Lec 2 ﬂ/jagmjc groups % Lre %Mms A

a) Qverview

7) Ejenf spaces n 4{71%/@c Jeame;fg.
Z) Structures on 'Z'a/.e z‘anjwzé space at ! of anu ﬂ/{ﬂ&{/faic j/ﬂo/{d

) Qerview
As betore, [F denstes on Mg@grw'cw% closed Freld.

4éograic (or Loe) Youps ave son-Cimear ﬁ(afem‘: (eloned é/ son -Eneer
f/m«z‘/oﬂj ). A basic /a@ma/(/}m “o Jz‘w@ Such a fea‘{.r is timearzation
In our case we seer to /f/fczca an Mgwgl’ajc jrou/) G wit) e
'éanje,m‘ space 1, G, where ee(] is e anit. A discussion of such
%anjmz‘ spaces o e 1t fo/a/c of s leckure.
[éﬂe/a/l/g,, Tongent spaces are /usf vector j/mzces/ F. However
7;4 comes wn% additionad Sfmufwe (). 7Z‘ 7//"575 (0'70/ CSS@W_‘I%
78 oty in te case when cher [F=0) was observed Mrecauéj {}
LS’opAas Z/e [75770’5)5 f/e Z/e gI/QC/C&il_ /I/Aen Oéa/ Fjl?, '(fe//e_’;
one move  structwe — e vestrited oth pohver map oLiscovered
Tacobson (7930s). In this leckure we witd stavt our dis.

7
£ Hese structares.

cUssion ¢

7) ﬁﬂjwf Spaces c'n 4((%%/&4,}; jeomeyz‘g_
77) Basics on f&’ﬁj@lﬂf spaces

LeAd N b an athm a/gcémic vanety /IF & A=[F/[x] denote
Zhe a,{;aﬁ’a of /oéwommﬁ SFundrons on /?1 Fee Le)X
7'_’



Defintion: 1) An ol-derivation of A 15 an [F-Cnear ap
5: A - ﬂ-— SM/J{}M; -é[a /oZZOh//;g version o/ Z&‘g}ﬂ"& /h/wl//'?:
(£) 3050 =1%)356)+ 9e) 56
2) Nite £hat Yo of-arivadions Avm 4 vectn subyrce on Yo Space
A xo/ Uneay 7{{)40'&/0/75 /1 — 72 )}mce 0/ A~ a/en'lm;flonf /s
D/Miff/ @ Z;X wned iy called % Z‘ﬂ{lje//f J]ju@ 07[ /{/ﬂl‘o(

Here is o caladodion of Z;)(\ led A =F/},,._1;J/[7i..,£)
£ write Z for X,-*[),/,__;‘i)é 4/ ‘f/ese a/ejenel’u‘orj o/ A. .Z;/
el X 4 g€ Z/:—[)g,,_x,,nl tlon e usuad rle of Aitferenticttion 5}0/9&5;

0 3005 70= Z[351036), whe 7:- o
50 we jeﬁf Q /MQF
p:T X— F’ SHJ(KE)LZ,-
A%, (1), @ s /lyfﬁfll/e, edso (t's Onear: Now /0542, 3,75 % (1)
The Ch.s s S0)=p éence o imege of W is contamed m

(z) {(a,.4,)] gﬂ[?ﬁf](x)afo ¥j5cF’

In #ak, ¥ is M_/JOMOI)?AIS’W Z(‘)(”""(Z)’ ¥ (a,..4,)€ (2), 78 Map
}()7,,_.?,,) > ;:[9,'6{]&)&; is weld-defmed (doesnt /Qeno/ on e

Hore of 3) mad s Mfomaxflca,%t an o~ dervation ( ).
An identification of 7;)( w. (2) is an Mjogro -jeom%‘r/c versin
of a com/JM'fai(f/on of e fmjm‘ spect of an em beoluted! submanifods
m [P

Exomply: Lok K= {05, )€ F [ 5x,=05. Then for f=x,x,,wte have

(24 9F)=(x.x) S
2]



{G0)3 if £#0(340)
Z)(={ {ox)$ i 4#0(=4-0
F' i god=0

Kemares: i) Ore con com/o/a‘eﬁa\ describe X as a 54/55/oacc of
A% [t i 2 e | fe0) =07 He maximad idead of o Thx o

(2), for SETX we have 5(1)=0 fase 1=1-1) & 5(f3 )0 #gg%
= §(m)=0. [vaerse/g, bt €A™ be st 3(1)=0 & S(Mmt)=o.
We cloim thet ke sodispes (L) (<=>§é];)()_ For #his note Hot
j(/FO@ (L) holds if f@#gef L3m)=0= () or 7%6%40(.
Mo we use Hot ¥ fed = - fi)+ (F-16) & f-1&)en &
5/m;/a//% for g So
(3) T X= {Séﬁ*/j(f)’o & 3 (=0

‘l") [2) SAOWS Z<-0:"=[F" ¥ o(Eﬂ:.,') ﬂ)’s /b/wf/'/ica,flaﬂ, n 7@3%‘, /s
/ﬂo/eloeﬂo/enf a/ ‘L%. Léo/‘a; o/ Coo}’p//nq;fej_ //ameg , K«Vf [/ 5@ a
vector Space , d€l/ & vell We assign 3,€ TV (B dervedive m #
direckion of v) b j,r(f)=;L{f(d+fb)—f[x))/ézo_ This gives an
/Jomwplum V=TV, o5, ( ). €tFIVIH]

7.2) Tanﬂamf maps
LA @)=Y b a mphmaf aflme vanehes~ /wffézc:
/Omamofa//fm @™ Flv] =L X7, Aence o ducl Map
P — Flv1] <% (§)q7=<4, ‘F"(g» [geﬂ-”[ﬂ, SeFlyT¥)
3]



Lemme: B Flx*— F13° pestnets 4, T X = Doy
/9’007/-‘ Let je Z:X
ﬂx ) [3)? it suthces 4 /Von/e [f(j)]('/)w (fn/is (s )
£ [B0)I(Ingy) =0 Bit [RCIIng,)= 5 (P (h,). We cleim
thot Py, ) < ] ¥ 150, for k=1 gely, &> g(Plx) -0
[‘P%]&)w S ‘7”36/170( 8 the Containment follows. The case k71
Keo@ces to k=1 4/ P* s an a/ge/ém /y'omomo};oé)m. b

Detrnition: Ths #ap Z(—)( —97/;)’ s calleod A ﬁij{ /w}a
of Pat ot and /s dontedd T, P

[/umifar/'a/(ﬂ/%g, 2.0, chain nde). I ¥ y—
Z fo ancther MoM;;m) Hon T (¥ P)= Tpe Vo TP

Now  we M’scuss /ora/oerf/e: of fanjenf Mayps ,y)eu}z/ cases,

I) LA X<SY b Zans oZaseO/K L: X Y denste e ncbasion
Thea # s X = T 7;)( '—’7:()’ is /W'eof/ue. This v because
X Flyl — FIXT is Su(r/'ec)fll/e (Femere in Sec 1 of Lec 1), hence
Zo % [ — FL yI* i /;1/'50/,‘/Ve = (ts restnction Tc i s

I) Let feFIX] b st fedto Lt j: yr X be o incdysion
We closm 1‘4&1‘ Z(_J-‘ 7;[)(]9) —”—/->Z:X 1;10/{!60/, 'VSE Z;X has dm/yuc
presmage glven é, F78 ?A(Mf/en‘l' rule"
7



f gt 00 () fe” — g 5 (),
The /U}’oaf s n .

/qno,%, consider e /oglam'noe situaton: bt P L):F=F"
be e Moqaé)sm_ let acF'8 p* V). We wont 4o Compare ker T, P
= [[R,,,..Q,,)[ ‘2[9,75}(9()% =0} £ 7; QDQZB)_ Ohe Can show ( )
Hodt Z?_ngter TP but He milusion can be strit [c’.j. Zake
Plx)=x* & «£=0 = & note for experts: we view P'() as a sub-
l/a/)%‘} Nt 50€5c4eme). We ned 2 sufficient condition for
T, ?’-,§€7= ker TP as the vhs is easier ©o compute. The follo-
wing may be viewes! a5 an /Mé)&éro- jeomafm vession of e mpts-
ct function (regu(ar vafuc) zz/eorfm.

Fact (see Sec 5.5 in [H] for a related statement)

¥ TP is 5u7'c(/'fn/e) flm T, %-)§Q7= ker TP

/,3) S/mccs 7;( foy Lassical j}’au/ﬂs

becett e classical 37oups [‘*’f[[l/)) Stlv), 0{0)57)} \S/’o[l{w),
WAf//e l/ Is & ﬁn)fc aémeﬁsiand l/e.(/for Space ayer F K g) )
sre fon /f&éﬂei’afﬁ )y/nmm‘mx skew- symmetrie forms on V/ ot
e on% considered i/ o%w F+2). See Section 4.7 tn Lec T Jur
ﬂad now is o com/aufe 'flc fané;w‘f S}ﬂqcm 7;(

Example 0: To compite T,6 for (=LL(v) we set X=End (V)
e vector Space of 6/70/43/%0/////)5% of V & £= det e [F/x] KO\,_

"
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Femare in Sec 1.7, TX ic naturadt, identitiesl with End(V) &
by I) in Sec 17 [0 > T X=5:d(v). In a basis: T, 44, (F) =
/me,, (F). We wmtl wite g[(l/) (or ﬂ[n (F)) 75»’ 7;6

for ather three Jroaps C we have (<CLIY) Zansii chosed
So Z[CZ(Z(I/) =g[{V) 5 ] yuésyche/ I) in Sec 12. 7(5 O/tb‘ftﬁ
mne Hhese Subspaces , e use Fact m Sec 1.2,

Example 1 SLIV)cbnd (v) s P(1) for P=deh: Fnd(v)— [F
b compite T,P it>s convement to tse a bass in V' % /M/{t
End (V) w. Medy (F). The mep TP sends () € T, Mo, (F)= M, (F)
to Hl lneer (in %) term in A (( Sg-mg-)) where %-’ﬁfoﬂeczer
S(ymégf, %’”J— o mitsad Jormda for Aet we see Lot i term

i Zag = 1r(a). The map tr: Mo, (F) —IF is JV(r/'cofzve, f0

J

7;[:’7;90-%): [Fact 1=rer 2. This subspace s o/e/m(eo/%, <, (F)
[or S[[V} /h fla éasiy/)/a f&'ff/ﬂé)‘

Example 2: (= O,(F). fMote #het AA" is symmetne ¥ Ae Mt (F)
So we can Consider P A — AT Mot (F) a[sjmmm‘r/c metrices}
= (= P(1) Tk mop TP sends se Mo, (F)=(T Mt (F)) 4
fn/c Lineor /'nj Zevm of [I+§)(I+3'T)/w//% /‘;§+§T Since
chor F#2, 4l Mep 2543 s Say'wf/z/e [ - stnet o apper
trieagubas madrices). So T, (= ker T, 7= { seMat, (F)| 57=-55 fo

__lée denoted by So, (F)
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Me also Cowfo/ /wm/ j/ﬂw/o/) View ’L%: p/@sv; -;4&_ We jﬂf
L, 048)={5eqllV)] By )+ Blysv)=0 # yvel/§=:8oly8)
~ e Space of goem,z‘or: SkPw- ﬁmm%‘//c w.rt B

Ty Splle) = zfjég[w)/ Wy v)+wlyFr)-o #yveVf
= Sf(@w}

7). Structures on He ﬁijz‘ space at ! of an ﬂ/jw{/w’c o4
for 5563]4 (F) we write (341 =5p-pg. For an A{?Mm,ic Suéb-
(7/@«/0 KC [/,, /Z/Z_) we write \JJ 74r 7;[/ as mentioned jo Sec 13
Hhe s & Su&/mce in 74 (F)
The /oﬂowiﬂé theorem is Ho mein resibt fo His lecture.

[hm: 1) a i Hosed under [ -],
1) If cher F=/o>0, z‘/w ﬂ is also &%Sea/ moérjt—%f.’p
Lt Hc CL, be another Mjpél’a/c Jro4p L P:C—H be an
ﬂ//j//gl’dic ji’ou/o ADMOMD'?AISMX ?p.-];@ ﬂan
2) [clﬂ(fl tffz)] = (79([3”,7]) ‘V}feg
2) I chor F=p>0, thu ?(31= 9s) ¥ 3eq.

EXamp(e (of 1),1)). Lt (=8, (F)< (0, (F) s {/‘Vf J: St (F)
f3e Mo, (F)| 4 5205 Bos closed wnder [1] 4 r(xy) =
=1y [Z§) ¥ 5’)?6 //Qjé” /F)( —on matri m&‘//aﬁwz‘/oﬂ)-

\175 Show  Hhot g (s (,/osea/ uncler +F when thar [F- P, s supfici-
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et o pove Tr(sP) = [tr (51" ¥ re Mo (F). for ths we ase

Ho tact Lhot v a metix A w. e-velues 1,2, (. m{,ﬂfyy&
cites) we have T (4)= Z M. Mow G2 3.3, be c-valms of 5

so thit AN are e values of 5 S
[# )] - (= X ) =Lchar Fop = 2.0 is fieled fomomophim)

= 2N =Tr(57).
: Rove (1) 4 () for S0 L85

Nite 1%&7& (2) 8 (2) Séoh/} t /Darflew', l%zf 'fZL 0/6/5214/0}71 [JJ
Mo/ e well- O/&ﬁneo/ on g,/le. do not O/WD/ on 4o eméeo/a/m&
(s (2 (F) Moreover, we howe e /Jfowiné veswtt Aot we wlt

(pwfl%) prove Cotey in e course.

Fact: Eveta, a;a/nt ﬂ-[jf/é?a«ic gyau/a (s fSompr/c to an a/;c«f—
Fpuc Suégrwp 0/ (Z,

Thanes 4o this fact, we don't need ((LH) 2o be embeolded
L'}‘)fa 6’17



