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e Overview

1ft
to bealgebraically closedfield
ve completely describedthefinitedimensional
representationsof81 F when charF o the structure is relatively

easy the irreducibles are in bijection w The via takingthehighest
weight and a generalfinite dimensional representation is completely
reducible

When char F p 2 thesituation is muchmore involved the
representationsmay fail tobecompletelyreducible there are uncoun

tablymanyof them One can askwhyweshouldcare aboutmedp
representations Here are somewhatsubjective personalanswers

a Therepresentations ofsimplealgebraicgroups their liealgebrasin characteristicp are related in variousways to representations
of affineKecMoodyalgebras incharo a class ofinfinitedimensionalie algebras importantfor MathPhysics Langlandsprogram
6 In the case ofLiealgebras therepresentationtheoryhas

Ichand fruitful
connections to certaingeometricobjects Sprin



ger resolutions Springerfibers etc Thesamegeometric objects
appear in manyother areas of Representationtheory in char e
thestudyofrepresentations of finitegroupsofLietype example
ofsuch Gln Fg p adicgroups Gln F t category 0
We'llstudy the 1st the3rd to someextent although w o
connections to Geometry

Besidesthese two connections there'salso
c Applications to study congruences of Fouriercoefficientsof

modularforms

Ourmaingoal in this thenext lecture is to classifythe
finitedimensionalirreducible representationsof8C F1

1 Morecentral elements
1 e Center centralcharacter

Definition Let A be an associative FalgebraThecenter ZA
is zeA az za aeA it's an F subalgebraofA

Thereason we care about thecenters in Representationtheory
is thefollowing consequenceof theSchur lemma

Claimdefinition Let Vbe a finite dimensional irreducibleAme

fule
Then ZEZA acts on Vby a scalar to bedenotedbyXp z



ThemapXu ZA F is an algebrahomomorphismcalled the
central character ofV

It's convenient useful topartition finitedimensionalloved
A modules according to their central characters

Example In Section 2ofLec6 wehaveconstructedtheCasimirelement C ef fet h U31 satisfying aC Cafor a eh f
Since eh fgenerate Uloy weget E ZUloy In fact as we'll
seemuch later Z U g F C if charFso We'veseenthat
C acts on the irrep X He 7,1 by 747 which completely
determines X

Onefeature andnot a bug of charp setting isthat ZUlog
becomesmuch larger

1 1 Construction

Let Gbe analgebraicgroup over F thatadmits an embeddingto
some GLV but as discussedin Sec2 ofLec2 this is automatic
Let g Lie G Theorem in Sec2 ofLec2showsthat eg cog u
PegThe resultingmapof g to bedenotedby x x'm is

independent of the choice of an embedding GL V
Ontheotherhand we consider x as an elementofUlg

XP Ulg Thefollowing is themain result ofthissection



Theorem eg XP P EZUloy

Example Let G512 Consider its tautologicalembeddinginto
CL Then e 8 o Similarly f P a h P h One cancheck

directly exercise that e hph.frcommute w xey hence arecentralin U sh

IntheproofofThm we'll need a lemme Let Abe an associative
algebre over F For xeA we writead fortheelementofEndeA

given by y toxyyx

Lemma ad P adxp
Proof Let ex.EEEndg A begivenby exly xy.r.ly yx In

particular Er Kl fromassociativity ad Cpr Then
lad IP ex r P ly binomialformulaapplies E
É expiry r P f P exp sameforre exp rep adp

ProofofThm Theelementsyeggenerate Ulay so it'senough
to show XP commutes w y

xgeog XPy yx y If
GCA as a Lie subalgebra in an associativealgebra A thenfor
x yes adxply ad lyl in A Butther.h.s.is thecommutator
in g so doesn't dependon A For A Uog weget y yxpad y
for A End V weget adxeny ad y xPy yxP y

A



2 BabyVermemodules

Let Vbe a finitedimensional irreducibleg module sothatwe
can assign its central characterXv Z Uog F Bythe

pcharacterofV we mean thetriple te th Xp EF wherefor
eh f wehaveXx XuxpXP forthetimebeing inthenextlecturewe'll describethep charactermore conceptually In this

sectionwe will classify V withthefollowingp characters
90,0

00,1
a a e ate

The reason for these is that thegeneralcase reduces to oneof
these cases we'll explainhow in the next lecture
And to do the classification forthesep characters weneed

a familyof representations known as baby Vermamodules

2 1 Construction basicproperties

ForXEF one defines the Vermamodule Δ X Uloy ulogh.t.es
Thefollowingproperties heldjust as in characteristic0 Sec1.3 in
Lec 6

I Universalproperty Ulog module V

Homu
g
ΔX V revler o hv.lu yay vx ux.ptIx

I Basis fivx ie 7 w hfivx X 2 vx.efivx ict ithfi.ly

Andhere are newfeaturesofcharacteristicp



i Since ePv o hPh v XPXlv theelements ePhehare
central ePacts by 0 and hehactsby XPX on theentireme
dule Δ X Span fire

ii Δ X is a free module over thesubalgebra F f cZUlog w

basisfiv as isp r

Note that EF fPz Δ X CΔX is a g subrep thequotient
X Δ X If 2 Δ X has dimensionp Thisquotient iscalled

the baby Vermamodule Thefollowingresult is an analogofPrep
2 fromLec 6 forbaby Vermasmodules

Proposition 0 Let vi betheimageoffive in X for ie p o
These elementsform a basis in X

evi i t_it vit
hui X silvi
fui I II

1 Universalproperty let Vbe a module over Uloy s.t.fr
so Then

Homolog X V7 vEV ev 0 hv.tv ya g ye

2 Keve If Xe 0 p 2 then Kerg x e SpangV9v
otherwise Kerge e Fv



3 Submedules X is irreducible if z to or X 0 p 2 for
o and Xe 0 p 2 X has uniquepropersubmodule

KID Span Vilist
Sketch ofproof a 11,2 are exercises hints a followsfrom

I 1 from II 2 from o Toprove 3 notethat
Theweightspaces ofh are 1him l so as intheproofof 3 of

Proposition 2 in Lec 6 any h stablesubspaceof X is spannedby
some 2

If 0 thenSpan f e j o p i E X whichsettlesthis
case If t o then Span f Ii Span

If X e p23 Span ets Span 11 19 This previous

part X is irreducible The caseof Xe e p 2 ishandledjust
likefor Vermamodules in char0 sec 1.3of Lec6

22 Classification ofirreps
Weneedthefollowing lemma

Lemma Let Vbe a finitedimensional Ulog moduleset e actsby
a hPh by a e F Then vev evso hu Xuwhere 7 7 a
Proof

Since ePo theonly e valueof e in V is 0 henceKerret t e
Since eh he 2e Kerr e is h stable so e vectorvekery e
The evalue X mustsatisfy XPD a

Thefollowing is ourmain classification result



Thm 1 g irreducibleswithp character eee are in bijection w
10,1 p 13 via X to X X K X whereKp 1 03

2 Every g irreducible w p character 0,01 is oftheform X
w Xe0,1 p 13 and X X 7 7 s 2 inFp so that
there are ptl 2 pairwise non isomorphic inveps
3 g irreducibleswithp character e.ae foraeFK03 are in

bijection w XEF IXP7 a via X to X
Proof

1 Let Vbe a g irrepkilledby e hPh f ByLemme velle
w ev o hu.tv for 7 satisfyingXP7 0 XeFpBy 1 ofProp
we have a nonzero hence surjectivehomomorphism X VThe

onlypossibility forthekernel is K X V1 LIX Themodules A
are pairwisenon isomorphic bc him X to therewe view Xe7d
2 Similarly to 1 if e hrh f 1 actsby 0 on v V g X

for XEFp Tofigureoutwhen twosuchmodules are isomorphicnotice
that by 2 of Proposition for 7 p 1 the e values ofh in Kenya e
are X 2 X nonzerohomomorphism 2 7 X thatmust
be an isomorphism And if Q X X X 2 X 2 X
X X or 2 X
3 exercise

Exercise K X 2 7 X is not completely reducible

for XeFpl p 13

T


