
Heckealgebra part II
1 KazhdanLustig

basic1For an indeterminate t wehavedefinedLecture21 thegeneric
Heckealgebra Hpileftomegaright for WSn1 overmathbbZlefttright In thislecture we'llneed
a slightmodification Consider the homomorphism mathbbZlefttrightrightarrowmathbbZleftvpm1rightt to

andset HvleftWrightmathbbZleftVpm1rightotimesmathbbZlefttrightHmathbbZleftWright For weWdefine anelement

HwVlleftwrightotimesTwinHvleftWright Theseelementsforma basis of HvleftWright
calledthestandardbasis Note that theproduct on Hvleftomegaright is
uniquely recoveredfrom

1 HuHwHuw if lleftuwrightllefturightlleftwrightRightarrowHwHsi1ldotsHsie if wSi1ldotsSillilleftwright
left2rightHs2leftv1vrightHs1LeftrightarrowleftHsvrightleftHsV1right0LeftrightarrowTs2leftt1rightTst

1 RleftZrightimply et Corollary in Sec 11 ofLec21

3 HsHwbegincasesHswiflleftswrightlleftwright1leftv1vrightHwHswelseendcases
Ourgoal inthis lecture is toproduce a differentbasisof Hvleftomegaright

the Kazhdan Lustigbasis

11 Bar involution Ourfirst ingredient is a certainringautomor
phism of Hvleftomegaright Notethat each Hs is invertible in HnuleftWright
2RightarrowHs1HsVV1 andhence each Hw is invertiblethx to left1right

Proposition definition Themap X
overlinechigiven on 7 basis vkHw by



overlinevkHwvkHw11 is a ring automorphismcalledthebar involution
Proof

Similarly to Remark in Sec11 ofLec21 Hnuleftomegaright isgenerate LmathbbZleftvpm1right
by Hw s w relations 1 left2right So WTS t 8left2right arepreservedby
1 HuHwHuwHleftuwright11Hw1u11leftlleftleftuwright1rightlleftuwrightllefturightlleftwrightlleftu1rightlleftw1rightright

leftleft1rightrightleftHw1Hu1right1Hu11Hw11overlineHuoverlineHw
2 leftoverlineHsoverlinevrightleftoverlineHsoverlinev1rightleftHs1v1rightleftHs1vrightHs2left1v1Hsrightleft1Hsvright

VHs2leftHsvrightleftHsV1right0

Remark is indeedan involution exercise

12 KazhdanLustigbasis
Theorem essentially Kazhdan Lusztig 1970

exists v1 basis Cw
winW of HvleftWright KazhdanLustigbasis s.t

i CWoverlineCWforallwinW
ii CwinHwvSpanpileftvrightleftHuuinWright

Thefollowingestablishes the uniqueness

part.LemmaLet CuleftuinWright be a 1CLbasis PickWEWand let Cw be an
element satisfying i leftiiright Then CWCW

Proof Note that leftiirightLeftrightarrowHuinCuvSpanpileftvrightleftCxxinWrightRightarrow
Cwsum_uinWFwuleftvrightCu w FwuindeltauwvmathbbZleftvright Then overlineCwsumFwuleftoverlinevrightoverlineCw

leftleftirightrightsumFwuleftv1rightCwRightarrowFwuleftvrightFwuleftv1rightRightarrowFwudeltawuangles
I



lExample 1 Hsv satisfy i Rleftiiright
overlineHsVleftss1rightHs1V1leftHs1HsVV1rightHsV

So we must have C11 CsHsV

13 Existence

Wewillprovetheexistence of a basiswithstrongerproperties
We recall thenotionthat appeared in Sec2.3 ofLec10

Definition Define theBruhatorder 1 on Wby Usw if
transpositions t1ldotstkinW St

llefttildotstkomegarightlleftti1ldotstkomegarightforalli1ldotsk
and ut1ldotstkw Notethatthis is indeedapartial

order.Exercise1 for tleftijright W ij llefttwrightlleftwrightLeftrightarroww1leftirightW1leftjright
2 is theunique min elementand W0leftbeginmatrix12ldotsnnldots1endmatrixright istheunique me

element.Example

The Bruhat order on S3 is describedbythefollowing
directedgraphtheBruhatgraph UleqW if existspath wrightarrowu

S1S2S1S2S1S2
s2s1S1S2

s1S2

y31



Proofof theexistencepart We'll construct Cw satisfyingleftiright
ii CwHwsum_uwvpwuleftvrightHu W rhowuleftvrightinmathbbZleftvright
The construction is recursive for winW supposewe'veconstructed

Ca satisfying leftirightleftiirightforalluW Set LambdaleftomegarightSpanpilefturightleftHuuomegaright and
define leftleqwright analogously ie becomes comegainHomegavLambdaleftalphaomegaright

Let wsi1ldotssil w llleftwright Thenfor ssi1 have SWW Consider

CsCsw Since is an algebrahomomorphism weget that CsCsw
satisfies li Let's see if it satisfies iii

CsCswleftsvrightHswsum_uswvrhoswu o Huleftsswtwright
HwvHswv2sum_uswrhoswuleftvrightHusum_uswrhoswuleftvrightvHsHu

inVleftomegaright sum_1sum_2
Wesplit the last sum into 2parts w lleftsurightllefturight tobedenotedby
sum_1 w lleftsurightllefturightsum_2 Thereason is 3 before Sec1.1

lleftsurightllefturightRightarrowHsHuHsu Notethat USWWRightarrowSUW Namely

let transpositions t1ldotstk best ut1ldotstkswbackslashllefttildotstkswrightllefttildotsswright
Consider 2 cases First let sneqtiforall i Then sust1s1st2s1stks1w

lleftstis1ldotsstks1wrightleqllefttis1ldotss1wright1lleftsti1s1stks1wright1Rightarrow
lleftstis1ldotswrightleqlleftsti1s1ldotswright we musthave 61c ofdifferentpa

ritiesThis implies saw
Second let exists ist tis Pick i to beminimalpossible Set
W time tw sw'dw By Case1 sucw since whw saw





Let lambdainLambdaleftsum_i1nlambdaixiilambdailambdai1inmathbbZgeq0rightpsum_i1nfracn12i2varepsiloni Recall the
element w0inSnleftw0leftirightn1iright Wehave w0pp so w0cdotlambdaw0leftlambdaprightp
W0lambda2plambda
Recall that to ju

varepsilonLambda we can assignthefollowing representations
of3h the Vermamodule Deltalefturight its irreduciblequotient Lleftyright For
muWcdotlambda theonly irreducibles that can occur in kerleftDeltaleftWcdotlambdarightrightarrowLleftWcdotlambdarightright
are Lleftucdotlambdaright w ucdotlambdaWcdotlambda Sec 1.2 in Lec18 If we knowtheir
multiplities we can express the unknown ch LleftWcdotlambdaright via known
chDeltaleftucdotlambdaright w ucdotlambdaleqwcdotlambda

Thm KazhdanLustigconjecture 1979 provedby BeilinsonBernstein
BrylinskiKeshiwara 1981 reproveda number oftimesafterwards
Themultiplicity of Lleftucdotlambdaright in Deltaleftwcdotlambdaright is cuwleft1right

chleftDeltaleftwlambdarightrightsum_ugeqwcuwleft1rightchleftLleftulambdarightright

dhLleftwcdotlambdarightsum_uleqwleft1rightlleftwrightllefturightCwuleft1rightdhleftDeltaleftucdotlambdarightright
Notethat theupper triangularity in thetheorem isdifferentfrom
whatwehadbefore it's stronger as UW ucdotlambdawX exercise

15 Properties of KL polynomials
KathdanLustig basespolynomials are remarkableobjects that
wereextensivelystudied since they werediscovered Yet much is

a
still unknown Here's abriefaccount of some developments



Positivity Theorem in Sec1.4 inparticularmeans that

Cuwleft1rightgeq0foralluwinW More is true cuwinmathbbZgeq0leftvright This is

completely not obviousfromtheconstruction inSec1.3 orany
other combinatorial construction Theclaimthat CuwinmathbbZgeq0leftvright
wasprovedby KazhdanandLustig in 1980 theycheckedthatthe
coefficients of CUW are thedimensionsofstalks of ICleftoverlineBuBBRright on

Bub A connection to the IC's Intersection complexes is an

important ingredient ofthe classicalproofs ofthetheorem
No enumerative meanings ofthe coefficients of Cuw or of Cuwleft1right

is known ingeneral andnone is expectedto exist Still KL
combinatorics has deep connections to the classicalenumerative
combinatorics forexample via thetheory of cells

Tho if WU

Otherrestrictions onehas ComegaUleftvrightvoverlinelleftwrightllefturightPomegaUleftv2right for

Pw4 apolynomial w integralcoefficients One can tracethisfrom
thedefinition Another restriction is that the Pomegauleft0right1 Andthat's
it anypolynomial w nonnegative integercoefficients constantterm
1 arises as Pwuforsome wuinSn forsome n PPolo Construction
ofarbitrary KathhanLusttigpolynomials in symmetricgroups
Representation theory 1999

KathdanLustiginversionformula Theorem in Sec1.4 implies

sum_yinWleft1rightlleftwrightlleftyrightCuyleft1rightCyw0ww0left1rightdeltauwforalluwinW In fact KL79

71
we have sum_yinWleft1rightlleftwrightlleftyrightCuyCyw0ww0deltauw



This is a combinatorial shadow of a deep representationtheoretic

fact theprincipalblock of category is Kostal self dualWe'll
mention some more on this later

Combinatorial invarianceconjecture

A fundamental issue w computing CWU is that to compute them
one needs to start with w1 anddo induction on the Bruhat
order At the same time there's a lot ofevidencesuggesting that
cwindepends not on wu themselves butonthe interval between W
and u in the Bruhatgraph the full subgraph whose vertices
are all vertices on apath from w to u Forexample the
interval between s1s2s1 and S2 in theBruhatgraphlooks like

botcdotsearrow

W

andeach time the interval between Wanda is weshould
uhaveCwUv2 Thegeneral conjecture is known asthecombinatorial

invariance conjecture see arXiv2111.15161 forrecentdevelopments
andmoredetails


