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1 Universal envelopingalgebrascontid
Let g be a lie algebra ever F InSec2 ofLect wedefined

theuniversalenvelopingalgebra Ulog
y Iayeg

There's a natural Lie algebra homomorphismof Uloy we

havethefollowing universalproperty also Sec 2 ofLec2

Lemma Let A be an associativealgebra24of Abe a Lie

algebra homomorphismThenthere is a unique associativealgebrahome

morphism GUlog A makingthe followingdiagramcommutative

kilos
g

A

Note that one class of y is representationsof g IV EndV
So a g representation is thesame thing as a Uog module
cf repsof finitegroup vsgroupalgebramodules a

homomorphismof representations isthesame thing as a Ulog linearmap

Remark Here'sanother important case ofthelemma



Let F bealgebraicallyclosedGbe an affinealgebraicgroup F

g Lie Gl Recall Claim 2 in Sec 0 of Lec 4 that wehave a
Liealgebra inclusion g DIGI By Lemmeabove itextends to
an algebra homomorphism Ug D G This homomorphism is

importantwe'll return to it later

1.17PBWtheorem

Acrucialresultthat we'll needaboutUloy is a descriptionof
its basis Assumeforsimplicity that dimog o Let tn be a basis

inof Wecan viewany noncommutativepolynomial in Xp Xn as an
elementofUlg Thefollowingresult is known asthePoincare
BirkhoffWitt PBW theorem

Fact Theorderedmonomials X xp form a basis in Ulog

We'llprovethis laterforLie algebrasof weactually care about

Example ifog is abelianthen Uloy y y
Slog thesymmetric

algebra ofog ThePBWtheoremamounts to theclassicalclaim
that Slog is thepolynomialalgebra F xD

2 Representations ofalgebraicgroups vs Liealgebras
To a rational representation 9 C GLUT of an algebraic

group G we assigned a representation q TeG g g V ofg LieG



One can ask how they are connectede.g ifone can recover from

y or tell if P is irreducible Here's a basic result inthisdirection

Lemma 1 fetlomy.LUU is G linear is g linear
2 UCV is Gstable V is g stable

Proof

1 Let P G GLV Y G U bethe corresponding

homomorphismsWe can considermaps go f Pg 4g of HomUV
The condition that A is Clinear means that they coincide Their
tangentmaps are toy24of g Hom UV bc A is a linearmap
independentof g So is g linear

2 Let P geGLU gV v It's an algebraicsubgroup for
a basis up vnEV s t V Span v am P w Lie

algebra p xeg U XVCU Theclaim that V is Gstable
is equivalent to 9 factoring as G P GLV1 Hence y factors
as of pGg V V is g stable

Inparticular if UV are not isomorphic as g representations
then they are not isomorphic as Crepresentations And if Visirreducibleever g then it's irreducible over G

Question Are in 1 2 true
Answer 1 not ingeneral if C is finite a stupidexample of

gan
algebraicgroup theng 403 fails



To remedy this assume Gis irreducible as a variety F 43 is
a domain Easyexamples include Gln F Ln FXi Let SL
F 5123 F a bc27 adbe 1 adbe 1 is an irreducible

polynomialexercise Move advancedexamples include Sln Son Spn but
On is reducible it has two components w Let 1 Let 1

Answer2 may fail if charF p even for irreducible CNamely
consider Fr GL Gln Ca ay that we viewas arepresentationWeclaimthat Tefr o Indeed TeFrg x j Fr Xijxp
pXijelP x j o SinceTefr 0 miserably fails
Moregenerally for a representation P G V we consider

its Frobenius twist Fro Then Te o bychainrule

Answer 3 If char f o G is irreducible as a variety then

in 1 2 holds

We'llelaborate on whythis is the case later in the course
To summarize if charF so the representations of 2g arevery

closelyrelated If charFp there's still a connection but it's less
immediate holds for lessbasic reasons

3 Representations of8h in characteristic e
Weproceed to the2ndmajorpartofthe course thestudyof

jational representations of
thealgebraicgroup SL F afinite



dimensional representationsof the Liealgebra84 F Here F is
an algebraically closedfield Beforegetting to details we'llput
this study in some context

3 1 Simplealgebraicgroups Liealgebras
As apart of thegeneralideology we care about the

structure and representation theory of simple algebraicgroups
their relatives semisimple reductive groups

Definition 1 An algebraicgroup G is simple if
1 G is irreducible as a variety
2 normalalgebraic subgroupofG isfinitemostimportantcondition
3 G is not abelian modulo 1 22 thisexcludesexactlyGe Gm

Forexample Sln n72 Son n 3 or na s Span not are simple

SO is semisimple but notsimple Basically there are just
five more examples the exceptionalgroups G Fr EoEz EzWemay
discuss more on thatmuch later
Wenowproceedto thesimplicityofLiealgebras

Definition2 Let g be a Liealgebra
1 By an ideal in g wemean a subspacebcogs.t.xeog.ge xy e
As usual these are exactlythepossible kernelsofLiealgebrahome
orphisms



2 g is simple if its onlyideals are 03Kg g is not 1himabelian

Example Consider g 31 It hasbasis e 8 1 h 8 f 88
w commutation relations
1 he 2e Chf 2f e f3h
Theserelations implythat if charF 2 thenany nonzero ideal
beg contains both exf henceh e.g to oneof xe CxCxe3 is

0multipleof e So8h is simple Ontheotherhand if charF 2
then hx o xe31 hence Fhe31 is an ideal

The following exercise connects thenotionsofsimplicityforgroups
algebras
Exercise If HCC is a normalalgebraicsubgroupthenLie the

Lie G is an ideal hint Lie H is AdG stablehenceadlog
stable
Fromhere one can deduce that for irreducible C if g is

simplethenG is simple If char F 0 thentheconverse is true as
well but thismay fail inpositivecharacteristic

Thealgebraicgroup SL andits lie algebra86 are the simplest

simple algebraicgroupandLie algebra e.gofsmallestpossible
dimension We will study

1 The representationtheoryof86 whenchar fso
2 The representationtheory of81 forchar572

61



3 Therepresentation theory of SL forchar F 2 the case of
char F 2 is essentially thesame as otherpositivecharacteristics

These cases already illustrate theessentialfeaturesofthe
representation theory of semisimplealgebraicgroupsandtheirLie
algebras but have none of the complexity ofthegeneralcase 3
are also used to understand thegeneral case

3 2 Somerelations in U312
For now weplace no restrictions on F Wehave
4131 1h he 2e hf 27 e f34

freealgebrawgenerators ehf

Lemma In USE we have thefollowing identities

Ph e e P ha P F x i

Ph f f P h z PEF x iil

emf 9Y j f h min tzj i em's iii

Sketch ofproof i enough to assume Ph h Then he heechal
h e h 2 e 4 2 ii is similar

Toprove iii we move epast f ef ef f fef hf fhf
f h f e c f h 2 n 1 h 2 n27 th f ref h n t

f e which is iii form t Thegeneralcase isbyinductiononm using

fil
some combinatorics thedetails are left as exercise



We'llneedtwospecialcases of iii m t intheproof 2min
ef nf h n r the iii

enfhgetmflh.it ggomeaeU8E iii

termswjan
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