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1 Introduction

We now switch to a differentkindof representationtheory of
thefinitegroup GLnleftFqright over mathbbC One reason to careabout CLnleftF9right
is that it's closeto being simple roughly in the sameway as
Sn is close to the simplealternatinggroup An In more detail

PSLnleftFqrightSLnleftFqright center is simple if leftnqrightneqleft22rightleft23right It shouldbe
notedthough that that understanding irreps of PSLnleftFqright or SLnleftfgright
fromthose of GLnleftFqright ismorecomplicatedcomparedto Sn usAn

We are notgoing to study all CLnleftFqrightirreps Set GCLnleftFqright
and let B bethesubgroup of all uppertriangular

matrices.Definitionlemma for a Girrep V over
mathbbC TFAE

a VBneq0
6 Vappears as adirectsummand in mathbbCleftmathbbCBright finmathbbCleftGrightfleftgbrightfg
forallginCbinB w Caction via leftgcdotfrightleftgrightfleftg1gright
Wesay that Vis a unipotentprincipal series

representation.ProofObserve that CIGB Ind mathbbC The latter wasdefinedas

I
fe C f6g fg g EC beB w actiong f g fgg the



Isomorphism is inducedby gag G Use Frobeniusreciprocity
Hema Ind triv U VB1

seeSec3.5 in basicreptheorywriteup for an irrep V1
HomalInd triv V to Voccurs as a summandofIndstriv

2 End C CH convolution

Here G is a finitegroup HCG is asubgroup Thebasefieldis
2 1 Motivation

Ourgoal in thissection is to

provePropositionLet Vbe a finitedimensional G representation There

is a natural bijection between

a The irreducible Crepresentations occurring in V
6 The irreducible modules over Enda V
Proof Reference Sec2.3 in basicReptheorywriteup
Let U1ldotsUk be the Girreps occurring in V so that

Voplusi1kUiotimesMi Mi Homa leftuivright
A consequenceoftheSchur lemma is that EnalphaGleftVrightoplus1kEnalphaleftMiright
the irreducibles are M1ldotsMk Thebijection weneed is VileftrightarrowMi

aOurshortterm this lecturegoals are
1 Describe a basis in EnalphaGleftmathbbCleftGHrightright
2 Explainhowthebasiselementsmultiply
3 Makethis explicitfor GGLnleftFqright HB
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Using 3 we'll showthat EnalphacleftmathbbCleftmathbbCBrightrightrightarrowmathbbCSn L ec21 Thx
to Preposition this will describe theprincipalseriesunipotentreps

2 2 Convolution

Ourgoal here is togive an alternativedescriptionofEndalectil
We have a vectorspace identification

EndGleftmathbbCleftGHrightrightHomGleftmathbbCleftmathbbCHrightmathbbCleftGHrightrightleft1right W VmathbbCleftGHrightmathbbCleftGHrightH
leftmathbbCleftGrightHtimesHmathbbCleftHbackslashGHrightright double

cosets.Thisalready gives abasis in Enda GH for Oct11GH we
writeSofor thecharacteristic function of 0 takingvalue 1on

0 elsewhere These elements form a basis in I HISH Our
next question is how to interpret an element fe HIGH1 es an
endomorphism Wewrite mathbbCleftGrightH ellCCG for subalgebras offunctionson
G invariant fortheactions ofH on theleft theright so that

mathbbCleftGrightHrmathbbCleftGHrightmathbbCleftGrightHemathbbCleftHGright

Definition For FinmathbbCleftGrightHrfinmathbbCleftCrightHl definetheirconvolution

FfinmathbbCleftGrightbyleftFfrightleftgrightfrac1leftHrightleftg1g2rightg1g2g Flg fleftg2right

Consider therepresentationof G on mathbbCleftGright comingfrom left translation
ftsg.tw leftgcdotfrightleftgrightfleftg1gright Notethat
2

leftleftgcdotFrightfrightleftgrightfrac1leftHrightsum_g1g2gtimesfracleftgcdotFrightleftg1rightfleftg2rightFleftg1g1rightleftg0g1g1rightfrac1leftHrightsum_g1g2g1gFleftg1rightFleftg2rightfrac31leftgcdotleftffrightrightleftgright



Similarly we can considerthe representation fastgof G in
ECG from right translations Then

F f g F fg3

Thiscomputation shows

a FE 9 1 fe HIGH F feCGH lapply 3 toget
6 f ECGH GH is G linear apply 27
c f EE HIGH f fae HGH
Alsonote that for Fe GA f fae H 6 1

4 lceil f 1f2Jleftgrightfrac1leftHright2fracg0g1g2g Fg fg fg F f f g
5 Fdeltam F exercise delta1Hff

Theseshow

α C HIGH l is an associativealgebraw unit delta1H
e CA is a rightmodule everthis

algebraImportantexercise For Q1Q2 0 HxHorbits inG
6 deltaO1deltaO2leftQrightfrac1leftHrightleftleftg1g2rightinQ1timesQ2right gog gforallginQ
Lemma Themap ft f mathbbCleftHleftGrightHrightoprightarrowE ndd GH is

an isomorphism ofalgebras op means oppositeorderofproduct

Proof 4 2backslash 57 show wehave an algebre homomorphismwhile
Sp f f shows it's injective Finally we've seenthat the two
algebras havethe same dimensions



3 Thecaseof BsubsetGGLnleftFqright
Recall Sec2 of Lec19 that for winW
WewriteBWB for BMwBG whereMw isthepermutationmatrix

lleftwrightleftleftleftijrightrightijW1leftirightW1leftjrightright
Wewrite Hleftqrightfor leftmathbbCleftBmathbbCBrightrightTomega for deltaBWBinHleftqright Inpar
ticular T1 is the unit in associativealgebra Hleftqright
Recallalso that in Sec2.2 ofLec19 weproved

left7rightleftBomegaBBrightqlleftomegarightLeftrightarrowleftBomegaBrightqlleftomegarightleftBright

Proposition 1 if lleftuwrightllefturightlleftwright then TuTwTuomega
2 For Sleftii1rightlefti1ldotsn1right wehave Ts2leftq1rightTsqT1

piProof Consider themap BuBtimesBomegaBrightarrowCleftxyright toxyThegroup Bacts

on BuBBwB by 6leftxyrightleftx616yright Thisaction isfreeReachfiber ofpi is
a union oforbits By 6 in Sec2.2

TuTwsum_vinWMuwvTv where Muwv ofBorbits in pi1leftzright zinBUB

1 Note that BuwB impi ByFact 2 leftBuwBrightqlleftuwrightleftBrightleftBuBtimesBwBright
B2qllefturightqlleftwrightB2qlleftuwrightB IBuwBlSinceeachfiber of pi is a unionof

free Borbits weget BunB impiandeachfiber is a single Borbit
Our claimfellowsfrom

i

frac5T
2 Considerthesubgroup Psleftbeginmatrixendmatrixright C1 so that PsBsBcoprodB



Indeed P is BtimesB stable so PsU BwB wherethe union istaken
over well sit MwinPsLeftrightarroww1ors

ByleftrightTs2msssTsmss1T1 Firstof all mSS1frac1leftBrightleftpi1left1rightrightpi1left1rightleftgg1right
gLeftrightarrowg1inBsBfrac1leftBrightleftBsBrightq Next

BsBtimesBsBpi1leftBsBrightpi1leftBrightMsssBsBBmss1BBRightarrow
dividebyleftBright2q2msssqqRightarrowmsssq1

Exercise i for sleftii1right wehave lleftwsrightlleftwright1 a
beginmatrixW1Lseendmatrix
law'lin

ii Wewrite si for leftii1right Deducefrom c that lleftwrightminimal
ls.tw can bepresented as Si1ldotsSie forsome i1ldotsieinleft12ldotsn1right

iii Use ii 1 of Proposition to show TwTi1ldotsTie w WSi1ldotsSie
llleftomegaright where TiTSi Inparticular T1ldotsTn1 generate Hleftqright
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