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e Completion ofproofofThem fromLec2
Consider an algebraicsubgroup CGln g Tel TeGlngln

Our firstgoal is to finishtheproofof
Thm 1 g is closedunder 3,269 3,23322369
1 If char Fpro then g is alsoclosedunder to

Let HC GLm beanotheralgebraicsubgroup P G Hbe an

algebraicgroup homomorphism y TP
Then

2 y s q r y 3,23 peg
2 If char F pro then y JP y s Beg

Mostofthe work on this was done in Lec3 Namely to an

algebraicgroup we assigned an associativealgebra DCG 1 the
distribution algebra s t g TeGCD G CAG foralgebraic
group homomorphism P G H weget an algebra homomorphism
D G D H therestriction of FCC F H andhence

an extension of Tep Tel Tett Sec 1.2 inLec2 2Sec1.2 of
Lee3 yieldingthecommutativediagram

tea Is teh
n na
DLC D H



Also in Sec1.3 of Lec3 weprovedthefollowing
61 For3,2EgCn C D Gln wehave5 2 2 3 3,23egn inchar

p P P eg n

Now weget toprovingthetheorem Let 1 G Clndenotethe
inclusionof an algebraic subgroup F Gln F G FG
FGL Then a appliedto H Gln P Lgives

9 94a
D G ID Gln

ProofofTheorem
Claim
1 g D GNgen inside D Gln
2 3zegcDCl 3 2 2 5 in charp Peg
ProofofClaim
1 c followsfrom a

Toprove pickJEDGMog c F C Ngm let A F G A F Gln
MCA MCAare mex l ideals of e so that M m We view5
as an e derivation A F as Egn The inclusion3eFG i.e

F G just means that 3 factorsthrough thxto a s f7
CS f 7 So weneedto showthat every e derivationof A
thatfactors through is an e derivation ofA elementofof
Thecheck is asfollows
3 A 3 1a o m a 6c issurjective 1 1a
I



31m 3 1,7 0 geg of1
2 followsfrom 1 26 ofclaim
Now 17,1 fellowfromClaim 2 2 followfrom 2 ofClaimka

1 Liealgebras theirrepresentations
So for analgebraicgroupGthetangentspaceof Tehcomes

w a natural bracketoperation in case when thebasefieldhas
characteristicp thepthpowermap

A natural question is to study g withthe structures

appearing in thetheorem axiomatizingtheirformalproperties
If we are dealing onlywith we arrive at thenotionof
a Liealgebra goingback to SophusLie We will study lie
algebras their representations extensively in this course If
we incorporate thepthpowermap thatonlymakes sense in
charp we'llgetthe notion of a restrictedLiealgebre that
will also be used in this course although we are notgoingto
formallydefine it theaxioms are quitecomplicated

11 Definitions basic examples Let Fbe afield
Definition 1 ALie algebraover F is an F vectorspaceof equipped
w a bilinear map grog og ie bracket or commutator

satisfyingthefollowing twoproperties
Skewsymmetry x x 0 xeg xy y yeongexercise

Jacobiidentity y t y z Z xy O

T



Once one knows the skewsymmetry the Jacobiiding is equivalent to
xy z x y 33 y x z 1

A Lie algebra homomorphism is an F linearmap yg 5
S.t y x qy q xy

Example0 AbelianLie algebra 3 0

Example1 Let A be an associativealgebra Then aB ab ba
is a Liebracket exercise An importantspecialcase A Math F
or End v for a vector space V Theresulting lie algebra is
denotedbygh or g V

Example 2 Let G GL be an algebraic subgroup Theng Tel
is a lie subalgebra inogh 1 in Thmfrom Seco so is a Lie
algebra Moreover by 2 of that Thm for analgebraicgroup
homomorphism P G H its tangentmap y Te is a Lie

algebrahomomorphism of b
Wesaythat g is theLiealgebraofGandwrite g LieG

Example 2 together w examples ofalgebraicgroups Sec2.1 inLec
1 andcomputationoftheirtangentspaces Sec1.3ofLee2 allow
us togivemanyexamples of Lie subalgebras ofg n org V

B n or IV 3on or 30 VB 3pm n iseven orSpVw 1 thesub
algebras of uppertriangular strictlyuppertriangular Lie

Tiagonal matrices



12 Representations of Lie algebras
As usual a representation of a Liealgebra in avectorspace
V is a Lie algebra homomorphismof gl V
Onewayto get such for g Lie G is to consider y Tep
g g VI for a rational representation 9 U

Example 0 V F zero g gl F F Notethat ifg LieG
then this is thetangentmap ofthe trivial representation ofG

Example 1 adjoint representation forxeog let adx of ofdenote
theoperator x z ad g g og is a representation
ad xy3 adx adly is 1 in Sec 1.1 called theadjoint

representationMoreover if G is an algebraicgroup andof Lie G then

this representation arises as thetangentmap of a rational
representationof G inog also called the adjointrepresentation

Ad G Clog constructedas follows Gacts on itselfbytheadjoint
action Agg egg'g Sinceagle e g Adlg Taggives arepresentationG GLg It's rational TAL ad Indeedfirstconsider

Ln then Adg z gzg zeggh TeAd x z Z

exercise For thegeneralG embed GaGln andconsiderthe
representations Ad of G ingh A2g z gzg at ofof ingln
so that Teakad Then AI is rational as it's restrictedfrom a
rational representation ofGln Andsince GCC.hn isstableunder

ag forgel we set that g TeG is stableunderAdlg Adg geT



G Moreover since TeAd adforGln we seethat the same is true
forG

Forfutureapplications we recordthefollowingobservation Recall
Sec2.2 ofLec 1 that to a rational representation P G GLV we

assign its matrixcoefficients careF G deV vev Caug α g v

Exercise 1 q Tep g g V is uniquelydeterminedby
Cao α q x 0 xeg

where in ehis we view g as thesubspaceof e derivations in FG

Example 2 Let q g g Vil be representationsThen

9 g gl V k you id idoy.lt
defines a representationofg thetensorproductgo y ofg y
y x q y p x id id g x q ly id idoqa.ly
p id id qj 7 q qj id yj 7 g c idcancellationsg 1 7q.ly id id p x y.ly p x y
Themotivation forthis is as follows let g Lie G 9 G
GL Vi berational representations yi Te9 Then weclaim

that 4,04 Te 9,09 Indeedby Example 1 iii in sec2.2 of
Lec2 thematrix coefficients for 92 are

Ca0 CarCav2for α 2,04 V Up V2
Now we use Exercise 1 identitymatrix

1
α Tep x 8 Caa CanCars Leibniz Caplet x cnn.v.lt
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Cair Can e 2 4 d q x 2 4 y 1 70 dtral
2,0d y x idt id q x wore Tep x 4 x id id galx

Example 3 Let p g g V be a representation Then wehave
the representation q g gCV dual representin determinedby

q x 2,07 d q x 07 dev vev 2,07 2101

Exercise2 1 Showthat q is indeeda representation
2 Let q Te9 for a rational representation GL V Then

Te 9 Hint differentiate g α g 07 22,07

2 Universal envelopingalgebra
This is an associativealgebra whoserole in thestudyof

representations ofg is similarto therole of thegroupalgebras in
the study of representations offinitegroups

Definition DefineUlg qq.fiTyeg
where Tg is

thetensoralgebraof gg

Thecomposition of Tlg Uloy is a Liealgebra homomorphism

thx to therelationswe imposed Here is theuniversalproperty of
log andthishomomorphism



Lemma Let A be an associativealgebra hence aLiealgebra Ext
in Sec 1.1 and let q of A be a lie algebrahomomorphism
Thenthere is a unique associativealgebrahomomorphism Ulog A

makingthe followingdiagram commutative 9 a

hg A
ProofSince y is an F linearmap assoc algebrahomomorphism

9 Tog A st gatlog A coincides w g
The condition

that y is a Lie algebra homomorphism meansthat ifkeyyox
xy q x yay y xy o so ifuniquely factorsthroughthe quotient Uloy of Tlog Thisgivestherequired if
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