyéooo(
/n ‘LL[L Asuel *éo/aofcﬁg’ ot loows Oue a ball m C &w)) Corves .
/Donon ‘o eaS; c%al/a %&Mw_ &m; SUJ case: W= (;;,?;4),
Ho (anéeﬂf cloment. Hore BwB/B = /B, smost] 4hx o He tren-
sitwe (-action, comesponols to L) w. dominant 1 wheve
the chavacker is giver % #le A/?é chareder prmute.



