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e Overview

As before I denotes an algebraically closedfield
Algebraic orLie groups are nonlinearobjects definedbynonlinear

equations A basicparadigm to studysuchobjects is linearization
In our case we seek to replace an algebraicgroup Gwiththe

tangent space TeGwhere eel is the unit A discussionofsuch
tangentspaces isthe 1st topic of this lecture
Generally tangent spaces arejustvectorspaces F However

Teh comeswith additionalstructure s The first andessentially
theonly in the case when char5 o was observedalready by
SophusLie 1870s theLie Guacket When char F p there's

one more structure therestrictedpthpowermap discovered

by Jacobson 1930 s In this lecture we will start ourdiscussionof these structures

1 Tangentspaces in Algebraicgeometry
1 1 Basics on tangentspaces
Let Xbe an affinealgebraic variety F A F denote

thealgebra ofpolynomialfunctions on X Pick Lex
A



Definition 1 An α derivation of A is an F linearmap
3 A F satisfying thefollowingversion ofLeibnizidentity
L 3 fg f x g g a g f
2 Notethat the 2 derivations form a vectorsubspace inthe space
A of linearfunctions A F Thespace of α derivations is
denotedby TXand is called the tangentspaceof at α

Here is a calculation of IX Let A F x Xn f fm
write x ̅ for it f fm EA these aregenerators of A If

3E TX ge F x Xn thentheusual rule ofdifferentiationapplies
1 3 g x in E dig a x where 2 By
So we get a map

4 TX F styltillin
By o y is injective also it's linear Nowplugg fj to 1

TheChs is sloto hencethe image of y is contained in
2 a an Eldif x are j CF
In fact y is an isomorphism TX 2 Can an E 2 themap

g x int Elaig a a is well defined doesn'tdependon the
choiceofg and is automatically an α derivation exercise
An identification ofTX w 2 is an algebrageometric version

of a computation ofthetangentspace ofan embeddedsubmanifold
in 132

Example Let X x x E F xx 0 Then for f x x wehave

2ft
224 X2X So



ix i iii ii is tiF if α 22 0

Remarks i One can completelydescribeTX as a subspaceof
A Let my feA f a o themaximal idealofα Thx to
C for3ETX wehave 3 r o use 1 1.1 fg o f.geMe
8 m o Conversely let At best 3 1 0 MT O

Weclaim that 3 satisfies L TX For this note that

3111 0 K holds if forgef 3my 0 L for f.gemg
Now we use that feA f f x f fall f f x EM
similarly forg So

3 TX zeA 13o o my o

ii 2 shows TF F def This identification in fact is
independent of the choiceof coordinates Namely let Vbe a
vectorspace LEV UEVWeassignJoe TV thederivative in the
direction of v by Sulfi f atto f x e Thisgives an
isomorphism TV u to se Etf ult

12 Tangentmaps
Let P X Ybe a morphismof affinevarieties thepullback

homomorphism 9 FLY F hencethedualmap

3,4
F X F Y S g 8 g geF Y SEF x



Lemma F FLY restricts to TX Tony
Proof Let Tax
Thx to 3 it suffices to prove 3 11 o this isexercise
P s m a 0 But BC mya 3 map Weclaim

that 9 misa Cm kno For k 1 geMpa g Pla o

P'g k 0 9gEM thecontainmentfollows Thecase k71
reduces to K 1 6c P is an algebra homomorphism

Definition This map TX TpY is calledthe tangentmap
of at α and is denoted TP

Importantexercise2 functoriality a.k.a chainrule If 4 Y
Z beanothermophism then Ta Yep Tpa Y.TT

Now wediscussproperties of tangentmaps in specialcases

I Let CY beZariskiclosed i X Y denotetheinclusion
Then dex TL TX TY is injective This is because
F Y F X is surjective Remark in Sect of Lect hence
F X FLY is injective its restriction Tc is so

II Let feFIX be set f a to Let j Xp Xbe the inclusion
We claim that Taj TaXp Tax Indeed 3ETaxhasunique
preimagegiven by thequotient rule
a



f ga f x 1 g f x glag fl
Theproof is an exercise

Finally consider thefollowing situation let 9 f fm F Fm
be a morphism Let αEF p P x Wewantto compare KerTP

a an 12 f k a o T p One can show exercise

that I 9 p cker TP but the inclusion can bestrict e.g take
P x x 2 0 a note for experts we view 9 x as a sub

variety not a subscheme Weneed a sufficient condition for
T 9 p Ker TP as the r.h.s.is easier to compute The

followingmay be viewed as an Algebregeometric versionoftheimplicitfunction regularvalue theorem

Fact see Sec 5.5 in H for a relatedstatement
If TP is surjective then I 9 p Ker TP

13 SpacesTeh for classicalgroups
Recall the classicalgroups V SL V VB Sp Vw

where V is a finite dimensional vectorspace over F B w
are nondegenerate symmetric skewsymmetricforms on V that
are only considered it charF 2 SeeSection 2.1 in Lec1 Our
goal now is to computethe tangentspaces Teh

Example 0 To compute TG for GGLV we set EndV

the
vector space of endomorphisms of V f dete F13 By



Remark in Sec 1.1 Tex isnaturally identifiedwithEndV
by II in Sec 1.2 Tel TeX EndV In a basis TeGL F
Mat F We will write g V or g n F for Tel

Forother threegroups C we have CGL V Zariskiclosed

so TeGCT.GL V g V is a subspace I in Sec1.2 Todeterminethese subspaces we use fact in Sec 1.2

Example SL V End V is 9 1 for Let EndV F
To compute Tep it's convenient to use a basis in V to identify
End V w Math F ThemapTepsends aj TeMat F Math F
to the linear in a term in det Sij aij

wherefig Kronecker

symbol Using the initial formulafor Let we seethatthisterm
is air tr a Themap tr Mat F F is surjective so

Tel Te 1 fact ker tr This subspace is denotedby8C F
or 31 V in thebasis free setting

Example2 On F NotethatAATis symmetric AeMat F
So we can consider 9 A AAT Mat F symmetricmatrices

P I Themap Tepsends Mat F TeMatn F to
the linear in term of It 1 3 1 which is 3TSince
charF 2 themap a 3T is surjective exercise restricttoupper
triangularmatrices So TeG Ker TP Metn F 3T to
bedenotedby Son F
61



Wealso could andshould view thisbasisfree Weget
TOYB eg V B su v Blu v so u v e v Bo YB
thespaceofoperators skew symmetric w r t B

Exercise TeSp Vw eg V w u u w u u o Ha rev

sp Vw

2 Structures onthe tangentspace at 1 of an algebraicgroup
For Reogh f wewrite 3,2 32 25 For an algebraicsub

group GCGln F wewrite g forTeG as mentioned in Sec 1.3
this is a subspace ingh F
Thefollowing theorem is themain resultforthis lecture

Thm 1 of is closedunder
1 If char Fpro then g is alsoclosed

under to

Let HC GLm beanotheralgebraicgroup P G H be an
algebraicgroup homomorphism y TP

Then

2 y s q r y 3,23 peg
2 If char F pro then y JP y s Beg

Example of11,1 Let C SL F CGln F so that g 31 F
3 Mat F to 3 0 It's closedunder bc tr 32
tr z 3,2 Math F exercise on matrixmultiplication
To show that g is closedunder Pwhenchar Fp it's suffici



ent to prove tr JP tr g seMath F Forthis we use
thefact that for a matrix A w e valuesX tn w

multiplicitieswe have to A EXi Now let 7 Inbe e valuesof
so that I XP are e valuesof So

trig P EX char Fp X XPis field homomorphism
XP tr sp

Exercise Prove 1 2 for 30 Sp

Notethat 2 2 show inparticular thattheoperations
and P are well definedon g ie donotdependon theembedding

Ln F Moreover wehavethefollowingresult that we will
partiallyprove later in the course

Fact Everyaffinealgebraicgroup is isomorphic to analgebraicsubgroupofGln

Thanks to this Fact we don'tneed KH to beembedded
into GL
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