Lec 73: Hecke ojg%mg N4
0) Lntro /Werwew
1) U (L)

2) Lntro /Werwew

In e previous f/ e Lectures we introduced various moolificeti-
ons of th Hoce w%ué}’fl H,(w) (ee € W=S,). Werve seen e
%win} connections w. ather o@'ea‘fkt

0) H(w)=Cl

1) Wy () =(CLBEN\ C07)/BM %), whoe Gp*)- L4, (EL) &
B(Fk) is £le S’u{jmu/) of Upper fi’[anjufar matvices.,

2) The /(QfAA/M‘ZaS'&‘fIg, basis in H, (W) comtrols chavecter
formidas for He irveducitte S[;“V{pj L(A) (Ael)

{) £2) are related fou(yéfy, one relates ’4{743515 W&f(‘j%'ff”
Vc'okesen’fai)ons of & 4o Sheawes on 8 /&é Var/mfg G/B that
arve constant on E'OVJ)'ZS ( ga'fmsonvﬁmnzein loca Lization or
Socrgel féeo;}) § Al uses (vithendiect’s sheaf-function comes-
lpono/ena. o get ‘o funtions an 840")\ [@‘)/K;U")_

7;0@3, we Start o Sfuzi} a oé’;%/wl‘ Rgpearance o/ Hecre al-
gebras. We view Hecwr algcbpes H.(W) as deformations of CS,. One
o classicel Rpptarences of CS, i in o Schur- h/fgf ﬂ/uaﬂ'éa,.
A/oxme% , on ((EM)@" we hawe Commm[/n& act lons a/ Cs, § ust,)
where S, auts /&L famu’ém(f, He factors £ UL, acts /} He usu-

__IM action on tensor /broafuﬂé,w//r/ mases sepse e USL) is a
,/



1%/9/ djﬂ/g}’a, 7Z6V6 ave results aboud /0}’906/ZLICS of f/cm commu-
tins, ackions bt we wont need them. Instead we ake asking.
ﬂw ar Rna/&?} 0/ SMW- Wagf o&Jq,th ,WAW’(, on 0/e S’/ole We
howe 77/20‘/) w. 41 Tams out Yot i exits : on £l oer
Slo(a wer U Aﬂu/t a }mtmiww (jyotf)' %[cé’[m ), In féif lect ure
We witl +reat 7,% case m=2, /4;10( our Lask a/fck 7,%'5 witl
be +o dhscuss a connection between this construction 8 Zhe
Johes /)a@nom;aj , & fmow Cink (nvariit.

1) Z/7 (8t)

7.0) Feminder on /47/9/ Mg&éms

Lecatl (Sec 1 of Lec 10) Yot a //o/a/ a/g&l}’a Is an assocaAlve
a,%e/@}’& A -fogf/ﬁey w. alsebre n/omomor/oélsm a: A— A4, copro-
Guck, S: A —ﬁAoﬁ[cw‘fl])Da/t),ff A—[F [coum"f, F s the base fedil)
SM,‘IS/JM} ccp}/oduz}z‘, Mz‘,;}yoojf £ countt axioms

We wan't repeat £ axioms but Cotos mention a_consequen-
e For fwo A-modiiles UV we can €7u1)) e ASA- moslute
U wirith an A-modile structure via. A:A —>ACA. (loassou-
Wlf)vrfa, Zm/og/es & in /aif, /s equémfem/* fo  th clrin ‘f/a;é +#
A-moddes AU I/ 4l neturel, /JoMoi;OA/sm
Usel < ye(vel)
5 A-lmear. O e other hond, the netured /59/%0704)%
6, UBY => I/BU, usy > veu

ey Lt 4o fe A bnear, fov 7,‘4/': one neeols o epure ot
2]



4:48%=6, ,84.

1.1) Z/s,[té’fz) as on k/j@fm
lonsider o feld of retionad functions, [F:=C(g) = Frac CLy).
Define the F-elgebra Z/T(gé) b generators K K€ F § ulerions
KK ™= k'K=1
KEK '=gE, KFK™'= ¢ *F

/

F-FE= KK
EF-FE 79
This Mjogm anses as & olefomation of ULL) in o sense re-
loted 4o (but move COMp&'ca/fto/ f[w) U (w) 6@(}75 a defprmation of
£I/\/ [l/l/: Sn )
Siele remeric: 1t Mare 'éZL cloim about o/e/o,/ma;tlon more formel
O ton consiler Hhe ﬁzfjey@m %(ﬁé)/ C#7 # 7uo7f/em‘ of
C<ehd5[TH11 / (Lhel=ze, [h11=-2f [cf1- (- /(ehe)
2 4 > = y =7
free algebre
where eﬂ::};f##’ Hs 7ua7f/w1‘ [7' Z=0 is U(eL). Oy A 01546?
ﬁcw;o() e Awe_ R Ao)mmwyé/m U?(..S’L‘;)—?U#@C)-’ ?f—*» eﬁ, 51—96)
Fisf KHE#’ZQ a wey %[M;) v a '&om/o&;f/on”o/ %[SC)

Weth need o Azp/esmz‘m‘/on of Us (8L) in IF g
Eb(8e) Fr(i3) ks (J5)
(fo OACGIC s o Vgoresmz‘uf/on Is an 623} éwlz ém/gorfqnf

).

—
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1.2) Z/[ﬁf ) a5 a /4//1/4/%0@”&
Smce A S’Z e Afdooém AOMOMO/;DA/SMS ) €ﬂ009’4 *o o/(.’?pﬂc

Yhem on geﬂemtors

/%ppsifzon: 71 /wgfowing Mops extend to o copma&w‘t, Gt |-
/Ooo(e 8 coumt:

AE) =E®1+KBE, a(F)-Fo K +18F a(k) - KBK

SE)=-k7E, SIF)=-FK, S(k)=k."

Z[E)“ (F)= 0!(/6) 1

Sretch of /Oroo/
77/5 UN/oZVe.S Jecking, a éunc% p/ < ga,L'Z[hfs V-@Zq;pf/on.s’

beAween the cmages of ene/a:éars %o SADW ot 4 )2 give an
dl;?e/éf& Aomamw}oéum X —fr(ew Aece C’mSSoad)wz‘a countt & ants.
lgoo/t axiems oOh jene;/aiors A/e & oo twp a/ these Mec/cs
[E87+/<@E F®K"+ mF] [E Flek +[E®1 1®FJ +[koE Fok]
+ kelEF]= EK er ' kroek - Frok s, + Ko KK -
K®K-kK~ @K’ ? 7 =0 7 7

~n-1

779
/A@/OZ) (A(E ) = A(E)®1+A(K)BE = £©181+ KOLS1+ KOKOE
(19484)(4(5)) E®A(1)+ K®AE) = FR101+KQE®I+KOKBE [

Lmportent remore: W (SL) ic MOT cocommtative:
A(E) = E®1+k@E¢7®E+E®K A%P(E)
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1.3) - metrix 7%;' ﬂ‘_..z

Let UV be fmdm. %(:QC)'MOG/M(ZS, S 2#8%, L natumd
/SoMo;ﬂ)sm 62“/-' Uy = /8U i not Z/?[é’(:)-{mew. H turns out
Hhot Heres e pA'Jf/njum{eoz /somapéim E‘CU: Vel—led s.t.
S =By 64 5 U (SL,)-liner

We ave on% going € consider o )7060/01 case when Uv-F’
We consier th basic €®e, 06,606, €88 and define Rppito

be 'ézc foffowmé MaZVix: 7”, > . 7o 0 o
aa .-,2 g %é\/ﬂ::lﬂ_ﬂ: : 10 -l g

f-7 7" 179 9,

g 0 c,’ 0 ¢ o 7

Lemma: Erpipe i a Zé(ﬁé)-fmeaer ;wfomo?p//fm o ﬂ-—éﬂ.—z

Foof:

Tt enoujA to Show that 6‘3_-?ﬂ;z mtertwines ACE) (k) 4 (F).
Mi'ﬁ( a/o fé}’s /oy A[E),’ AF) is MQZ@JOM! Kd(ﬁ) Is ERSHY. )@CQ/%
thet a(€)=Ea1+ Kok, £ i mprseated in F' by (50) K by
(§ °). So SE) is represented {% e matux

i 0 0 4 090 % 0o ¢ 710
e 0 o e o 0 0 | _ oo
00 ¢ +000?\'* oo?"
00 0 o @ 0 p o 0 ©

Ts a _S‘f}’a,lgA%l’WUO/ Ject ’f/vf fﬂ/u Mt lix commules w, 6 [F/"IF’ 0

© W0 ©

Co W o
QS o©

o

: (610222,}—: '?-') (5}/'1”_-:*?) =0, whh is predsely reda-
tion (2) for /Lééﬁ,,[gn) (w l/=?)_



Now we ready +o state a verson of guostum Schur-
Weyt duatety for Uy (t,). Mite Yot (F)s & Uy (L) -modude &
t has N1 M()/mrpéums & ((<1.nD), 6‘£f'=/a/®(£—')® G’H_f}zrﬁl}/w_w
(so thet éJﬂ/-)zFl ats an fackors # ¢ C+1).

771»;: 3.’ AO”;??MD%/”M 75’om %[5,% d:(?)®7([u*']77{/[‘g;) %o
B () w HERI &

We wth scetch 7,%. /Voa/ /n f4 pext Lecture.

14) More jenem/f E- matrices
A/ez/r, we Ske%c% a CO”SZZI’MVfIOn 0/ :@V 75)’ jeﬂamxz 74”- a/)m.
Z{?(S[Z)-mgo/u[es uv. & Lec 8, £ case of usual 1594
1) K adts a/dajoﬂaﬁza,gfa/ o U w e/jenuafucs 2 /T-'=/f;>"/ne7l}
2) [et é/’t7n be the 60/;’25/70140/117} e- ypace. Thon EU*?“ < &li?m)
IE-(/(t{inC Ui_?n—z. In /aanf/chw) EF acd Aa‘ ntpstent aperaXors.
We construct K, es tle composition of i qperators. First,
thonks ts 2), 2 /o[fam'ng. (nfinde sum JIves & well -olefined ape/a-
€ov om UB: .
(1) @:= 2 o F'OL (a,efF)
Set [n]! ;"ﬁ%i_‘,_ (5- fafonal’) fooy

e Con S'ﬁoln/:( ) -é/aaé 7(0/ a,,=[—/)h?—”[w)/z"‘};}%i—' e

howe

(2) 4@)e@=E2() on UBY ¥ e U, (41),

¢



N/ekc 'flt @ﬁ/oa/mmf 47 is j/yeh %, (Sh/)foé KK K™ m 7‘%}//;;&[&3 /or A)
A(E)=EFot1+k L
A(F)= F®K+ 18F
4(K) = K8K
Then Zate an Mep F- s ) — Flol st
fihpo = A0, gm) =ptlad po - ¥ A e
Lt 7?’ Ul — UBY & H. Onear olaeywéoy quven on ﬂ>\®%

by Scalar / qﬁﬂ)&ﬂen ( )

(3) aG)f=f270) ¥ < U (30) on UBY
&MAWMJ:, (1) £ (3) we see f/a/‘f 7/00 1€ =@°7f we j@‘f
R:=®-f setishes

(4) A@)e P =P2%l) ¥ 2z %[S’Z;)

Niste thet F is invertibte

Fom: —E[) f@,7]=7-’[=-7 7{[?','?")=?:1/(7,?“')=f[7')’:7)=7) we Jecovey
EEL o ).



