Lec 6 /@ips 07/ SZZXS[Z,I
0) Dntroduction
7) ﬂfassi/}lad:on o/ /mo[ua‘éfﬂs
2) fom/fel‘e Ve aluc{éi&%}

0) Dntrodustion

Let [ be an algebpnically closed feld, chor F=0. Qur goul s
describe te fnite dmensione represeatations of g:‘s’é, We'tl ser thet:

<ty wrdudbles ore m é{jfﬁf(on w. Ao ¥ nel, 3! (up ©o 150)
g]—/)'/e/o L) w. dm L(n)=n+1.

’ a,f@ /)Jmfc A//mc:vrzorld l’zp}’esemfaf/om are compé;fe%, /ea/uc{éfe &
/Somo}’/oé;c Zo givect sums of ireducible.

T aid as with Hese fasis we obtained (Sec 32 of Lec 5) £he

Mowéné Formuhos m Z/(g? (wheve e=[g: ), b= [01-0,7, 7&(105)63])1

Ph)e =e Plhn), # PesFix] (c)
PRE=£ Plh-2), # P& F(x] (id
ef”- n/""/A—[n4—4)) +fe (i)
e'l”= ae + ﬂ.li/'j(é-i) for some a€ USL) (iii”)

7) ”assi//cdzon a/ /l’/ﬁdéua'éfﬂs
1.1) A/a'jﬁf /eCOm/Oosff/on
Let [ be on ﬂlg@émicaﬂat chosed Kb, Va Fin. dom. [F-vector
Space A Aégno/ﬂ_.[l/l Thon 4 elF we mrign e 5enem£«"aco/ A-

j&'gwslyaa Vi (4) = {vell 3 nro (A-ATd)"w=05. H-s tnown (e-g.
,/



from He INF theorem) thet V=@ YA (K (A)# {05 A ir an
€~Va(ue).

Now let |/ be 2 Inite dmeusionald /’f/re:mfwon of 9

Delintion: The /Th/&f//f pace wm Vi [/)\:[/)‘(/l)
h/e Sag: 2 /5 A h/&(jé«pz af/ V/ i/ %%/of

A/O/'L!e ‘é/l?/’f l/:@ K
AEF

Lemma: eV}C V?H-z; /KCVA—.Z'

/D//oa/-' 41‘ Vég. /{/u/ '(o//ol/e 5 myo s.t. /A'-{)U-Z))Mfz/r [{c)
tr Sec 0 = e()-N)"v-0 for m»o =el<if ; /V‘Z_z Follows
from (ic) f/cye_ 0

72) /Z//j/esf Wﬂ({f/ﬁ
ntil Z‘ZL end a/ £ féyfwg/ assume eHar JE=0

@tﬁgﬂlfloﬂ - A wai54£ A of V is called a 454555 wa('jéf if d+ae
is not a W&iglvf 07[ V A k20

Nite that #his notton (s meaﬁinéfess if Hor F=/9 [}l+,1}o=ﬂ)
Since Mlh (/<°°, ‘KXL set of W@(/]/zzy ﬂ/ Vs ;ﬁf/'c/c) so 4 /{74&:{
h/ajﬁ (if V#3)
2]



/Ol”olaosﬂf/on 1: éyzz ] be 2 /j/cﬂz h/aj/zz a/ VX 1/6% 77:04

(1) ev=0,

[z) 16’ 7/20 1§ AI/—-JV //.c ﬁl/'s an t‘f/jﬁ/)f/ace 74r /)

/Q’DDJE-' 1%1 Lemme. (n Sec f7) eveV,\”: {07 41 oy /y/e.rf. 7Zu
proves (1) 72;/0;@1/5 (2) observe Yat Huwers 120 st 1-21 4
not & h/ﬂfjﬁvf of V-l the set of h/&yh{r /s Anrte. So f”l/f [/ﬂ—;u;
< {0F. Lonsier the vetor ef'v-0. gdt{_ (") m Sec 0, Y
//s efm,gs agv—;—ﬂ/[fj“—i))lfsa Sinee €l/=0/ h/ef\%l

1) (B-nt1)v=0. Since ve K (h-1) is an invertifte apera tor on
Vy untess (=X So A=i<foq..n13 & (h-1) acks /&1 0 onlhs2) O

7.3) Verme modules.

T turns put fn/azf if v is, m adAi Zlon, ivedud 5{{:, tlon # fas
uh/'7w_ //j/esf wé/ w;/ 5eno//n5 an ///f/) w /izs /zoe/estz Waj/nf j/l/cs
2 Ayeo‘é/am betwem fm. dim. a-inreps § 1, mentione in Sec )

In order % prove Hese cLoims we nerd 4 séualy "l Uloy) -

mo[w(e w. ore jmcmzfor) Uy, g velletions euv, =0, Av; =Xv”k ()\Elf).
Heve's 2 move formal

Detinrton: Let delf. 1% He Verme modaks A(X)  we mean
tle qustiont (\) = Ulq)/L;, where T:= Sponyyq, (e h-))

zD/"o/Msif/o/r 2: /) Mngrjal //?0@?.' + Z/[g)’ﬂfioa/aje V
3]
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%MZ([ )(A(} V) —=>lvel| ev=0, 4v=1v<ﬁ>llw“=05 ¢t (F(HIA)'
2) Bczsu (7[ 7+_Z;€ 400, Z/[w T//c vecHors /;A/ ZZOI orm
a basis o A(L).
3) Submodiles: 4()) is 11/}’64/ if 1¢ 7, and Jey 4 amue
proper submodite , K(1):=Span( /" 4| c2)r1) else

Foof: 1) ~ e /'Jomoyﬂ//'sm /s gwen (gf/ ﬁa H?[VA), details ore left
2s

2) /% He PBW 'fﬂ/eorm, e element's /7{5”1 kLm0, fovm a basis
n Z//j7 We cloim that Yl cloments /// 1) mobio Sovm @ bass
This is because L binomad formula for A‘ (h-1~ )) gives a.
M_m?gg c’xpamzon -f%r 7f 4(13 n ferm; o/ 7p (A 1)68'" a/f/fq,/fs are
on

Wite 7,%&5 L= Spoag (f G-0'e™ LU e (h-d) =
Spon, (£ (h-3e™ | m*>0 o [ 01570])#%”1‘_[ f”t/ form
2 basis in A(L). | |

3) We howe [A»[l-m))f' [(ct?m SQLO:( f,[A 1)1/ =0.
We thum ot MJ submocude /V§ AN) iy Hhe span of Some f”v
(if v- Zae l/ EN w. 2, #0 X/pwrwzse distinct ¢
= (h- Vial, Y= ZZ(/ ~()ay, 15y €N, Hn we indudt on §)

Moo i} LN, toa 7 W o 1 Span (£ 119) Sor s0me
£20. if /1/#[0} IE W#20)), Hon k70 & 67‘01/ =0, 3&, Lec’) n
Sec 0, zf/V /fl/r/(/ M- () V~ 0+ k(- [KI))/

Wote hat e/ y N, whts k() (z N keN<>1= /c/_ﬁ past-
[



wler, for A# k-1, Hheve is ho praper submoduly, whte For =t-1,
K (J)=S/aw [f‘l& [in A1) é5 he unigue /U)’a/ek submodule. 3) Is /nfal/ao(
O

14) Modules L()).
’C‘;’ AEZ% SUf Z[/U‘—'A(A]/k(ﬂ, /Va?ff ‘f/z&f a/;m f(»{}=0°,
dm () =)+1,  Sek €A3=l//\+/~/(k)élf)).

Thw: 1) L) KQ) ave mreduciéle ¥ Ao0.
2) Universal /oyopen‘g: W Finite dwensioned Z/[g)—Moa/u,/e /4
Homygy (LN, V) —=>dve V] evag hv= 1S, prog(6)
3) AL00) s a é(z)‘cairon between 7, & He set of isom cAasses
of finite dmensioned inreoluci 6te Lgl; Keps.

Roof:
1): follows from 3) of /Dro/oaﬂ'flon 2 ( ).
2): We tl use ’fla /ﬂow[nxf jeﬁ@’az //of)a’?fg of [rieps
(x) ¥ nonzers 4omomo¢/um From [Vaf. to) rep s /?/'em‘/ve (xes/n_
SU{/fﬁfH/e )
Sinee thm K(h)== 1)= JV‘g-f/neaV kQ) =V is 0 i dim [/ <eo
So Homy, o (LCN), V)= L= 200 =V | ¢ (KO =03 Homgyy (5O, V)
{ we ove” done {} 1) of Fopasrtion Z
3) InJ'cCé/mij: A#EN = dm 00 # dm L017) = L00) £L0))

Surjectivity: Gt V be Irvep e, fe a Jiohest weicht £ vel/,
= 7 J 0 J J



vEo. By Froposition 1, ev=0§ hv = hv. é 2) of Tim 3! Jomon.
Cf L) =V w 50(4) v s Honxevo, 5p fjomorpﬁ;sm {y (x) a

2) [om/afefe veolucibi it

Thw: Led V be a ﬁmg dimensiona ! cé’é- /ep. Then V=B a//V/e/S.
Foof:

Step 1, Lasimr lemed - Sek (= /e+a/+f47=2/e+fﬁﬁeﬂ@).
Then ( )
(%) C commytes w, 6',47/

St 2, C adts on 800, hence on L)) & b, scalar [‘i
A\) = San(lv) 6, 2) of Bop 2.8 CF'y=[CF-fc]- f’Cw
[ey =0, Av =y 1= [1/\7+J\)fl/

S‘fep 3 [a/ecom/oonflon). (xx) = f//(eﬂ'— # éenel’q/&'ﬂo/ e-space
K (C) ie et stable lie. subtep). The 4o V= DY (C), we con reduce
+ V= %(C) for Some. M.

S‘éﬁ/) 9: Led ) be s /;545{ weﬁ/{% of /= %[C? {ve K\/05~
noneero hence /iZ/'ed/w: L)V = C adds on L(h) w e-velue p=
[S’?f%]]/f:‘f,l#}, Mote thot €7uat(on mx, p= L)% fas tnlgue
solution 20 = | is aﬂ/?ub%, determmed ¢, by .

51‘{/5 let U, zrél/ be basis; 2)07[ Thm 7% L)V,
70(/7 U; @ U=2(0 VCf{u Uy )= Z?,(a,)[/./tQS/,aw(f,JM
samorphism.

Step 6 Miote Hhat L0) = Spen(f' G i=0..3) = L)), FE =
M)\ has basts fg/,.- (A,z & ?0(4';3%0 ~besis in l{ = 30: MA:L)VA-

¢



5fe/9 £ (70 /s //lf/ZUf/Ve) K: = ke g, ffZ/,\—"’-rV/L ﬁK/\-‘ C/Aﬂ/(ffoi
C acts on K % %Al‘f}\_ gy S‘fq; g Vi £ Oﬂg /ODSS/'{& 454(311
k/e«jé‘é & sme K={of = K={o}
Step 8 (¢ is 5o{(r/'€o‘!flvc) tet = Cokfrcﬁ[= V/c'm?)_ /% Step 6,
KCime = @I/ﬂ —> N = ] is not e-value of h m N@A{;{’o}.
AEs
Thea we a}(/jw, as m Step ¥ B Show N={0} 75»/5/;‘;1} Ho /)}’ao/. O



