Lec 5 alaebreic groups £ Lie a%@éms v/ Reps of SIS, T

1) thiversad eﬂv%o/g/né», algebres, cont-d

2) /eepresenfwt/ons of ﬂ,{?d/’wb graups v Lie a,%p/éms

3) /@z/oreswfw‘flons a/ 09{ In Mammfer/sfl’c 0

/) %7/' f/elfsaf eMw/o/J//IS, zzfgeygms, com"o/
Zf/‘f 9 {c a Lie ﬂjj&ém avey lF_ In Sec 7 07[ Lec g we o/ey‘gnea/

U universel enveloping. olaebre Z/{y)-‘ o KQJ_JZ?;JJ/&J@

There's a nataval Lie a,%%m ﬁomomo?oérsm g-*’Z/[cg) & we
hove ‘Ié[& /Qﬁowinoa universef /VD/%WLG% (Q,ZSO Sec Z 0/ Lec Z)

Lemma: Lt A be an associative K/MVLX?I i > Abe 2 Lie
%{/5/@ /omomdlffl_fm. Tlen here s a wz/'fux_ associative %Mm Aomo -
mwpn/mn (;5 [Uy)—> A ek e MWM;, Aéhj/’m commutative:
J @
[
7/[37) - é--2 A
Note that one Hzss of @ (s K'f/efwfaﬂf/ons g— ﬂéy V) = End(V)
So a ﬂ*/e/)resmfazf(on (s {/e Seme f%/n} aS e ﬁ(f])—mw/w&

[C?Z f’gﬁs 0/ 75;«1179& jmu/” Vs j}/oa/o afgbgl/a MOMCQ K Q Aomomoy,
/ﬂﬁzsm of //e/)resw‘éajérons is Yo sarme félna», as @ Ulo)-binear map.

s /QQIMWK-' /%Ve's Mo’der Zmpo//fanf cose 0/ {4 KeMMq-
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M F é'e a,ZjugVajw.% CZOSP_OZ, ( [{e on Q///nc m%&émjc ji’aulo/ ﬂ:
& oy= Lie (C) Recald, Cloim (2) in Sec 0 of Loc 4, that we have
Lre Mg%m (nclusion ﬂc_'D(C). /% Lemme above [ extends to

on L’/%&@Va AOW?DMD};DAIVV) Z/[j) -"79[ G ) 7]): Aomamo//%um s /m/ﬂof—
tont & well retum 4o it loter.

11) PBW heoven

A cruciald resuld thet well meeod abouit Ule) is a /esw)pfzon of
s basis. Assume for J;}u/&mé[ Hat a/;mj<oo. L K,.x, be « Basis
Ly T We con view @y Hon-commutative /wzgno/m,( b X, X as an

himent of é/@) The ;?aﬂow[né result is tnown as e Bincase-
Birchoft- Wikt (PBW) Lheorem.

Fact - 77{, dl‘o/ﬂl’w/ monomids J(,d X,,a&' 75//14 2 Basis in Z//g)

herth prove this loter v Le a,fjdms o we aafu% care pbout.

EXM/)&: it g is whelyan, Hen Ulop)- [’;—(ig )@x) = S(7), e fymmﬂfm

A{?f/fm of g The PBW +heorem amounts 4 the lassicad cloim
Hot 5[3() is A po@ﬂom/d Mg@gm Flx,..x,3.

.Z) /@f}’esw'fﬂ:t/ons 0/ ﬂ,{i&é/’au‘c 5chps Vs Z/c a,%e/gms
To a reftionef /eﬁresenéa;t/on P:C— (/) of an a./ge/ém/c

:ﬂgmp [ we RSS)S)?C(;{ a /e/mswfa;émn §a=7;6 : \a]——agf[l/) of gszle(c)_



One can ask Aow f/ are co/mcmfea/, e.j_ /}[0/76 Cen recover ¢76’0M

C{J Qv tell i/ P /s ///ca/uofé&. /%f’e s Q {&Sic vesult m ‘f//f a///eo'f/on

Lemme.: 1) ﬁé%m,}_(l//V) is (-Cnear = 0 is a- Uineer.
2) Ve is ¢ stable = V'is g-nza/g/c.
ﬁ’oa/—'

1) Lt P:C— (L) ¥ C— (L) be e Co/}’eSpom//Vée homomor-
pﬁmns_ We con consder Maps gk?@oqafj), 9”[5)"6’-‘ (= Hom (4, 1)
7L Comszlon 1%2/75 g i [ig/nea/ mees s —L‘/a;f 'df? Co/nor/c. ﬂeiy
fan(j@nf Maps ase 5’°§V &5009196#0;14'}-[@” (/e 8 is o tmeor mep
/mé/aeﬁ/enz‘ of g). Se O is g Cinear

2) Led P- [ge CK[UJ/gI/@V’}.If'S an ﬂz%//@m/c subgroup (for
a basis Y, el st V= Span (s, 15,) = P=[{;:)}) w. Lre
0/{30@}’&, ﬁ:{xeﬂf(l/)/xl/’d/’f Tl cloim thot " V' i (- stable
s Z:iufvdemf to P ﬁafarmf as [, = P CL). Hene & Jactors
as g—efﬁcagf[l/) & V' is g—n‘aﬁe. 0

In /awé/wﬁz/, s Y V are not /mmor/o//c 4s g —re/yrefenfa;fmm,
Z‘[M z‘@ wre not /somwﬂ/‘c as (- /ep/escm‘af,lom, And /'/ V is ///to/u-
cible gver g, ton jts jrreducitle over C

ﬁ{esf/on c Mre <=in1)82) tue?
Answey 1 0ot in 53&1@%/ Cif O s fmte (s styprd exempte of

an Mj&@mjc 57044,9), f/w q-= {05 L« fuls
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lo femw%, this assume ( is ieduible g5 2 [/RI/f/fal_ (& FLG] is
o domain). Eas(y, examples milude (L, [ﬂ:[fln:I:/F[)QJ?[M"J)K S,
(FLSt1=[F[o6 ¢ L1/ (ad-be-1) : ad-bc~1 is an imvesucibte poﬁm-
mied — ). More advanced exemples mdade S, S0, $p, —but
0 is Veducible | it hes *two componeuts w. olet =1 £ det=~1.

fnswer 1: <= /hag Hit if chor F “p even for wreducitle [ /Vame%,_
consider  Fr: (L, — G, (2.3-)1—7 [@-j) (thatt we yeew as a /4”70765&7'5&-
tion). e claim Hat T, Fr=0. Tndeed [T Fr(Il) = 5 (Fr*x=x))
= pX; (e)P—)ﬂx,-J-) =0, Sinee T, Fr=0 & [mlsem/g{a) faibs.
More eneralé‘ for a represeutodtion P = (L) we consider
J (1) o
e Frobenws 4wist P =Fre® Tha TP=0 /501, Hoin rute)

Apswer 3: If chor F=0 8 C s mreducitle as a t/anmf&l,f’cn &
in 1) & 2) folds.

We Ul elaborate on W% f/i: Is f[l. case leter in t course.

To summorne,if cher F-o0 2L /epre,cenfa;f/ons of (f 9 ave very.
0503@52, reloted If chor FF, thorers still 2 comection, but s less
Lmmediete £ AOZ/; 747;/ less basic veasons.

3) /@/}ﬂ:sw’éﬂf{ons 0/ 0‘9{ I Mwadéeﬂsf{c 0
We /m/ﬂcefo/ “ fZL Zm/ mﬁ'ok /Wn‘ 0/ f/e Course.: z(n/c Sfa/aq a/

___i’a/f/onal representadions of e ﬂlj&g}’w’c greup SL, (F) & fmite
4|



oémeMS/onal /zprcs&nfazf/om a/ 1‘4 Lre a/{j&gﬂl £{ (F ) Heve F &
an a,%&g/w'c% closed felol. Before 5\'71,‘7,‘/»705 to dedails, we 2 /mz‘
‘f%b rfwl?, (i Some con‘fexf.

3.1) S/mp{a Aliﬁ@é/ajc gloups 8 Lie L{je/g/as

A 4 /mrz‘ of e je/zera/ /'aéo/oj , we care about Zhe
strudture andl representadtion Lheor, af impts” 4/{7%/@54 rops
£ their redotives [ Semisple” & reductive’) groups

Detmtion 1: An dj&érﬂc 94 A simote it
N L is meduible a5 2 Va/imf‘a,
2) ¥ normod dgeé;’e«ic Sufjrou/o of G is Snite (most /m/oorz‘mz‘ com/if/on).
3) [ is pot abelion (modilo 1) 8.2), Hhis excludes exactly C,8¢,).

for zﬂ’&’/ﬂ/é) \SZ,,) na2, 50,, ,N=3 or /125 ‘5/70& L N27, are S/n;aé
(S is :lse/f/zk/;v/é * bt A simple). ﬁasicq,%, HHere are Just
Five more (xw;}o:,”es) £e fxcyﬂf/om/ s G h Ee B, L We mas,
discuss more an Thet much Coter

We now /pmceeo/ % fﬁ S/MIU&‘u'fJ o/ Le Ajjbg/’m'

Definrtion 7: Lek g be o Lie algebra.
) 8; an idead m o We meen & Suéychc 5Cg s.t. Keg)(ye)f@[)gj]ej
As usuel, Hhese are exactly e /aoméé cernels of Lie &%&5& homo-
Mor/aélsms.
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2) q is simple. if its onty ideeds are 107 & g & 9 is N 1-dom. albelian

Euanpter G g+ SL. B s s e=(34) e (12 £ (2
w. commitation W/Zei/om

(1) [hel=ze, Ch11=-2f Lef1-h

These relotions ém,ofd, thot if cher F #2 Hen any Aonieso idect
jcg contains beth e Lf hena /t’.j ¥ x#0 one of X, [xed [x bseD) i
#O—MW%/}B& 07/ e ) So Sé s simple. On the other hond i/ chor F-z
Hon [hx1=0 # xeSL, hene [FAcgfl ir an ideal.

Tze /o”@wirlg, exercse  comects ‘é/e. notions o/ S//u/oﬁmfal 7?04’ j}’o%
A Mg&gms
D If Hel is a nomd a/é;%mjc Suég}’au/o/l%w Lie(H) <
Lie(C) is an ideed (hmt: Lie(H) is A(C)-stable henc 4/[377‘
stable).
E’om 42/{ one Can o/eﬂ/uu f/cuf 7‘%1/ /I//eolua'éfa f, //37 )
Szmpfe,f[w (’ /s S/mp&. I/ cﬁw F =0 ‘f[y 'LLL; converse is tyue Qs
well (bt s Moy f2il in /aom"/ye harectenstic).

e a{j@émi c grogp Sé and 1Y Lie @ép{i@ G we Y S/m/o(ésf
y/W ﬂ/j,a/{/u‘c jmu/o Mn/ //c A/jﬁﬁ’/a, /eg o/ S/m/é/csll /0055/‘/ 4
a///ueﬂjfwl). We wmel 57.‘&0?

1) The. tpresentton f/eo?} A S hon chos Fo0

X ) 71 /’?}’&S&Téﬁflon ‘L%EOI’J, 0/ &7_{ 74;' Mor [F>2.
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3) T'{L Wf}’aenfd/on f4607 a/ 54 ;4// D/a/ F#2 /{L case of
Ao F=2 s effaﬂ‘/ejﬁ o same as other /pomzlw_ chovatenstics).

These cases Mea? (Wustrate Yl esseaitial ,4«;&10/:5' o/ e
i’ea/esemfmf/ah 'zf/eo;’l a/ (Sems) 57)14/04 wg&ﬂm’c j}w/mj and Heir Lie
aécgms [fet have none of e co/»féxz"f.;»L of e JW%Z (dfe)) 783
we also used Yo wnolpstand e dzene/a[ case.

3.2) Some relations i é/és’é)
For now we /of@a o restrictions on [F. b hove
Ulst) = F<eht s/ (lel=1e, }11=-2f (eF1-4)
free algebra. w. generetors eht

Lewmma: In Z//S’f; ) We have e /a%hwj, entitoes:
Ph)e =e Plhn), # PsFix] ()
P(A)/=//)/A~Z), ¥ Péf(x;]’ (i)
e/ =J$[’w (jn)(f')ﬂ /”L//j] (/—(mm) +€/'~2))emj (i)
Sze‘fd, 07[ ﬁ)@o{: (i ): enouJA 4o assume POL) =" Tln /'E=[Ac=e[A+z)]
:An-'e[4+l)=.-.=€(é+2)? (l'f) 5 s lor
7; ﬁrm/e ((it’) e move € /mzsf f—' 6/)"= [Cl/’}fn-,* 75’427[)'”= A/”;’- 7%‘””:
+ A fe=fio1 £70h —z(n—1)+A-Z(n—z)f_.+4)+/é’= nf " (h-0r-1)
+fe whib s (1) for m=1. Tl generq/f case s %t luction on m using.
(i) & some combietovcs, tle details are bt as . O
e7



Wetll noedd two Specjaj cases 0/ (ii):m=1 (1n fL. /}’oo/)Zm:n:

el”- nl""(}- (n-1)) +f e (iii*)
6”7/"=7£r25+ 7! Q (h-1) for some ae uest) (iii”)
Lerus w. j<n e



