lec d ﬂ/ﬁégm/c ﬂlfou/s £ Le aé//gms w
d) (0/44,o€e7@lon 07[ /0}’007[ 07F Thm 7!1/0/'4 Lecd
1) e /z/goéms i-ééu'y representatipns
2) Universal. enveloping algebras

d) fom,o(e%lon of /}’oof 07[ Thm 7%/14 Lec X
[0”5[0/2// an Ajj-bg/&{.c Suéjt’ao{p fC CZ,, £ ﬂ-”EC 67244,536.
Ouv fivst joal (s to %M/SA 78 /VOO/ of
T/‘m: 4) g is Hosed under [,] j,gég]%[j,g]-‘fg'gfég,
1) If cher F=/o>0, Hon q s also closed wzoérj’ Hj.P
Lt Hc CL, be another dj&ém/c Suéjma/o 8 P:C—H be an
4,/04;//5;’4/}; Froap Ao;wmar/)élsmjf ?”’7;0' Then
2) [CIV(ﬂ tf)(z)] = 30([57]) ‘V};ZESZ
2) I chor F=,070, Han C/(j”)-‘ ?[j)f #jegj.

Most. of 4 wore on this was done in Lec 3. A/ame% Zo an al-
3&&/@4’& group L we asnﬁne/ an assouative ﬂjj”gm (D(C), *) (A
clistribuction alsebye) st. q-T £ D) FILT* & for alyebaic
greap /)D}’MOMO}?DAISM Pl —=H we jd an ajgeém Aomowmyélsm
% DC) = D(H), th restrition of B: FILT = [FLH]T and fence
on extension of LP: 1,60 — T,H (Sec 1.2 in Lec 2 £ Sec 1.7 of

Lec 3) //c&énog bhe commutative oékjrom
T ¢ 27K

(2) /] d

= DIC) s D)



/4[5'0 in Sec 1 3 0/ Lec 2 we /}’ol/eo/ ‘LL/L foﬁowing_:

(6){ For 31269[; c D((L,), we have f*[‘f*}“[f,fj(égc,) A in A
p 5= legly).

Now we je;é %o p)’ol/[/lé; e theorem. Let 1 [ (L, denste o

mlusion of an a]g&gmic suégrau/g = *: FL(1—F[C]= by LT
<—->[F[CZ,,1,* Then (2) 070/&:/1‘0 H=0C, £ P-t¢ (?“/65

q < Gl
(Q/) ( * N
D) ‘—L-—L'D[CZ,,)
ID)’OD/ 07[ ﬂeorem
K/a,iml

1) a1 = D gl,, [inside D(cZ,))

2) 5y q DIV =3y -ps hlin char p) 57 g
P/oo7[' 07/ Zfaim.‘

1) < follows from ().

75/@/5 D pick JED(CJﬂg[,,Cﬂ:[CJ*ﬂﬂ[M § Gt A=F[C)A-F[c]
mcA V’MVCAT are max'l  ideeds of € (so Lhat C*[ﬁ;)#@.in/e view &

as an  e- yerivadion 4 —F (as Séf][n)- The mclusion SEF[CJ*(/-&

L*H:[C]*) Jus‘é means ‘f/af, S 74»20‘&»'5 {A/ouj/» * [{/x o <¢x§)f7=
=< 3’/ c*(f)? So we need 4o SAow ‘%76 6{/&? e- k}ive;é/on o/ 2/

waf Frctors férpuéA (* is an e-oenvetion of A (= element a/)g).
The check i as follows:

Z—IS(m=5 (tg) =0 = [h'=L"(0*) 4 (& surjechie; 1= ("(17)]



SlhY)=3(1)=0 = 3e€0;, O of 7).
2) follows Lrom 1) £ 4) 0 of (laim.
Wow 1)) Fullow Hrom Cloim & 2),7°) £llow fom 2) of aim 8 8) O

1) Ze ﬂ/gogras iféa[y representatipns
So, for an ﬂéd/u/& gloup A . ’fujenf space. g7= 1 G comes
w. 2 nefurad braceet ope/az‘mn K wn case I«/Auq ‘flz base /}&Z/ has
cheracterstic P, He /mf/ power mep.

A netured 7uesfzon is o sz‘ud} g with the stwictures
Appedring in the {/zorem M/'omu‘/é/n} Hheir formal /a;/o/aen‘/es'
I we are D/fQ/Z{/) 5 OM% with [,] we avrive ot £l notiom 0/
a it adgebra (g0, back to Sophus Lie). We witl Jfaaét Lre
ﬂ/(é){’/éVQS £ Lher Ve/nrgswz‘uf/ons L’XZzeﬁSfV£% in this course. If
We /ﬂcorlgomfﬁ {A /01‘4 POWEr Map ~thet onl, makes Sense in
thar p - well get e noton of 2 vestnted Lie olsebn Hot
wtl also be wsed i Bhic course a/z%ouag% we ave Not 3o o
%oyma,@% o/e//m it — He axloms Qve 7a/¥t comlgéicdca\/.

7 7) Detintions A {asic e,mm//es Ll Ffe 2 /?%Z/
Defintion 1: - A Lie 4,@57,{;'0, over [F s an [F-veddor spec of (ﬁaﬁng/
WA a0 [T gxe =g (Lre packet or commutaitor)
_gg,z‘/sé inj, e /offawm; Ao /@az‘/e IS
. Szcew-(y]mmd/} . [xxJ=0 #xeg /———>£§JJ= -&,x] %;Je\% )

- « Jacobi /'chm‘tf}-' Z;g[j,tﬂ”“{y,[%xjj’*[%&/jﬂ =0.



Chee one knows f/e Jkaw-ymm%‘?, ﬁ/c :Zzwé'i a'o('z, 1] €7L{;Vﬂ'&ﬂ'é %
[[)GJJ/ZJ: [x [],e7]~[,[x, z1] (1)
- A L “’{j"/‘{’”\ /amomaf/'ajzm is an [F~Cnear nyp. g j
st Lyl gly)I= C/ﬂ[[x,JJ)

Ekmfﬁ 0: Afelian Lie A/jp/!m VRN EY)

g,mm/afﬂ, 1: LA A b an assoviatve ﬁ,%f/gm. 7—'{(% @Z]’:R/g"{&
/s & Lie bracket (; ). A /hyorz‘amf _;aeaa/ case: A= Mo, (IF)
(or é}o/fy)%r o Vecdtor spree V) 4 /ﬁsu/%/nj, Lre ﬂéf///o\ o

EX‘ZM/O’& Z‘ /&f f‘: (Z}) {C arn %%/axfc Sngz/aa/o. ﬂw ﬂ”Z;C
/S R’ /(‘c jangjgér& 7 \74 ///) e [ hm %'am _fec 0) Jo S a //33
a/j(/g/a.. /%/c DVa; § /X ) 0/ ‘Z/d 77//14/ 75# au mgfc érajc j/oa/o
/wvawo/;o//m ?-’ 4 '—>H) s zéawjeaz( /1470 70-”74;? 5 a Z/'c al-

jcém /o;uomorfﬂ//fm ﬂ — }/
he Sa.at f%aif q s 14:. Lie ﬁjgf/ém o/ ( ond write g—-//e[ﬂ)‘

EXampge 4 ijdfﬁer w. expmples of ﬂ/g@gmc Sroups (Sec 2.1 in Lec
1) and computation of Lheiy Ttosngent spoces (Sec 1.3 of Lec 2) allow
us to give masy examples of lLie suéa,fja?mx of 94 /oyﬂ[/(l/)):
Sl (o CS?Z//I/)), S0, (or .,é’a(l{B)),Sﬁ,, (n is even; or 515{1/,@) ) £l sub-

, , 1
a[if:;éms of upper triangular, Sfrzufﬁ} upper fﬂaﬂgw&v=[la{( 0’~.’f )

Oé'zgond moitrices.
7]



12) ,E?resmfﬂflom’ of Lie 4{}051’625
As wsusld, 2 /’foyes.gnfaf/on a/ 2 Le %d/@ o1 2 vector gpace
V (s 2 //c ﬂ/{/{Va /omwﬂo /IJ‘M e /[V)
J prem g9
Dne. way. g get such for o= L (C) is 4> consioler 50=7;§D-'
5@9[[0) for a retional /e/orewofd/on P — ()

g)(amp,/e 0. V:FX 2erp 57 —-»g[[&fk[r—_. Nt 1%:;6 /'7/‘57=//e(6')/
Llon this is H fanﬁwf mep of He “viak /epresem‘ai/on of [

EKM/{ 7 /&Aj'omz‘ /yre:enz‘ejf/on) : for xe], at ﬂo/&):gag Aencte
{A_ Ofenz;éor =z HZ;(/-E:{,‘ aa/: ﬂ ——)gf <°]> 52 /7/cfwfpfm —
Qo(/[,\;jj)’-' ﬂia/étlaozg)] 5 (1) n Sec. 1.1 — Caﬂeo[ the aa(éb/nf /’\?07’6-
Seatattion. Moveove i [ s an x{yoém,ic o and op=Lie (C), Hen
Zhis representattion aises as 4, 'éwjm! zr of a retionad A
Yesentation of 0 m ﬂ (akso called e Q%‘O/nz‘ /’7/e5mfuf/on) ,
A T KZ@) constructed as MOWS. G acts on itelf (o;/ e a (/'o/uz&
action : %{?l)sjj/j—! Sina djé)-‘e, 4 /—%40((5)'—‘7%1} Glves @ Veplesen-
Zation —>[Z@). Lbs rdonad & T Ad=ad Inoeed, st consider

(=00  Tha Jdcfj)z:gz ! zeq=g} )= T A (¢)z=[x2]

(- ). For ‘f/(ijcwaj (,jm&o(ﬂfc—?[’(,” and consider e

/fﬁwesenfﬂflons” A of {}f 74 40(9)2 =jéj_’4f 2 o/g lh g[:,

se that LAd=ad Tha A4 is rational, as itss restnited from o
velionel Vepresentotion of CL,. And sma (el is stably ander

_Ta for ge(, we set thet op=TG is stable under H(5)-Ad5) #ge



. Moreovey, Since T Ad = ad for (L, ,we ste Lot Ao some is true
b (

Foy Future aﬁ/y&'cajf lons we record -f,é /p%wéng, observation. &CQZZ/
Sec 2.7 of Lec 1, tot to a rationd represeatation P — GL(v) we
ASSIgh (s madnx coefficients C, € FLET e Vwelr): G (§) = (PG)0)

: §0=7;901g-9g[(1/] /s an)?ueét determined @L
x(cdﬂ,) = olfc(o{x)zs), Ja‘xeg
where in lhs. we view g as e 5w55)oaa 0/ 5-0én'm,{/om th [/T[Gﬁ

E(am/aé Z: [fot % g ——757[ (V) ée l’elw’cseﬂfd/ons.ﬂm
(: g _,ﬂf(x@lg), Xt C,o,,(x)@io/+/b/®7oz(x)
detmes a represturtation of g ( the tepsor /m’on@ﬂl %8, of % b,
[(70 (x), ng)] =[§ﬂ, (x7®/'o/+/'o{@§ﬂz (x), 2 (y)®/'o/+ iol® ?ﬂz[)/)] =
_-[[spt_[?)@io()(ip/@%.[-))—' %, (.’)@%. ()= (/’J@yJ.(.)) (%-(-78[@/)/\’ can-
cellations]= [, (x) %(g)]@fo“id@[%(x ), %[yﬂ = ?([x,}])

The motivetion fov 4his is as follows: é}fﬂ—-lle(f), P:[
— G (V) be pationt yepresentations & 70‘;@‘7{ Then we Laim
thet @0¢,=T, (26%). Tusked, b Exampte 1(iit) in Sec 22 of
Lec 2, e madnx coetfiieits for P=LOL are

Cpw ™ Copg Curs, for A= ®L, U= YO,
Now we use Exercse 1: identty mactix
L(TP(x)s)= XKC.,()zrz Co o G, ) =[Ze/}{mz_'[= Ca,’v; [el) x[coéﬂ,z)i-

a ,



x(Cy ) Cy o (8= oc(lg%(l[%(x)zg)ﬂ“og[f,[x?zl;)og(lg) =
484, (L4, )i+ il ® ?, (O1sew)] 2T, P k) =4, (<)@l + jol® 2,60,

Exampfe 3: Lo d ®:q ag[(l/) be a representodion. Then we hove
e fo/esenfa,f/on ?o*-' g = jf (V*) (et /efreswz"n) deermmed ?
<60*(XM’1D = = <o, )7 (xel] vell <dvr=a(v))

: 1) Show Yot 50* i inoleed a /’90)’25601,‘%‘/0'1
2) Lt ﬁo=7e_‘? for o rational represestation —> CL(V). Ther
f": (). Hwt: differentiote <P ()4 PGIv7=<4v2

2) thiversad eﬂwjo/gmé:, algp/g/a

This is an assodate alj:ygrq, whose rots in 4he ﬂ‘Uo/& of
re/J)’eméazfzom of 9 i smily 4o e vole of ., §roup a/éwére,s n
e 51‘@/2, of /c/o/ewfﬂf/ons of Bnite gro4ps.

T(=1) ,
_:DC/M/ZZ/D/?: =ﬁﬁ//m’, Z/{?) = {x@&,#@XS-]LY,J]/ X,Jéﬂ)’ h/l{a/f_ 7_(\7) s
o tensor dem 0/37/ _

Tlg)- D o

77& COMPOSI{/D/’) ﬂ > T@) —> Z/@) is o Le a/%%r& /omamo;'g/z,w
‘féx o fn/e Ve fez.llom we /mlposeo/. /é/ﬁlc (s Z[/{c uﬂ/n/md /ﬁ}’a/eﬂf; o/

__Z/{-]) fend Lhis /omamyl/w )
d



Lemma: Lt A be an associative %ﬂm (fence o Lre R/{jufm) Ly !
in Sec 17) and G ?0 9 = A be a lie ng%m /omomar//um,
Tlew Hee i 2 L{ﬂff'u assotiative ﬂ{?&g}’a n/omamo/ﬁ/wn (? L/@)—->4
petins e /o%u//}?, Aé'aj/m commutative: ? ¢

7/{«7) - ,—(P— -> A
Foof: Smee. p 15 an [F-Cincer map, 3! 25500, alyelya homomapphin
{0\: T[@) — /l ,S.'LZ. gC—?Wﬂ]-—?%ﬂ Co/na'ﬂés W ?ﬂ 71 (0/1514.21/1»7
Lo ?ﬂ 5 2 Le %J/z Azwomoﬁ//;}n MEAns z//d ?gﬁ(@j ;y@)(

‘&,\]j) = [?(X), (ffy):( ’?ﬂ[ﬁﬁJJ) =0 o @ @ﬂlﬁ%) /ﬂ(/’fol’f f///oa;/
4. 7ao7ﬁen‘f Z/@) of 7757) 7]::7;1/55 £he /e7w}'co/ ?7 s



