
Lec24 HeckealgebrasV1QuantumSchurWeylduality
2 Braids

links1e Reminder

Let FmathbbCleftqright Consider theHeckealgebra HqleftSnrightFotimesmathbbCleftnupm1rightHnuleftSnright
It has basis HwleftomegainSnright relations

1 HsHwHsw forallSSileftleftii1rightright if lleftswrightlleftwright1
2 leftHsq1rightleftHsqright0foralls
We defined the following automorphism 6 of Frfloor O1backslash Finbasise1otimese1e1otimese2e2otimese1e2otimese2 it'sgiven by

leftbeginmatrixq1000001001q1q0000q1endmatrixright
Equivalently

I 6lefteiotimeseirightq1eiotimesei6lefte1otimese2righte2otimese16lefte2otimese1righte1otimese2leftq1qrighte2otimese1

In Sec1.3 ofLec23 we havestatedthefollowing result
Wewrite 6 for theendomorphism i20 6 id In i n lefti1ldotsn1right
of 549
Thm representation ofH1 in f4 w Hi 6

The uniquenessmodule existence follows bc Hi's generateH3
if WSi1ldotsSil w llleftwright such are calledreducedexpressions ofW
then HwHi1ldotsHi1byleft1right So to establish the existence of the
representation we mustshowthatp



leftrightbw6i1 ldotssigmail is independent of thechoiceofreducedexpression
wSi1ldotsSil
Once is established we recall that 6 hence all 6 satisfy

2 Since 1 leftzright are satisfiedfor the s Thmfollows

1 1 Braidrelations
Toestablish we needto understandhowdifferent reduced

expressions are related to each other The answer isgivenby the
Matsumoto theorem 1064 Notethat

i SiSjSjSi for li j 71
ii sisi1sisi1sisi1
are reduced expressions for leftiright of leftii2right

Thm Matsumoto any two
reducedexpressions ofthe same

element WinWleftSnright are obtainedfrom on anotherby a sequence
of replacing sisj sjsi for leftijright1sisi1sirightarrowSi1SiSi1 braid
moves

Corollary HqleftSnright is generatedby H1ldotsHn1 w relations

11 HiHjHjHi if light
11 HiHi1HiHi1HiHi1
2 leftHiq1rightleftHiqright0

And will follow once weprove



Proposition The endomorphisms 6 i1ldotsn1 satisfy leftprightleftpright
Sketchofproof
0 follows 6c 6 6j act on disjointpairs of tensorfactors
1 it's enough to assume that n3 Then we checktheequa
lities 6,661.6 l eiotimesejotimesekrangle 62frac1 6 circsigma2lefteiotimesejotimesekrightforallijkinleft12right g
let ik2 j1 We use I

sigma1sigma2circsigma1lefte2otimese1otimese2rightsigma1circsigma2lefte1otimese2otimese2leftq1qrighte2otimese1otimese2right61q1e1otimese2otimese1
leftq1qrighte2otimese2otimese1q1e2otimese1otimese2leftq21righte2otimese2otimese1
sigma2cdotsigma1cdotsigma2lefte2otimese1otimese2rightsigma2cdotsigma1lefte2otimese2otimese1right62leftq1e2otimese2otimese1rightq1e2otimese1otimese2

leftq21righte2otimese2otimese1
mdlgwhtsquare

12 Quantum Yang Baxterequation
Let UVWbefin dimensional U9left3C2rightmodules Recallthat we
constructed the Rmatrix RuvUotimesVrightarrowUotimes V Sec1.4ofLec23
It gives rise to three automorphisms of U Vow

R12RuvotimesialphaWR23ialphaUotimesRVW R13 comingfrom Ruw andidu
It turns out that wehavethefollowing QuantumYang Baxter
equation LYBE
ii R12R13R23R23R13R12
Now let UVW set 6 RobThen iil 0 for 6 6
LYBE originates in Statistical

Mechanics2Braids links

frac31
Define the braidgroup on n strands Brn I asgeneratedby



elements tau1ldotstaun1 with relations left1right8 11 So

HqleftSnrightFBrnleftlefttauiq1rightlefttauiqrightoi1ldotsn1right
A crucial observation is that Brnhas a topologicalinterpreta

tion
2 1 Braids topologically
Consider thespace mathbbR2timesleft01right w markedpoints lefti0jright w i1ldotsn

j 0,1 A braid is a collection of n non intersecting strands in
R 0,0 connectingthepoints lefti00right to leftGleftiright01right forsomepermu
tation beSn in such a way that
17 Everyplane leftleftxytrightright w 0leqtleq1 intersects everystrandexact

ly once
Weconsider thebraidsupto isotopy we allow to movestrands

avoiding intersections ofstrandsandpreserving 1
Wedepict braids byGuaiddiagrams weprojectthemalong
xyt leftxtright Wealways assume that
there are no tripleoverlap points
all overlappoints havedistinct t coordinate

overlap

pointsLetBrntop denote the set of all braids w nstrands upto
Isotopy as above It turnsout it has agroupstructure First
it has a product via vertical stacking



it's associativebeta1beta2beta1beta2 ii1ii1

1Eg
consider thebraids taui

i1 n 1 Then
taui1

ii1 i1i

tauitaui1 1 straitystraightening1 ldotsldots

the righthandside is known as the trivial braidto bedenoted

by e Similarly taui1tauie
Note that e is the unit for theproduct exercise use

isotopy compressingthediagram of e So Brntop becomes a

monoid Tosee it'sactually a group notice that Brnter isgene
rated by taui taui1 1 i1ldotsn1 In orderto show that we slice
abraiddiagram so there's just one overlap in eachpiece

notice that the braiddiagrams w exactly
one overlap are tauipm1

Since thegenerators of a monoidare invertible anyelement is
so Brntop is indeeda group
Now we observethat tauitaui1tauitaui1tauitaui in Bvntop

tauitaui1taui taui1tauitaui1

i2i1i i2i1i

frac5I
isotopyslides thestrands



tauitaujtaujtaui in Brntop exercise thebraiddiagrams areplanar
isotopic

So weget an epimorphism Brn Brnt0 sendingtaui to taui

Thm EArtin 1947 This is ise

2 2 Links
A link in 123 is a smooth embeddingof U U into123
All our links are orientedLinkswith one component arecalled
knots

As with braids we can representlinksby link diagrams via
vprojectingthem to R

ortrefoil knotHopf

linkAconnection with braids is via braidclosure
7neg

beta

Forexample betatau1 w n2 gives the unknot triviallyembed9
9 The same is truefor taul1Led

Thm Alexander 1928 Every link can beobtainedas the
closure of a braid
67



Thisbraid is not unique but one can describewhen two
braids give the same link leading to an approach to link
invariants via braids We will explain this in thenext lecture


