
Lec23 HeckealgebrasIIeIntro overview
1 U9leftgL2right
e Intro overview
In theprevious threelectures we introducedvariousmodificati

ons of the Heckealgebra HRleftWrightRinmathbbC WSn1 We'veseen the

following connections w otherobjects
a H1leftWrightsimeqmathbbCW
1 HpkleftWrightleftmathbbCleftBleftpkrightmathbbCleftpkrightBleftpkrightrightright where GleftpkrightGLnleftFpkright
Bleftpright is thesubgroup of upper triangularmatrices
2 TheKezhdan Lustig basis in HnuleftWright controlscharacter

formulas for the irreducible3h reps Lleftlambdaright XeAl

1 82 are related Roughly onerelates highestweight
representations of to sheaves on the flagvariety GB that
are constant on B orbits Beilinson Bernstein localization or

Seergel theory the uses Grothendieck'ssheaffunctioncorres
pondence toget to functions on BleftprightGleftprightBleftpright
Today we start to study a different appearance ofHecke al

gebras We view Heckealgebras Hkleftomegaright as deformationsof SnOne
ofclassical appearances of mathbbCSn is in theSchurWeylduality
Namely on leftmathbbCmrightotimesn we have commutingactionsof Sn 41811
where Sn acts bypermutingthefactors U 1mI actsbytheusu
al action on tensorproductwhichmakes sense bc UStm is

aT



I
Hopfalgebra There are results aboutpropertiesofthese commu

ting actions but wewon'tneed them Instead we are asking
for an analog of SchurWeyl duality where on one side we
have HRW w rneq1 Turns out that it exists on theother
side we'll have a quantumgroup u9 31m In this lecture
we will treat the case m2 And our task after this will
be to discuss a connection between this construction the
Jones polynomial a famous link invariant

1 U9leftgL2right
1 1 Reminder on Hopfalgebras
Recall Sec of Lec10 that a Hopfalgebra is an associative

algebra A together w algebra homomorphismsDeltaA A A copro
duct S A A antipode etaArightarrowF counit F is thebasefield
satisfying coproductantipode count axioms
Wewon't repeat the axioms but let's mention a consequen

ce For two Amodules UV we can equip the AOAmodule
U V with an Amodule structure via Δ A A A Ceassoci

ativity implies in fact is equivalent to theclaimthat
Amodules UVW the natural isomorphism

U V W U vow
is A linear On the otherhand thenatural isomorphism

Guy U V V U you v u

may fail to be A linear for this one needs to requirethat



DeltaDeltaopsigmaAAotimesDelta

1.2 U9left3L2right as an algebra
Consider thefieldof rational functions FmathbbCleftqright FreemathbbCq

Definethe Tf algebra U9left34right bygenerators K KIE.FR relations
KK1K1K1

KEK1 g
IE KFK 1q2F

EF FEfracKK1qq1
Thisalgebra arises as a deformation of Uleft3t2right in thesense re
lated to butmore complicatedthen HvleftWright being a deformationof
W WSn
Side remark to maketheclaimaboutdeformationmoreformal

one can consider thealgebra Uhslashleft3rightmathbbC Ch thequotientof
mathbbCehfleftlefthslashrightrightleftleftheright2elefthfright2f1leftefrightleftehslashhehslashhrightleftehslashehslashrightright

free
algebrawhere

ehslashhsum_i0inftyfrac1i 4h Its quotientby t0 is Uleft3l2right Ontheother
hand we have a homomorphism U9leftsL2rightrightarrowUhslashleftsright get Ere
F of Kaeth In away Uhslashleftpr2right is e completion of U1312

We'llneed a representation of U9left3mu2right in F2
Erightarrowleftbeginmatrix0100endmatrixright F H leftbeginmatrix0010endmatrixright K 4leftbeginmatrix90091endmatrixright

to check it's a representation is an easy but importantexer.cise
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12 U left3right2 as a Hopfalgebra
Since Δ S2 are algebra homomorphisms it's enoughtodefine

them on

generators.Proposition

Thefollowingmaps extendto a coproduct anti

pode count

DeltaleftErightEotimes1KotimesEDeltaleftFrightFotimesK11otimesF I DeltaleftKrightKotimesK

SleftErightK1ESleftFrightFKSleftKrightK
1

etaleftErightetaleftFright0etaleftKright1
Sketch ofproof
This involves checking a bunch of equalities relations

between the images ofgenerators to show that Δ S2give an
algebra homomorphism thencheck ceassociativity count anti

pedeaxioms on generators We'lldotwoofthese checks

leftDeltaleftErightDeltaleftFrightrightfracDeltaleftKrightDeltaleftK1right9q1
leftEotimes1KotimesEFotimesK11otimesFrightleftEFrightotimesK1overlineleftEotimes11otimesFright1leftKotimesEFotimesK1right
KotimesleftEFrightfracKK19q1otimesK1KFotimesEK1FKotimesK1E1KotimesfracKK19q1

0

0

fracKotimes1qbeginmatrixkqendmatrix1
OXK1

leftDeltaotimesidrightleftDeltaleftErightrightDeltaleftErightotimes1 OCK E E 10 K E 1 K K E

leftiLotimesDeltarightleftDeltaleftErightrightEotimesDeltaleft1rightK Δ E EQ101 K E 1 K K E

Important remark U9left3L2right isNOTcecommutative
DeltaleftErightEotimes1KotimesEneq1otimesE E K DIE

T



1 3 R matrix for F2

Let UVbefinhim U9leftdelta22rightmodules Since DeltaneqDeltaop the natural
isomorphism sigmau U V VotimesU is not U9leftlambdatau2right linear It turnsout
that there's adistinguished isomorphism RVUV IQU VotimesUst

sigmauvRVUsigmauv is U9left3L2right linear
We are onlygoing to consider a special case when UVF

2

We consider thebasis e1otimese1e1otimese2e2otimese1e2otimese2 anddefine RFF2 I0
be thefollowing matrix

leftbeginmatrixq100001000q1q10000q1endmatrixrightRightarrowsigmaFF2leftbeginmatrixq1000001001q1q0900q1endmatrixright
Lemma sigmaF2F2 is a U9left3L2right linearautomorphism of FotimesF2
Proof

It's enough to showthat 6s intertwines DeltaleftErightDeltaleftKrightDeltaleftFright
We'lldothisfor DeltaleftErightDeltaleftFright is analogousDeltaleftkright is easier Recall
that DeltaleftErightEotimes1KotimesEE is represented in F2 by leftbeginmatrix0100endmatrixright2 Kby
leftbeginmatrix90091endmatrixright So DeltaleftEright is representedby thematrix

leftbeginmatrix0010000100000010endmatrixrightleftbeginmatrix09000000000910000endmatrixrightleftbeginmatrix09100001000911010endmatrixright
It's a straightforwardcheckthat thismatrix commutes wsigmaF2F2

Important exercise leftsigmaFF2q1rightleftsigmaF2F2qright0 which ispreciselyrela

frac51
lion 2 for HsinHvleftSnright w vq



Now we ready to state a version ofthequantumSchur
Weyedualityfor U9leftinftyL2right Notethat leftF2rightotimesn is a 4,184 module

it has n t automorphisms sigmailefti1ldotsn1right sigmai id
i 11 6p id h i i

so that sigmaFF acts on factors ii1

Thm homomorphism from HqleftSnrightmathbbCleftqrightotimespileftvpm1rightHvleftSnright to

leftF2rightotimesn w HileftHSiright sigmaiEnd
u9left3t2right

We will sketch theproof in thenextlecture

14 Moregeneral Rmatrices
Here we sketch a construction of RUV forgeneral findim
U9left3L2rightmodulesUV CfLec6 the case ofusual8h
1 K acts diagonalizablyon U w eigenvalues in overlineLambdaleftpmqnninright 72
2 Let Upmq n bethecorresponding e space Then EUpmqnUpmqn2
FUpmqnsubsetUpmqn1 Inparticular E F act bynilpotentoperators

We construct Ruv as the composition of two operators First
thanks to 2 thefollowinginfinitesumgives a well definedopera
tor on UObackslashV
1 sum_n0inftyanFnotimesEnleftaninFright
Set leftnrightprod_i1nfracqiqi9q1 q factorial
One can show exercise that for enleft1rightnqnn12fracleftqq1rightnleftnright we

have

2 DeltaleftarightcircH cdotDeltaleftaright on UOV forallainUqleftbetaL2right
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wherethecoproduct Δ isgivenby switch KKK in formulasfor 0
O E E I K E
Δ F FOK 1 F

Δ k KOK
Then takeanymap foverlineLambdatimesoverlineLambda Elle s.t

fitpl XfXg 2mumufleftq2lambdamuright XM
varepsilonoverlineLambda

Let F U VrightarrowUotimesV be the linear operatorgiven on UlambdaotimesUmu
by scalar fXM Then exercise
3 O a f hatfDeltaopleftarightforallainUqleft3l2right on UotimesV
Combining 28left3right we see that for R cdothatf weget
R of satisfies
14 DeltaleftarightcircRRcircDeltaopleftarightforallainUqleftSL2right
Notethat R is

invertibleRem
If fleftqqrightq1leftRightarrowfleftq1q1rightq1fleftqq1rightfleftqqright1right we recover

RF2F2 exercise


