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1 Jonespolynomial as Markertrace
In Sec 2.2 ofLec24 we've introducedthe constructionof

brandclosure that producesfrom a braidβ an oriented link7neg

beta
overlinebeta

WestatedAlexander'stheoremthat everyorientedlink canbe
presented as a braidclosurebuthaveseenthatthe correspon
dingbraid is not unique Ourfirst task isunderstandthis non

uniqueness

1 1 Markovmoves

Let Brn denotethebraidgroupon n strandsNotethat bothalgeb
raic topological descriptions ofBrnyield agrouphomomorphism

LnBrnrightarrowBrn1Lnleftbeginmatrixldotsthereforeendmatrixrightbeta n1

Proposition 1 forallbeta1beta2inBvnRightarrowoverlinebeta1beta2overlinebeta2beta1
2 forallbetainBvnRightarrowoverlinebetaoverlineCnleftbetarighttaunoverlineCnleftbetarighttaun1
Recall that

taun taun1
ldotsldots nn1nn1

T



9Proof Bzldots ldots1 1 V1 beta21 overlinebeta1beta2fracbeta1beta2vvv vvvfracbeta2beta1V
beta1beta2

2 Wellprove overlinebetaoverlineCnleftbetarighttaun theotherequality is similar

NN

v it JbetancdotoverlinebetaVoverlineLnleftbetarighttaunfracleftbetanynright
By Markovmoves we mean thefollowingtransformations of

coprod_ngeq1Brn
M1 ββ pep for beta1beta2inBgamman
MZ β Cnp Tn forbetainBgamman

Thm AMarkov1935 Forbeta0beta2 eh Brn TFAE
al overlinebeta1overlinebeta2
6 beta0 isobtainedfrombeta2 by a sequenceofMarkovmoves inboth

directions

Example T.tt
5

c 1taua frac1M1rightarrowtau11tau21tau1tau2tau31 M2
otaui't t givethe

same link
I





Thentvnsendsthiselement tosum_i1nBii
Thefollowing describesbasicpropertiesof trn1

Exercise a trn1leftleftAotimesidvrightcircBrightAcirctrn1leftBrightforallAinEndleftVotimesnright BinEnalphaleftVotimesnright
6 BE End leftVotimes2rightRightarrowtrn1leftialphavotimesn1otimesBrightialphavotimesn1otimestr2leftBright
c truant tr voncirctrn1

Nowpick xiin CL leftVotimes2right m xii1 L9 3 129 GLleftVotimesnright
RE Endleftvright 6 Rotimes inEndleftVotimesnright

Proposition Supposethat
1 beginmatrixxi1xi2xi1xiendmatrix EEndl Votimes3 repin fnBrnrightarrowGLleftVotimesnrighttauirightarrowxii
2 xiRotimes2Rotimes2xi EEndV04
3 Rtr2leftxiR1righttr2xi plz leftinEndleftVrightright
Then betarightarrowtrleftrhonleftbetarightRotimesnright makes sense thxt01 is a Markov

trace
Proof MT 2RightarrowxiiRotimesn commuteRightarrowfnleftbetarightRotimesn commuteforallbeta

Rightarrowtrleftrhonleftbeta1rightrhonleftbeta2rightRotimesnrighttrleftrhonleftbeta1rightRotimesnrhonleftbeta2rightrighttrleftrhonleftbeta1rightrhonleftbeta0rightRotimesnright
MZ truant Pn 1leftLnleftbetarighttaunrightRotimesn1
truant Ifnploidy leftxinRotimesn1righttrvotimesn1fnleftbetaright Renoid id grey
al c ofExercise trvotimesnrhonleftbetarightRotimesn1trn1ialphav 384
6 ofExercise 3tvnuotimesnleftfnleftbetarightRotimesn1rightleftialphanuotimesn1otimesRright truenPulpR

Theotherequality is analogous



Example Set VF

2RKleftbeginmatrix900q1endmatrixrightxiq261leftbeginmatrix900000q200q299300009endmatrixright
Then conditions ofProposition are satisfied
eg

tr2leftxiRotimes2righttr2leftleftbeginmatrix90000092009299300009endmatrixrightleftbeginmatrixq2000010000100009endmatrixrightrightleftbeginmatrixq3000endmatrixrightleftbeginmatrix9q30091endmatrixrightR
tr2leftxi1Rotimes2righttr2leftleftbeginmatrixq10000q1q3q200q200000q1endmatrixrightleftbeginmatrixq200001000010000q2endmatrixrightrightleftbeginmatrixq00q1q3endmatrixrightleftbeginmatrix000q3endmatrixrightR

Rem We'veusedthat wehave a collectionof representationsofBrn
but not that theyfactorthroughH9 n1The letter isimportant it
allows to computethe link invariant fromthe linkdiagram itself

Recall left6q1rightleft6qright0Leftrightarrowleftxiqrightleftxiq3right0Leftrightarrowxi2leftq3qrightxiq40
Rightarrowq2xi1q2xiqq 1 This results inthefollowingrelationfor
the corresponding link invariant upto normalization this isthe
Jonespolynomial to bedenotedby L leftrightarrowPleftLright Let Lt18L0 be

links with the same diagrams outside a smallcircle where they
look as follows

I L backslashL0
Then it turns out that

q2PleftLrightq2PleftLrightleftqq1rightPleftL0right skeinrelation
value on the unknot determines theinvariant uniquely
allow to compute it fromthediagram

51



2 Sln by generators relations
Ournextgoal is to define U9 Cn1 Theconstructionfor31
mirroredrelations between ehf So we'll start w presentation
of31 by generators
relations.Recall

elements eiEii1fiEi1ihiEiiEi1i1lefti1ldotsn1rightmn3Ln

Exercise 1 Theseelementsgenerate31 hint EijleftEij1Ej1jright
for icj
2 Consider the Cartanmatrix Aleftaijright w aii2ai1 if lefticdotjright1
aij0 else 1leqijleqn1 Then

lefthihjright0lefthiejrightaijej lefthifjrightaijfj
lefteifjrightdeltaijhi

aalphalefteiright1aijej0aalphaleftfiright1aijfj0leftineqjright
Fact morally similar to presentation of Lleftlambdarightbygenerators
relations 2 givesdefining relations for

31RemarkThispresentation can begeneralizedNamely let A

aij eMathleftmathbbZrightsatisfy thefollowing conditions

aii2foralli
aijleq0 if i j
existsalpha1ldotsalphanin7 Lost diagdo 2nA is symmetric



Then one can define the KacMoody Lie algebra g A by
generators ei hi.fi i 1 n relations as in the exercise All
finite dimensional simple Liealgebras arise in thisway In the
next lecture we'll brieflydiscuss an infinitedimensionalexam
ple the affine Lie algebra
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