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e Introduction

Let Fbe an algebraicallyclosedfield charF O Ourgoalisto
describe thefinitedimensional representationsof9 31 We'llseethat
the irreducibles are inbijection w The ne 7 upto ise

g irrep n w him n ntt

all finitedimensional representations are completelyreducible
isomorphic to directsums of irreducible
Toaid us with thesetasks we obtained Sec3.2 ofLec5 the

followingformulas in Uog where e h 89,1 f 88 e g
Ph e e P ha P F x i

Ph f f P h z PEF x iil

ef nf h n r the iii

enf aet n 11th it forsome aeU 8121 iii

1 Classification of irreducibles
1 1 Weightdecomposition

Let F be an algebraically closedfield Va findim F vector
space AeEnd V1 Then to DEF we assignthegeneralized 7

gigenspace Vx
A veV1 no A XI2 r o It's known e.g



fromthe JNF theorem that V WAI V A 103 X is an
e value
Now let Vbe a finitedimensional representation ofof

Definition The 7weightspace in V is Vx Vxh
We
say I is aweight of V if V o

Notethat V
g
Vx

Lemma eVxcVyz FY V2

Proof Let VEV Needtoprove myo s t h 1 2 mev i

in Sec 0 ethamuse for more evckifvcv.is follows
from ii there

12 Highestweight

Untiltheendof the lecture assume char F a

Definition A weight X of V iscalled a highestweight if X 2k
is not a weight of V Kao

Note that this notion is meaningless if charF p X2pA
Since him V0 the set of weightsofVisfinite so highest

geight if
V 103



Proposition 1 Let Xbe a highestweight of V veKThen
1 eve

2 Xe hr Xv i.e Y is an ergenspaceforh

Proof By Lemma in Sec1.1 every 03 bc X ishighestThis

proves 1 Toprove 2 observe that there's no s t 7 2n is
not a weightof V 6k theset ofweights isfinite So f ve V2 an
03 Consider the vector enfive By iii in Sece the

ehis equals aerth 111 h i v o Since evo weget
hh i h nti use Since very h i is an invertibleoperator on
V unless i X So 7 ie 0,1 n 13 h i actsby 0 on Vp 2

13 Vermamodules

It turnsout that if V is inaddition irreducible then ithas
unique highestwt andsending an irrep to its highestweightgives
a bijection between findim g loveps 7 mentionedin Seco
In order toprovetheseclaims we needto studythe Uloy

module w one generatorUx relations er 0 hopto Def
Here's a more formal

Definition Let TEF By the Vermamodule Δ X we mean

thequotient Δ X Uloy I where I Spanagileh X

Proposition2 1 Universalproperty Uloy module V
I



Homu
g
Δ X V rev eve hv.tv Ip o yay 1 1

2 Basis if vi 1 1 E Δ X thenthe vectors fix iso form
a basis in ΔX
3 Submodules Δ X is ivred if X 7 andhas a unique

proper submodule KX Span five is7 1 else

Proof 1 the isomorphism isgivenby y a yeux details are left
as exercise

2 By thePBWtheorem theelements fheemR l mae form a basis
inUloy Weclaim that theelements f h7 emalsoform a basis
This is because the binomialformula for he h 7 7 gives a

Ique expansion for f hem in termsof f h 1 em details are
an exercise

Note that I Span f h x em f h.tlemhx
Span f thXPem l m o or m so e'so f I ft form
a basis in Δ X

3 Wehave h X zi f vx ii in Seco f h7 upo
Weclaim that anysubmoduleNG OX isthespan of somefive
if vEtaeifeiyxenw.ae.to pairwisedistinct e
h 7 21 v E 2 j i aeifliveN then we induct on j
Also if fiveN then f ve N So N Span fir is k for some

Kso if N 03 If N 0117 then kro efk 0 By iii in
Sec 0 ef v feupkf h k r y at K X k n f't
Notethat ef ve N while k X Ckinf veN X k 1 In parti



cular for 7 K 1 there is noproper submodulewhilefor 7 k 1
KH Span fir is7 1 is theuniquepropersubmodule 3 isproved

14 Modules X
For Xe 7 set X Δ X KX NotethatdimkN 0

dim X XP Set ex v KX E X

Thm 1 LX KX are irreducible 770
2 Universalproperty filmensional Uly module

Homolog L X V rev eve hv.lv yay ex
3 X L X is a bijectionbetweenThe thesetof isomclasses

of finitedimensional irreducible81 reps

Proof

1 followsfrom 3 of Proposition2 exercise

2 We'll use thefollowinggeneralproperty ofirreps
11 nontero homomorphism from resp to irrep isinjective resp

surjective
SincedimKX 1 g linear KAI V is 0 if dimko

So Homalog CX V y 0117 V1q KX o Homacy old V

we are done by 1 of Proposition 2
3 Injectivity X X dim X him X X X

Surjectivity let Vbeirrep Xe7 be a highestweight very
51



Uto By Proposition 1 ev o hv Xv By 2 of Thm hemom

q L X V w gex v It's nonzero so isomorphismby

2 Complete reducibility
Thm Let Vbe a finitedimensional repThen V ofirreps
Proof

Step1 Casimirelement Set fetefEh 2fe hihelllog
Then importantexercise

C commutes w eh f
Step2 Cacts on ΔX henceon LAI by scalar 747

ΔX Span fix by 2 of Prop 2 Cfiv Cf fc fiCup
eye hvx.tv 1 1 fix
Step 3 decomposition I MeF thegeneralizede space

V C is eh f stable i.e subrep Thxto V K C we canreduce

to V Vm C forsomeM
Step4 Let X be a highestweightof V V C weV03

nonterohenceinjective X V C acts on X w e valuem
Step27p 1 7 Note that equation inX M X Xhas unique
solution 70 X is uniquelydeterminedbyM
Step5 Let 0 KEV be basis 2 ofThm n g X V

gill u n g U L X V glue uk filailWe'llshowy is an
isomorphism

Step6 Notethat X Span filx i e X X Fl

µ
hasbasis x exa y exil tri basis in V q U Vx



Step 7 q is injective K kery q U V ky U.pk to
actson K by X X By Step4 X is the onlypossible highest

weight since Ky 03 K 103

Step8 q issurjective let N cokery Vimy ByStep6

Vacing Va N 7 is not e valueofh in N N to
Then we argue as in step7 to show N 103finishingtheproof


