
Lec26Generalizations1Uqleft3Lnright
2 AffineKacMoody Hecke

algebra1Uqleft3Lnright
Consider the leftm1righttimesleftm1right matrix Aleftaijrightwaijbegincases2ij1leftijright10elseendcases
We'veseen in Sec2 ofLec25 that PLm isgeneratedby
eihifileft1leqileqm1right w relations

lefthihjright0
a lefthiejrightaijejlefthifjrightaijfj
lefteifjrightdeltaijhi
adlefteiright1ajejoleftineqjright
adleftfiright1aijfj0

Rem Uleft3rmright isgenerated as an associativealgebra bythesame
generators same relations Therelationfor eiej ineqj can be
rewritten as

sum_k01aijleft1rightkleftbeginmatrix1aijkendmatrixrighteikejei1aijk0
The same for
f's.Definition

The FmathbbCleftqright algebra U9left3lnright isgeneratedby ele
ments KiKiEiFi w relations

KiKi1Ki1Ki1
T



KiKjKjKi
KiEjKi1qaijEjKiFjKi1qaijFj
EiFjFjEideltaijfracKiKi1qq1
sum_k01aijleft1rightkleftbeginmatrix1aijkendmatrixrightqEikEjEi1aijk08 samefor Fcdotsleftineqjright

where leftbeginmatrixlkendmatrixrightqfracleftlrightleftkrightleftlkrightleftlrightprod_i1efracqiqiqq1
so weget
EiEjEjEi if li j 1

Ei2EjEjEiq q
1 EiEjEi if leftijright1

Weequip Uqleft3Lmright w aHopfalgebra structure wedefineDeltaetaS
on EiKiFi as for partial2 leg DeltaleftEirightEiotimes1KiotimesEi

Rem U9left3tmright has a tautological representation in Fn via

E H Eii1 Fi H Ei1iKileftrightarrowqEiiq1Ei1i1 It comeswith an
Rmatrix RFmminE nd leftFmotimesFmright given by

q1sum_i1nEiiotimesEiisum_ineqjEiiotimesEjjleftq1qrightsum_ijEijotimesEji
generalizing the case of m2

Similarly to See1.2 ofLec25 one canproduce a link inva
riant Pm satisfying the following skein relation

qmPmleftLrightqmPmleftLrightleftqq1rightPmleftL0right
It turns out that it is the specialization to a9m of

an invariant is mathbbCleftepm1qpm1right called the HOMFLY PTpolynomial
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2 AffineKacMoody Heckealgebres

2.1 81m

We consider thefollowinggeneralizedCartan mom matrices

m2Aleftbeginmatrix2222endmatrixright

M2Aleftbeginmatrix2111ddotsddots00vdots1112endmatrixright sofor m2 wehave aij1 it ijequivpm1modm
We label the indices from 0t m1

Wedefine theLiealgebra gleftAright usingtheLiealgebraversions
of relations in Sec 1 Wewant to describe it explicitly
As a first step considerthefollowingLiealgebraover mathbbC
3 m É w usualbracket ofmatrices We considerthe
followingelements ei fihiinSlm as before e0Em1tf0E1mt

1

heEminEr
Exercise These elementsgenerate m

mathbbCtpm1 3 satisfythe
definingrelations ofgleftArightyieldingan epimorphismofleftAright m e 3

It turnsout this is not an isomorphismNamelywe constructthe
Lie algebra31m affine31m as fellows As a vectorspace it's
31 t Cc withGrecket definedby
c 0 3 5Lm

leftxtlytkrightleftxyyxrighttlkldeltalk0trleftxyrightc
3

forallxyinBmklinmathbbZ



For example Em tE1 m t1 Emm E11c
Now we consider elements ei.hi.fi i1ldotsn1 e0to as before
modify h.to be cE m mE11
Exercise cont'd the new elements eifihiinhat3 m satisfy

thedefiningrelations of gleftAright

Factlaharder version of thecorrespondingclaim for31m

oleftleftArightsimeq3rightm

2 2 Roots Weylgroup
Manystructuralfeatures of31mcarry over to8cm Forexample

foras 3Lm we hadtheCartan subalgebra5 veetspaces gpmathbbCEij
w ineqjbetavarepsilon Ejc5 roots so that g5oplusthetaβ lo βThesimilardecomposition holdsforof dm w importantdifferences
Let 5a5p anc1 herhm this is the Cartan subalgebra Consider
the space5 w basisdo 2m pairing5 x5 a givenby
2i hp aij i j o m i Thispairing is degenerate

44,27 0 8his i where S dot 2m We still have a
linear map 5 5 2 4 22

7DefinitionBy roots ofg wemean elements betakdeltain5av where
beta

is a root for g minmathbbZ or CS leftlinmathbbZleft0rightright Thecorrespondingroot
spacesof are mathbbCEijtkleftforalphaxivarepsilonjkdeltaright 5tlalphaldelta I so that
unlike inthecase of9 reetspaces can havehim 1



So wehave hatag5coplus leftxyrightalphaxyforallxin5 cyin92
Nextweproceed to theWeyl

groupDefinitionFor i0ldotsm1 define SiinGL5a by
Sileftlambdarightlambdalambdaleftlanglehileftlanglealphaicdotrightrangleright

The affineWeylgroup Wa is bydefinition thesubgroup of
Gleft5aright generatedby theelements S i 0 M 1

Here'sthedescriptionofWa Let LambdavSpanleftalpha1alpham1right c 5a therooteat
theof g Wedefine homomorphisms WArrightarrowGLleft5aright as follows W

acts on 5a as thesubgroupgenerated bys1ldotssm1 while Lambdavacts6y
tmucdotlambdalambdalambdaleftcrightmu0rangleleftmuinLambdanurightarrow5anulambdainSaright

Exercise 1 Theseactions combineinto an action ofWKA the
corresponding homomorphism WltimesLambdalfloor GL5 is injective

2 TheimageofWltimesLambdaV in GL591 coincides w W hints

Svarepsilon1varepsilonmSalpha0tvarepsilon1varepsilonm Wa isgeneratedby W S whileWKA is
generated W tvarepsilon1varepsilonm

23 AffineHeckealgebre
It turns out that Wetogether w generatorsso sn hasfor

mal properties similar to those ofW wgeneratorsso sn bothare

Coxetersystems Namely to xeW we can assign its length

5lleftxrightminlinmathbbZgeq1xsi1ldotssil W ijinleft01ldotsm1right Inparticularwe



can talk about thereducedexpressions of X When m2 every
elementhas unique reducedexpression while for m 2 any two
reducedexpressions of thesame element are relatedbybraid
moves that in this case look as follows

SiSjSjSi if i j i modm

sisi1sisi1sisi1 numberedmodm

Inparticular we can form thegenericHeckealgebra71Wa

completely analogously to 1talk It comeswith a standardbasis
Hx xeW It makes sense to speakabouttheKathLanLustig
basis Cx xe Wa andhenceabout affineKathdenLustigpoly
nomials Thesepolynomials carrythefollowingrepresentation
theoretic info

1 As was mentioned in Lec19 theyallow to computethe
characters of irreducible SLn reps Lleftlambdaright w 0leqlambdailambdai1leqp1 over

an algebraically closed charp field if pyo
2 Movedirectly they allow to compute charactersofirredu

cible highest weight modules for

of.RemLet q be a primepower We'veseen this ishow toHecke

algebra appeared in ourstory that eat HuW w.ro g
controls apart of the representation theoryof GlnFg we

can also work w mathbbCSLnleftFqright 1 mathbbCotimespiGamma Hulwal have a similar

interpretation Thegroupof interest is G S LnleftFqleftlefttrightrightright we can

6 I
also replace Fqleftlefttrightright w any non Archimedian local field e.g ap



Thegroup G is infinite so we needto becarefulabout akindof
representations we consider we need smooth representations sui

tably compatible w a topology on SleftnleftFqleftlefttrightrightrightright Namely considerthe
Iwahori subgroup IsubsetSLnleftFqleftlefttrightrightright thepreimage of BsubsetSLnleftFqright under
thehomomorphism SLin F leftlefttrightrightrightarrowSLnleftF9right of evaluating at eThe
set ofdouble cosets IIG I is identifiedw W The spaceof
functions IIG I that are 0 outsideof finmanypointsacqui
ers a convolutionproduct underwhich it's identifiedw.GE tlulwal


