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1 Distributionalgebras
1.0 Introduction
Let Fbe an algebraically closedfield GCGln F algebraic

subgroup g TeGcMat F thetangentspace at theunit e We
wantto understandadditional structures on g In Lec2 Sec 2 we

stated
Thm 1 g is closedunder 3,269 3,23322369
1 If char Fpro then g is alsoclosedunder to

Let HC GLm beanotheralgebraic subgroup P G H be
an algebraicgroup homomorphism y TP

Then

2 y s q r y 3,23 peg
2 If char F pro then y JP y s Beg

Today we provethis theorem First to G we assign anassociativealgebra G of distributionson supported at e in

a functorialway meaning inparticular that Pgives rise to an
algebra homomorphism D G D H s t g is naturally
a subspace in D G Then we show that for zeg CDGln we
have3 2 2 3 3,2 Pegn

This observation the functoriality of D GI afewother
things will allow us toprovethetheorem
T



1 1 Spaceofdistributions
Firstwe consider a generalsituation X is anaffinevariety over
F A F X LEX My fe Alf 2 so themax idealofα
By a distribution on X supportedat α we mean anyelement Se

A s.t koel Smk o i.e Se AMY cA
All distributions supported at α formthesubspace

Da X ascendingchainofsubspaces
Inparticular TX SEA 8111 8mi so cDaX

Example X F 2 0 Then A F my x Ami Spangle
The space D F 4 Amy hasbasis 8 ieRegiven by

8 x Sij knonekersymbol

Now let P X Y be a morphism F Y F X bethe

corresponding homomorphism F F Y be itsdualmap
Lemma Da X CDpa 4
Proof as we've seen in theproofof Lemma in Sec 1.2ofLec2
anp cmL So for 3 vanishing onmy we have 37,77

3 f o femia

121 Groupcase
Now let C be an algebraicgroup α eeG Write D G for

De G There's a map D G xD G D G defined as follows
etM CG Gdenotetheproductmap It givesrise to the



pullback homomorphismm F G F G F GT F 43

For3 3 ED C definetheir convolution S 8 e F C by
8 8 f 8,08 m fl

here8 8 F G F G F is describedby 8,08.7 f f 8 f 8,1

Example contid Let Ga F 7 m xy xty Identifying
F GG w F xp w 12 2 10x wehavem f f x x
FeFG F1 3 We want to compute s i 8
flit 810xk 84 857m x 8 8 x coeffof

XXi Xi Xi in x xp Sig
i flit soil it f it

This computation allows to realize D Ga as follows consider

the subgroup B Span 8 i Q 8 It's a subring Weidentify
D Gal w FEB via 8 10 8 i In particular ifcharF
O then D Gal Q 8 while in caseofcharp weget a more
complicated in fact infinitelygeneratedalgebra
Note that g F embeds into D Galas F8

Premiumexercise example Here we computeD Gm Considerthe

subring Span i iso cQ 8 where f E.jo
Then D Gm FO C Hint D Cm has basis 8 ie 7 where

Si x 1 i Sig Then 8 1 f

Here's ageneral result about DG that we aregoing to use
theproofof themaintheorem



Proposition a D G D G CD GI
1 D G is an associative unitalalgebra w unit egivenby
Elmée E 17 0
2 If P G H is an algebraicgrouphomomorphism then
DG D H is a unitalalgebra homomorphism
Proof Set A F43 MMecA
a Let S E Am i 1,2 Weclaim 8 8,3 f so fem it
this will imply 0 Bydefinition 8 8,3 f 8 8,3cm f Note

that 8 S vanishes on m A A an so it'senough toshow

that f e m At A M Sincefileelse m m CMleen We

observethat Enceet M At A in exercise hint have A A
F 1 M A A m bc fofaer.h.sn So a mk.tk c p a it

c M A A m c binomialformula m A A m ofe

1 We'll deduce the associativity of fromthat oftheproduct
in G which amounts to the claim that thefollowing diagram is
commutative G G 0 GG

Equivalentlythediagram of pullbacks is commutative

L.fiI mtAqTao6
mcaio6

A A A

Now 8 8,7 8 f 8 8 8 p fl



8 8 8 µ id m If reversecomputation

89dgatn Tidem p If 18 8 83 f
Theproof that E is a unit is left as exercise of1

2 similarto 1 usingthe commutativediagram

6 6 G
III 1

9 8 8,7 f 8 8,3 9 fl 18 8 age fl
8 8,1 f 8,7 8,7p fl 8 8,719 09 1am f

of2

13 Caseof Gln
Proposition

For AB e g n D Gln wehave A B B A AB egen
in the case when char F p wehaveA

P APegen

Proof Caseof commutator
Weinterpret the e derivationA as f to f I At f II e Rem

ii in Sec1.1 ofLec2 equivalently
Alf coefficientof tin theTaylorexpansionof f Itta
So for Fe F GlnGln we have

1 A B F coefficient of ts in F I tA I SB
Indeed 1 holds for F oftheform fof hence ingeneral
Notethat fl I tA I SB f I A I SB



f I AtSB tsAB So 1 for Fpe f is the sum of2terms
i The contribution ofEA SB It's equal

ise xFc I AijBice
where thenotation is as follows we write CeMata F

as Cig Xi denotethe variable correspondingto thematrixentry
ij so that Cij Xij C af is a function ofthevariablesXij
ii The contribution of ts AB is Eg Ex AB ij which is

ABEMath F TeGln CD Gln
To finish theproofnote that it doesn'tchange if we swap
A B hence in the difference A B B A f theseterms cancel
out weget A B B A AB

Caseofpthpower Here char F p Wewantto showthat
the coefficient of t tp in theTaylorexpansionof
2 fl I tiA f ftp.pstsA's where ts 1st
This coefficient is equal to
3 EIITii.tt lA'sellieje
wherethe sum is taken over thefollowingindexingset
Ind S Ski in.jo haji Asksp Tsiejesh 1 p SW USK
whereSi's correspond to takingthesummends in the rhs of 2
Thesymmetricgroup Gp acts on Ind bypermuting p andso
changingSi's but not their cardinalities So the summands in
3 corresponding to the indexes in thesameorbit are equalThe
numberof elements in the orbit of So SK is p 15,1 IStill



so divisiblebyp unless k 1
where thenumber is 1 the

correspondingsummands are 2 A i rsijsn Theorbitswhosecardinali
ties are divisible by p contribute multiples ofp i e 0 bc charF

p So 3 Ep2 A ij
which is APEMath F CD Gln

14 CompletionofproofofTheorem in Sec1.0
Notethat I G Glngives rise to thefollowingcompatible
h g gln

I 8calayJian of associativealgebrasbyProp inSec1.2
GCCLn isZariskiclosed FGln FG 4 D G DGln
Claim g D GNgen inside D Gln
ProofofClaim C is a tautology Toprove pickJEDGMogen
let A F G A F Gln M.inaremaximal ideals of e in AA We

view 5 as an e derivation A F that factorsthrough A A
Sincesegl 3 5 3 1a o M M 6c issurjective
1 1a 31m 3 1,7 0 geg ofclaim

Proofof 1 Pick peg By Proposition in Sec1.3 3,2
3 2 2 3 ED Gnog Claim og 1

Proofof 1 completely similar
Proof of 2 combine 3 2 2 3 3.23that followsfromproof
of 1 w DG D H beingalgebrehomomorphismby Proposition
in Sec 12
Proofof 2 completely similar


