Hece a/z/m /mz‘jZZ_
7) Lazhdon- Zasdg /zzszc

1) For an indeteminete T we have detmed (Lecture 11 ){4 jemm
Hocre d;dm Y4 / W) b W- S ) o 2. Tn s loctire, we'll need
3 55 Wt modificetion. (onsicer Be /0m0m07b/15'/w 2lt] — Z[*1], tu’
m/ et H (W): - 26*1g Hw). For wel) defne an element
H:=vEeT c ¥ (W) 7Zese e/mwf; Form a basis of H (W)
c'a/Zeo/ v/ Szzanp/mp/ besis. Note Hhat L //ao/u on 7//h/) s
wni 7% recoveresd 7{’0»7
4) HH-=H, f/wv/]—//bf)*‘{/w}(——;’ Hy= Hopo He, i w255, C= L)
(2) /4_/;= (viv)Hr1e (H+)H-v)=0 72 )T+t
(1)8 () éM/% (cf [0}’0/&1;’} in Sec 1.1 of Jec M)
o L sw) = Clw)+1

(3) IUS/L/“’:{(V —V)/L/h,v‘ /L/gw, else

L jaa,[ in Hhic bocdwre is + o duce 2 different basis 0/ Zy/ (0 h/),
e ,@z/a/an-éuf{/} basis,

11) Bar involution. G frst mjma?enf is R curtain g automor-
/04/5);7 T of Hlw) Ndte bt exch H. is invertibb in (W)
((Z)=>//5-1‘—‘/7§+V-V") wd fene coch H, is inverfible thx <o (1)

/D/O osition / 04”/5)7/'7—[/0/7 : 7Za . X 12X gven on 7-basis zs*"//w b
" 7 7 J #



%’Tﬁw = ZJ"‘//WF_,, (s a //175, Mz‘om()fm//km called e far inolution.
Boof -

Similary 2o Reman in Sec 11 of Lee 21, H.lw) is genevated /[y

@ H,s w velations (1)§(2). So WTS (1) % (2) a/c/a}’eservea/ JGLL P

(1): /% H, = z—q;f /7/{;:V)-, = //wj,/wf[f(@fw)hl)’f/aw)=f(a)+//bd=Kﬂ!")+/(w")]

[l =W H)'=HIH =k, v
Q): (B v)(H- ) = (B o) (K- v)= K (107 H) (- Hyw)
=W K+ (H-v) =0 %

Eemare: /) Y (s indeed] an involetion —

72) /@240/42”—/4{5#%, basis
T heorem (fssenfmﬂ;_ Fazhoen Zlaszz‘/}”/ﬁ?&) 3! Z[#1-besis C,
(wel/) of /74//1/] (/iféo/an-é/s&f(} basis) st
() G,=C, # wel
i) C el + l/j;omz[ﬂ (/% /aéW)_

7. /o/Zowmdq estallishes He am'fue/le;: /mf.

Lemma: Led A (uelt) 6o a2 KU basis. Bce wel) and b Cl: v
element Sa;fz'sémg, (i) & (k). Then C =G,

Froot:  Nite bt () SH, €C, +vSpany, (C [xel) =

(= T F DG w e 8200 Thn C -2 F, (3]0, =

(0] = Z E.0)C = £, 00-E,(0)=E,7 5., q
2]



Exm/oé 1 8 Hrv Sa;t’/:/g, () £ (d):
Horv = [s=s1= Hwv = [H7= Havertd= 4w
50, we must have [4=Z C_;=/7§+V.

7. 5) EXIS‘LZEMC@

h/c witl /0VOVa Z‘Ze e,r/yffﬂce 0/ R {a Sis 14/12% Szzl’mjer /m/ae/'z‘/e.s.
lfl/c vecall ‘é/L Nt-1on —é/azf ﬁ}ﬁ/ea}’eo/ in Sec 723 of Lec 19

Delinition: Define the Brubat ovder 4 on W ézz udw £ 3
f}’aﬂs/ﬂaSh‘iaM é,.-.fhéh/ St
Cl.Aw)< b, . tw) #i-1.
and a:zﬁ...fk w. Note Zhat 2his is indeed < /an‘/«/ ordler.

: 7) for f=[z;(/') W. Z<J) ()< lw) < h/-'/t')n/-’g),
2) 1 is the émi?ue Min. elemeat, and wy: = (zz :}) is the wf//fme mer.
eloment

Emmpé : 7Ze g/’u/a)f ovder on .S:.S, (s aésm'./eo/ KJ the /ﬂou//hj,
o/c-/eo?feo/ (ﬁmf’l'/ —f/e ngﬁf jmpé, [ wiw if 9 /m% W——m)
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P/’oa/ of e exstena PM : Welll construct [h)/ _mﬂfuyém& () &
(). G, =H,+ ; U/Ow[zr) //u W pv)e ]

The consz‘/’uz;‘/o;/ (5 recarsive. . 75 welv' Sygpose we've constmcrted
[a Sazfzs@inog ()& (6) ¥ usw. Set /\{<w)=5/0a/77[m//4{,/u4w) and
detine /\( <w) Ma/ajoasfj_ (i*) becomes (€ /—/w+ v /A&w).

Lot WSS, w lh) Thn Sor S=5, pave SwAw. Cnsider
CLl . Sue = ¢ an 4{705}% /omama;n//sm , we jﬂf Yot g Lo

S Sw

Sedishes (0). Let’s see f it satishes (i)

4(5w= %+v)[6/5w+%v’/wm ()4, )=[/4/S//5W’//N]=
st T o O Py B B ﬁ/ﬂ

u< sw | [d<sw
e AN(=w) S+2,
We sptit the tast sum it Z parts: u Llsu)7llu) 4o be dencted 53,

Z/ £ w. llsu)<llu): Z?_. The veason is (3) betove Sec 11

lluyr by = HH =t Mite thet  a< susi = su<w. Mamed,
4t fi’myjos/'zl/om .t be st gyt . 4.sw g //’Lf.-'fksw)<fﬁf;,._.sw).
(onsder X cases. First, bt s+t ¥ (. Then su= 5ts?sts?. stos™w
A /[Szf.s“,’.. Sés"wkfﬂis".'.. sTw)t+1< //ﬂi,f.’. SLS" W)t =
(st s w) € f{s‘f,',f,s’.'..w) B we must howe < bfc of A Herent pa-
rities. This z'mpf/ es Su<w.
Second, bet 9 ¢ st t,=5. ek (4 be minimed /ossﬁﬁ, Sed

llllc Lintew & sww! By (ased, su<w’ & smee ww =2 suiw.
g



So 2, =‘%WU[05M“(U) /L/Su elsu<w] s N({w)

. f[sa)</(u) => l//{s,%:/7—1/2)%+ v/éa‘ So 2 becomes
Z g wf(1-v o +vH, T2 p, @, v/Alsu)=

[C-HewA(u) M) MEs)ehpn] e = P )+ /0
Lonclusion fsfswe H,+ S%S /DSW/O)(;*ZJ‘/[ (Rw)

So [h, =C.Cq 2. /OSWKO)[,: satisties (i) and (') § we ave done. 0

Example: Ltss compute Yo clensuts ( Foo W/=S;. We alread,
enow (Example in Sec 12) C =1 fs/= H+; G = Ho
G G =) (e = Hogr ol i Jrot= L,

/A/SLSIM‘[#/S:HSI)WZ: (’%S' nje/;’fredmm{
CSZC-S;Sz: (HSZH)') (/{SSZ+ U(fé{+/£/%)f—y‘l):b/%%sz+ @—/-{SZS;-;- 6%457'5'11%‘1

+ zs%/)./%-l- U‘/ﬁfs’n‘;ﬁ.z )+ 3= [v‘//sz= g_f_-'?f")/%.zf_—q]:

.—, /%,{TZ%SLTL U %g*ﬁszs, )+ﬁ‘[/&+%@m+/ﬁéi—ﬂ‘)

1
Cs,

52552

79) Kaihdan- /ustfxg, caﬂ(/;foz‘we.
—D@/'%m'lzlo//) N /L—O}’ Uwe M gV’LL flﬁ ,&%A ﬂ(m—[uﬁé’f/ 2, pO*%,MDMIM (’w“ (r)
be a/e/meﬂ/ p/;. C,ﬂf gﬁ? Cwa[v')/% (50 Yot Cow=T, Cuy#o = USw anc{

For u<w we have fwf?r)%f/ﬁw(ﬂl

5]



let A /=12 halh e 2,5, p= 5% €. Raatt He
element 4/065,1 /bg(e')=/4+/—é). We. have “/of:"P So h{,-')\=h4,(}\+())»lp
=, A -2p = N
Eecall that o /we/T we Can 4559/7 Zhe /wffowm; /e/rc:a{wf/am
of 3 the Verme modids Ap) & iLs ireducibte uotient Zjﬁ). For
Jff/=h/-}\/ fn/f oh? ﬁffaém'o/{?fs z[/af can oceur (n ker [A/w‘))—-»l(h/-)):[
are [(u-)) w u-d<wd Sec 17 in Lec 18, T we enow Fhei
/}m(/fz/'o&‘éie:, We can Crplress He ///ﬂ/éﬂowy) ch L w-d) via (enown)

ch Blu)) w owh<w A

ﬂm / KQZAD/M“ZQS%{'} m(/y}za'fwe /7.9773) p)’oyeo/ {} zﬁiéwm-ﬂermz‘dn
£ ggﬁnﬂci - Fashiwara (1981) , /’fyrom/ & number of Lmes 4/?55/‘14/2/@/5)-
o The mubtiptlcidy of Llud) in Alw)) is Cuu (1) =
ch (86-)) = ,:2 Cuw (1) h (LLa-1)).

ek LX) = )P, ) ch (s X)
Nite Zhat the uper z‘/z'aﬂgaﬁr/’{} in Yo Lheorem (s different fom
whit we pad before it:s ﬂ%ﬂjer, 2s U< = U N> W) )

15) /Droperé/es of KL /_’)o{jnomm/ZS-

Kaaﬁo/awlasn‘/j /a:cs/w%ﬂomxds We remarkedle objects ot
weve fxfwsiye@ Studied sma 1,‘/,:51 weve discovered yﬁz‘/ much s
SOEL unenown. Here s & bref account of some developments,

A



. 551'{/1//’1‘3,: Theorem in Sec 79, ¢n /a/z‘/a/e/, means thet
[‘W['/)ZD ¥ qwe/t/. More /s True: ("{/Wé ZZO[UJ. 73:‘: (s
fomp{ofyﬂ} wt pbviaus Fom Zhe constrution (n Sec 13~ MOLL

pther combinatonad - construction. The cloim Hat ¢, € 7, (o]
WRS /)’ovzo/ g ,(4-240/&” Mo/ Lusilq in 1950 - ‘féeg hecred Hhat He
coelficients of <, we Hhe dwensions of steles of TC (Bub/B Q) on
BB A cometon £ He TL's ( Intersection complaxes) 15 an
(;M/ﬂoﬂlm‘f Mjl’ea/iwll 0/ 'L[Ac e/n ssjcel fi’oﬂ/} of -//e -/ﬂ/forem-

Mo enumerative /ﬂe«m‘ry.r of He coetficieats o Cars lor of Cyw 7))
is known (in ﬁw&m/ ) —and none. is expected o exist. Sttl KL
combinatorics Aas desp comectons to the classical enumeratve
combinetorics (f@r e,mm/nﬁ/ via. e z(/eo/} o celle)

Zso (f WSy
w

* Hher restrictions: one fas Lo () - ?fm/iu (v*) for
/%) Y, 2 'w%’”mmj % Zm‘fi?rd coetficients. Che con Yrace Hhis fom
e G/F/f?ﬂl‘floﬂ. Another restricton is 2hat e Fhéu (0)=1 And thitos
i wzdlt /aognom/pl W, ﬂo”-”ejﬂjll/e % L‘eJer coetficionts & constant term
1 anses as Phéu for Some wueS, For Some 3 P A (o/ “Constuction

of W’ﬂ/ff”a’} ﬁ%A/M~/MS£f/5L /o%ﬂomm/s n fymmwfr/c jraa/p;;/
/g‘f/ﬂemfﬂf/on Z%fof’at , 1999

: Kaéﬁo(aﬂ—[us.%ll/ Jhl/e/fsfon /o//mwfa,: ﬁfa/’em 177 Sec. 14 (}quoﬁes

2 ﬁ/)sz)-fa)gaé(mc/% o ()= 80 ¥ qwell In facd K7
€ ’, ZJ 4 Z

J )=
_— e 5 7 = S
Z



7])5 (s & combinetonal Sn/e dow o/ a a/e7o /’(//?SM tation 1‘4@0/31{/&
]401‘-‘ Y ///hal‘od bloce of m;éejar% O is fosedd self-daad. ho:tl

mention Some More on 2%/’5 loter

* Lomfinatorad invariance fo‘/y'em‘u/z
A Fundementad issue w. ca/;?owfmé Gpu 15 Dt 4o compuite Lhom
one needs fp start with we1 and Ao induction on He Brihed
order: Af e some ﬁme) Bhevers a Lok of evidene szgjeszzc'? Zhat
Cy 0/906410/5 1ot on bju Hemselves but an e interved betboen w
and u in Yo Brubat (jmf% (e ALY Suozjfgaé whose Vertices
we all verfices on 4/12/1‘4 Lrom wts u). For exam/p{, He
itervad. betees S,S,S, wmd s, in H, Brudat j/yJ looks ke
Y
W o
anc! ach time Ly interval betuween w ond « is <> we J%oa/o/
fave Cyu” v The jmeml cof(r/iw'farc i Enown Kfaf'{ci “com binatonal

LNvariedce foyeaﬁfrc”, see avkiv: 211115161 for recnt feve bpment's
and more detaits.



