
Lec21 HeckealgebraI1GenericHeckealgebra
2 Semisimple

specializations1
e Recap Let's recall some resultsfromLecture20
Let GGLnleftFqrightBsubsetG bethesubgroupofupper triangularmatrices

We are interested in understandingthealgebra EnalphaGleftmathbbCleftCBrightright It'ssemi
simple Csimeqoplusmatrixalgebras bcmathbbCleftGBright is a completelyreducible Gmodule
In sec 2 ofLec20 we haveidentified EnalphaqleftmathbbCleftCBrightright w thealgebra

HleftqrightleftmathbbCleftBGBrightright Using this in Sec3 we haveproducedavector

space basis TwinEn α aleftmathbbCleftmathbbCBrightrightwinWleftSnright where T11
Wehave alsodescribedtheproducts ofsome basiselements For iin
left12ldotsn1right set Sileftii1right We'veseen thatfor winW the length lleftwright
coincideswith min El wSi1ldotsSil e.g lleft1right0lleftwright1Leftrightarrowwsi Thisfor
mula impliestheclassicalclaim that S1ldotsSn1 generate W
The following was established in Se c3 of Lec20

Proposition 1 if lleftuwrightllefturightlleftwright then TuTwTuomega
2 For SSilefti1ldotsn1right wehave Ts2leftq1rightTsqT1

1 1 Consequences
Corollary

1rangleTsTomegaqTsomegaq
if

beginmatrixlleftswrightlleftwright1TwTsTwsiflleftwsrightlleftwright11TwelseTTwendmatrix



In particular if WSi1ldotsSil w llleftomegarighttherTomegaTSi1ldotsTSie
2 existsMuwvinmathbbZlefttrightleftuvwinWrights l TuTwsum_vinWMuwvleftqrightTv
Proof

1 The case lleftswrightlleftwright1 followsfrom 1 ofProposition Notethat
lleftsomegarightleqlleftomegaright1 bythe characterization ofellabove Since s21
lleftomegarightleqlleftsomegaright1 Also sgnleftwrightleft1rightlleftwright so lleftomegarightneqlleftsomegaright Hence lleftswrightneq

lleftwright1 means lleftwrightlleftsomegaright1RightarrowTomegaTsTsomegaSoTsTomegaTs2Tsomega
2 of Propin Ts2qleftq1rightTsqTswleftq1rightTsTswleft1right ofPrepin

qTsomegaleftq1rightTomega
Theformulafor TwTs isprovedsimilarly

2 We write u as si1ldotssil w lllefturight so that TuTwleftleftrightrightTi1ldotsTilTw We

use 3 repeatedly express prod_ilT_w thenmultiplythesummandsbyTie
etc In each step the coefficients of TV s arepolynomials ingwith
integral coefficients

Rem Let hatHleftqrightdenotethe algebrageneratedbyTw weW
relations in Preposition Then HleftgrightRightarrowH 9l Indeedsince 711g
isgeneratedby Tw s we have a natural surjection771g 71191

And computation of 1 in theproofofCorollaryshows that
overlineH1 qS panmathbbCleftTomegaright Since Hleftqrighthas basis Tw we concludethat
7
sim

1q 1RightarrowHleftqright

I



12 Thegeneric Heckealgebraand itsspecializations
Definition ThegenericHeckealgebra a.k.a IwahoriHeckealgebra is

thefree TLE module HpileftWright wbasis Tw winW andproduct

T_uTwsum_vinWMuwvlefttrightTv
from2 of Corollary

Lemma This is an associative algebra w unit T1

Proof Associativity can becheckedon basiselementswhere it's a collection

of quadratic equations onthe entries ofthemultiplicationtable
MuwvinmathbbZlefttright These equations held after specializing t to anyprime

powerq by 2 of Corollary Sotheyheldfor the Muwv hence HpileftWright
is associative Theclaimthat T1 is aunit is an exercise

Wewrite Hleftomegaright for mathbbCotimesmathbbZHmathbbZleftWright For RinmathbbC wewrite HkleftWrightfor
HleftomegarightlefttkrightHleftomegaright This is a mathbbCalgebra w basis Tw winW product

TuTwsum_vinWMuwvleftRrightTv

Example 1 For Rq aprimepower HqleftWrightHleftqright G semisimplealgebra

2 Let R1By3 ofCorollary TsTwTswRightarrowTuTwTuwforalluwinW
H1leftWrightmathbbCW a semisimplealgebra

2 Semisimplespecializations
It turnsout that 1 82 in theexampleabovealreadyimply37



HqleftWrightsimeqH1leftWrightmathbbCW as a special case ofthefollowing

theorem.TheoremTitsdeformationprinciple Let Fbe analgebraicallyclosed
fieldand Abe an associativeunital F t algebrathat is a free
finite rank Flt module Let alphabetainF besuchthat AalphaAB are semisimple
Then AalphasimeqAbeta
This accomplishes the lastgoalstatedin thepreviouslectureand
finishes our treatment of therepresentations theory of Gln Fq

Remark HrW issemisimple rneqsqrtm1 w mleqn In thiscasethere's

an explicit constructionof HRleftWrightsimeqmathbbCSn It's possible to construct

an isomorphismwiththethirdalgebra a cyclatomicKLR Khovanov

LaudaRouquier algebra thatarises in thestudy of representations
of Lie algebras in categories See Kleshcher arXiv

0009.4844.21 Structure ofcompletion
Ourproofof Them will consist oftwo stepsThefirstwhichwe
will carry in the lecture describes thebasechangeofA to a formal
neighborhood of α in F

Consider the inclusion F t F Ct23 via the expansion ofpo
lynomials in t α It turns F It 273 into an Flt

algebra.w̅Proposition A leftlefttalpharightrightotimesFlefttrightAsimeqFleftlefttalpharightrightotimesFAalpha an FC51 2rrbracketalgebra ise



Before weprovethis we'll explainhowto thinkaboutthe ehs
For an opendisc z k k e CC thereasonablefunctionalgebra

on it to consider is that of all holomorphic functions denote itby
Oe For FmathbbC we can view 0,0pct A as therestriction ofthebundle
ofalgebras Afrom mathbbC to thedisc Andthen forp w Ip ake

AbetamathbbCotimesQvarepsilonleftQvarepsilonotimesFlefttrightAright where thehomomorphism OvarepsilonrightarrowmathbbC is the eva
luation at β So a version of Proposition w OSigma insteadofFCA23
wouldyield AbetaAalpha if leftbetaalpharightvarepsilon

Notethat QSigma consistsof all powersseries in 2 2 thatconverge
when lefttalpharightvarepsilon In thisway we mayinformallyview F It 273 as the

algebra of functions on thediscwound α so small that allpo
wer series converge in otherwordsthealgebraoffunctions onthe
formal disc

If we knew an analogofProposition on the actual smalldiscs
Frfloor C we wouldargueas follows One can show that peFAp
is not semisimple is finite premiumexerciseprovethisusingthat
a finitedimensionalalgebra B F is semisimple theform
on B BOPgivenby leftxyrighttrBleftxyright is nondegenerate So over
we would connect Xpby a pathavoidingthatfiniteset
Wewoulduse a nonformal version to show that every 8 onthe
path has a neighborhood st AgammaAgammaI 8 in thatneighborhood
Finishingtheproof is then an exercise
We'll formallydeduceThmfrom Proposition in a bonussection
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2 2 ProofofPreposition
We startwith lifting of idempotents

Lemma 1 Let F be a field A an F1473algebrathat is afree
finite rank F It module Set A0AtA Suppose e0inA0 is an idem

potent i.e e02e0 Then existseinA sit etAe0 e2e

Proof We lift orderbyorder suppose ek1inAtkA satisfies ek12ek1
Weclaim existsekinAtk1A mappingto ek1ek2ek Note that

A0fractksimrightarrowtkAlefttk1Aright A isfreeover lceil 1 Fix some lift overlineek of ek1 in
A Hk1A so that overlineek1overlineek12tka for ainA0 Welookfor ek intheform
overlineek1tkb Then leftoverlineek1tkbright2overlineek12tkleftebbe0right shouldbe equal to

overlineek1tkbLeftrightarrowae0bbe0b Notethat overlineek1overlineek12takRightarrowleftexevaseright
tke0atkae0Leftrightarrowe0aae0 We take bleft1e0rightaleft1e0righte0ae0

It satisfies ae0b6e06
There is a unique element einA set etk1Aekforallk It satisfies

the required

conditions.Proposition

2 Supposethat in thepreviousproposition A0 is the
direct sum of matrixalgebras Then we have an algebre isomorphism

ArightarrowA0otimesFleftlefttrightright

Proof Let A0frac1i1EnalphaFleftViright Pick aprimitive i.e VK 1 idempotent

overline6
e0iinEndleftViright and lift it to eiinA Weget 1 modules Aei



and hence an algebra homomomorphism ArightarrowhatAfrac1ki1EnalphaFleftlefttrightrightleftAeiright
Note that for a fingen'd Fleftlefttrightright module being free is equivalent
to being torsionfree HenceAei leftcAright isfree over Fleftlefttrightright Moreover
BeiltAei Vi So it's enough to show that ArightarrowA is anise

morphism Module t this homomorphismgives A0rightarrowoplusi1kEnalphafleftViright an

isomorphism Inparticular ArightarrowA by the Nakayama lemma
Next A is afree F 1 module So as the epimorphismof Fleftlefttrightright
modules A hatAsplits AsimeqFleftlefttrightrightoverlineAoplusK Recalling that AtAsimeqAtAapprox
we see that KAK o thusgetting k0

2 3 Proofof Theorem in Sec 1 2
Therest of theproof issome algebrageometricmanipulationLetV
be a finitedimensional vector space over an algebraicallyclosedfield
F The set of all associative bilinearproducts VtimesVrightarrowV is a

closed subvariety in HomFleftVotimesVVright Denote itbyX Thegroup
GLleftVright acts on X andthe orbits are isomorphism classes ofalgebras
Wenowproduce a polynomialmap muFrightarrowX Choose a basisin

thefree F t module A say v1ldotsvn Themapmu isthemultipli
cation table of bigtriangleup

in thisbasis i emuleftgammaright is themultiplication
table of AAlefttgammarightA for gammainF
Let Y denote the orbit corresponding to the isomorphism class
of Aalpha Let y denote its closure in theZariski topology Abasic
fact isthat 7 is Zariskiopen in Y



We know muleftalpharightinY0 and it's enough to show injusubsetY then

mu1leftY0right is Zariskiopen in F and we use that F is an irreducible
variety to conclude that muleftalpharightmuleftbetarightinY0RightarrowAalphasimAbeta an isomorphism

of associativealgebras
Pick finFleftHomFleftVotimesVVrightrightomegafy0 Weneed t0 check muleftfright0

Forthis weneedto show that the image ofmuleftfright in Fleftlefttalpharightright
is zero 6k F t F 1 23 This image is f evaluated at
themultiplication table of D It alphaotimesFlefttrightA in the basis 1otimesvi
Since we have an algebra isomorphism FleftlefttalpharightrightotimesFlefttrightAsimeqFleftlefttalpharightrightotimesFA
we see that this multiplication table is obtainedfrom that of
Aalpha by applying an element of GLnleftFleftlefttalpharightrightright In otherwords

existsglefttrightinGLnleftFleftlefttalpharightrightright s t themultiplication table of

FleftlefttalpharightrightotimesFlefttrightA is glefttrightmuleftalpharight Ourclaim is that fleftglefttrightmuleftalpharightright0
On theotherhand we know that fleftgmumuleftalpharightright0forallginCLnleftFright

We can viewgaftgmuleftalpharight as apolynomial in thematrix
coefficients

ofg and the inverse of the
determinant It vanishes But

fightlyyleftalpharight is the samepolynomial but now in thematrix
coefficients Let for glefttright It has to vanish It follows
that ju leftfright0 and completesthe

proof.RemHere is the intuitionbehindtheproof Wewant to show muleftFrightsubsetY
The isomorphism Fft 2330pct A FleftlefttalpharightrightotimesFAalpha can be interpreted

as saying that the imageofthe formal neighborhood ofα

87
underju in X lies in Y Thisimplies that muleftFrightsubsetY


