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0) Overview
[F continues o fe M‘g&émicaﬂg chosed feld
Iy Lec € weve Campfe)ff% describes] 4, Hnte dimensionad rep-
tesentattions of SL (F) when chor =0,f4 structurve s /o/ee;t‘/vef}
£asy: e 1rreducibles ave in {//‘eotmn w. Z,, Via ‘L‘a;q‘nj, e @hsé
weds it and & jene/d finite aimensional yepresentation is COM/ﬂ{(’/ff%,
resucible.

Wéen céczr F =/D [72)/ f/{c s)'faazf/on is much Move /hVoZV&( g fn/z
tepresentations Mo fail o be fom/o&ff% Veducible { there are uncoun-
fwg% ﬂAle of Hem, One con ask Wl} we Shodo core aboit mod fe
Kpresentpdions. Heve arve somewhed su é/’mfm & personed answers:

) The representations of S/mf& a,(j(,émz 5o & Heir Lre dJeg_
ras én (ﬁam&f&’lff/c /D e }’f/;a‘eo/ m  Vpyious h/c’js z‘a /e/a}'e.cw‘éaf/oﬂg
of ”a;éfmc /@ec—/'foooé;, Mgaémsll (in Char 0)) 2 class of imfinite dmen-
sional  Lie alsebras important For  Muth P/vazszcs Xlaﬂ;fanafs program.

6) In Hu case of Lie ahgebras, £ sepresentation f/eo? has

nd and Pt comections 4 certain ﬂeo)%r/tm oé//'eu'fs (*Sprin-
ﬂ



ger resobutions”, ”_S;gymger fibers” ele.) The soume geomeztn. aé{/'eufs
&pploy in. Many. ather aveas of /Z‘:/;reswfut/on ééewa, (in Char 0)
o SfuoéaL o/ Vep/esemf/aizon s of “fmite Jroups of Lo -érj pe” (exampls
o such: (L [ﬁ;)), ;’maaé'cjl/oups"[&,, [ﬁ((f)))) g ”Ce;érﬁar&t o’

Wer bl S?fuo/? 2y 15 & e 3rd +o some extent —a,%AouéaA w/o
connections to Leom Mf/g,

Besides Hese two connections Here's alsy:

c) /f/op&'cmflons %o Sfuo%, cong ruences of Founer coefficients of
motules 7%/’1145-

Our Main j@aj 7 f/ij K’é[( next /€£/’£w’e 15 o &!QSS;}%_ ‘fé_
Bude oimensionel irreducible /c/p/ewezfzons of 5[; ().

1) More central elements

1.0) Lenter { centval chovacter

Debnition: Let A be an associatwe [F -a,/gp/gm_ T center, Z(A),
/s {264/61%-2@ #aeﬂj) s an F‘Suéafﬁa&/o. of A.

772_ reason wWe (ore a_ﬁwf 'éA_ centers n /@/ﬂremfu‘/on f/eorg,
is th fpﬁowiﬂ& consequence of Yy Schur lemma.

(Loam [detintion: Let V be a finite dmensionald iprducible A-mo-

dile. Thn # 26 Z[A) acts on I [5[ a scalor to be aézmz‘eﬂ//; X, G
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The mep X,° ZU)—F is an ILZJ—DKVQ 40#”0/%077/1% lled th
central C/ﬁamd‘ez/ o/V

s convenient & useful o pavéition fimte dimensional wred.
A- modutes accom/md; 4o thir cntred chavadters.

Emm/pfe: In Sevtion 2 of Lec £, we hove constructed o (3sr-
mr o/emcnf C= 87£+/e+%426 Z{CS[Z) 5121‘1579[/}5, aC-(x 7poy a=§47£
Simee CA,/gfwemie Uls), we get LEeZ(Ul)) Tn ok, as well
See. much leter, E(U@JJ= FLC] if chey F=0. Wewe seen Hhat
C acks on He iven L) ez, 4 L% whid compleel,
dleteymmes XZ(A)*

Dhe feature (end not a éug\) of chov p settimp s that Z/Z/fg)))

becomes much fa;/ger,

1.1) Lonstruction

Led [ be an /zjngmjc group over F /ééq}é camits an embecleine o
Some (1 (V) but, as discussed in Sec 2 of Lec Z z‘//'s is aytomatic)-
Zf’/lf g[=llt[f). ﬁeorem in §ecf 0/ [ec.Z séow; f4¢ Xeg[c?J(f’(l/)]
= XFES, The resullmg map o] —0] o be o/eno’)fea/oéz Xt X7 s
ndepenshut of e choiw of an embedding (<> CL(V)

On 4h. other /ano/, we consider X 2 an elemnt of Ule) ~

xfe Z([gl m/ﬂowng is £l main result of £his section
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Theorem: X€ ] = X”~x[”7€7l2m/gJ)

Exam/o&: Led (= SL, . Consivler its faatafojicd embeddme it
fll. Thuy €= (%)Pm. S’/miéz«/fy// 7‘”[’°1=0 & AQ’L/). One can check

a///e(/é(} ( ) tot el hoh 1 commute w. ¥ xeop, hence are cont-
vel i ULL)

Tn4e prpo/ of Thm well nees o lomma. Led A be an assocative
afgeém over [ For xeA we write ad, for the eloment of End (4)
glven @’ g l—?x(\)t—gx.

Zem;fma\-' (&w{x)p’ RolyP.

Proo/—' Lt (;,i;éé-m/ﬂ- (/j) fe jn/w /; Lﬂxg?ﬂ(g, ;(3)=(7x. In

/mréwwfw, Cr. =1l (from assouatrty) & ac = C-r,. Then

(Pﬂjfx ;P= [Lf; i;/))_f =[[(;t§< =};€x %%mm'd formulo /}a/oﬁcsj =[(;)P+

Z (%[(nff)'é b =(6) = L€ Cp, some for 1:]=Lpm15p=ady DD

Broof of Thm: Tho elements 49 wa/a)fe Z((g) So it eﬂoagl

to show 1" X" commurtes “ g # x,;eg@'xpg—gxpf [X(’jjaq]. /4
gC/I as o Lie Suﬁdgoém in an assodative a/g%m A tlen for
XY€eq, Ro/x,,(j): ﬂo/xpg) in A. But He 1hs. it Yo commitator
m g, s0 doesnt dependd on A. For A= Z([ﬂ): we j&i xg ‘gxf‘ﬂ{epg)
A for A= End (V) we jmf J{a(xc,n(av)f ao/f(g) = X%—gxp:[xc”,jgl 0
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) Eaég Verme. modites
Lk V be a fimte domensionad rreducibly a- odulle. 50 thed we
can assigh its centrel cheracter S, Z(Ulg) > F B, the
/ dai’oﬂfe}’ 07[V wWe mean ‘f/& fh fc f XA/ Xf)éf u//erc for
x=ehtf we have X = X, (x"x) (/w/ the time being, = in He next toc-
ture wetl describe 4 P - charadter more come/ofae,zg, ). In this sec-
tion we with MQSS)?% V witd e /oﬂowmoa /0 -charadters:
-(440)
"(901)
“(9,4,0) , aFo.
The reason fov Hhese s f4a:é A enafoj case teduces o one of
Hese cases, we L exploin hew i Aa next Leckure.
Anol 4o do 4o Lassibcation B these P chevacters, we need
A /am;l} of representations tnown as 5&% Verma moolules.

2.1) [onsf}’umf/on £ basic /)Voperf/e:
For Ae[F one defmes the Vormo modide A(N)- Z/@)m

The /aﬁawm& /o)'o/oerfies holo (/qu as in charactenstic o [ Sec 1.3 i
Lec §):

T) Unversel ﬁ)’o/ﬂeﬂlg ¥ Uly)- -modude V
/%mm)(A(f() V) ——>[vef//ev =0, hv-Mv§ RALIN (V 1+1,)
) Basis : /t/ (I€Z) w. Z/V— (A ZL)V E/l/ (()-i+1) 7‘0 Y-

And heve are pew foetuves o/ chavactenstic p



) Sine e V =0 £ [épé)(/ [JPX)V 8 o eloments 6”#/ are
centred., e’ ats @ 0 wnd / A adts oéL VL on e entire mo-
dule AM) (= Span [/t/))

iy A(A) is a free modile over the Suédjugro_ [FLf*] CZ[H@)) W.
basis 7[111A [0554/0-7)

Note thet ¥ zelF = (£22)4(0)c80)) is a - subep IEZA u ent
A (l) = A(A /(%”PZ)A(}\ has o//mem‘/on/) This 7(40&“!&#’5 is celled

e Kaéj Verma moolute. Ti /wﬁ&)wm& result i an ﬁﬂa/o of B’o/o

2 Hom Lec & for 5253 Vevmas modules

ﬁfoposf'élon-' 0) Lef l/£ be ‘fA /Maﬁc o/ 721‘:/)‘ m _é_l_%(z\) for c'=o,../a-7.
These elemants fwm a basis i A%(A) &

evi=((d =i+t

hvé = (A-zi)vt
7&/; ={Vi+1 1-7[ L'¢/0-7
2v® if c=pt

1) Universel /p/o/oe/fj-' let V be a modude aver Ulp) L.t e
0. ﬂen
//omw )(A ), V)=>Lvel/| ev= =0 hv= lz/} cf!——>§0/t/°)

2) kere: I Aely.., p-2f, tha Ker e (@)= Spang (™)
otheruise fer [,\)(e) []—_l/
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3) Submodules: AX(NY s preduciéle if 220 o A€ /2;_../04},' for
Z=0 ond JG{Q...,/)-i}) éi[/'l) Jas Unique proper SubmpdiAe. -
KD =Spanﬂ__ (vfi>))

Sketch of proof: 0),1)2) ase (hints: 0) follows Hom
1) 1) fom I § 2) Hom 0)). 75/01/01/& 3) note Hhat:

« The A/a'gn’{ Jpaces of b ore 1-dml so as in oA /proo/ of 3) of
Poposition Z in Lec € any h-stable subspace of 2*(1) is spanned /2
Some U'! |

I 2t o Span (110 [[=q. p) = 4°(), wheh setttes thi
case. I 2=0 Lo Spen [f‘j_t_f':)"'j/‘oaﬂ (s.., ")

- I Zﬁéﬁ;--/)'ﬁ) S/an [CJ_?[;)f Sf&w (y,;.-,lf°), This & previous

part =40 is rreducible. The  case of Qéfq,_P-z} s /wm/{eo/ /usf
e 743r Veyma modiles in c/w 0 Sec. 13 of Lecd O

22) Wassiticeton of ///C/DS.

We nud e /ﬂowz’ﬂj lemme,

Lemmo.: Led V be a fnite dimensional Z/(g)wo/w/e st elats @L
0% M {; 2eF Then 3 vel|ev=048 hv=dv, wher 3%]=a.

Froof:

S €0 VA an@ e-value of € m V i G hene ker, (e)# 0.
Sma eh=he - ze, Ker, (e ic h-Stable, so 3 e-veckor e tey,,(e)
Tl e-value A must 50«76IS7§, e 0

The /ygfawindg is our main Massi/iaz;élon vesult.
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Thm: 1) - irveducibles with p- chavacter (990) are in ﬁ{/'ed‘/oh W,
(1. p-F via At L(R): = 45V EN) (where Klp-1) = {03).

2) [I/EVJ a- rreducible w. p- character (0.01) is of 4l fom 2°()
w Aefo 1., p-13, and AN = 8" (M) Aed'= -2 m E (o thart
Here are (pt1)/2. peirwise ﬂon-/somwpéic //Va,os).

3) g- ineduci6les with p-character (9a,0) for zelF|lo3 are in
5{]'601‘/014 w, {lelF /;lp-)=0.} vie. A > 4°(D)

Froof:
1) Led |V be o a-rrep kithed !} e’ bl h£f B Lemme, 4 vel/l{o]

w. ev=0 e for ) 5’&251;757/}75 V-0 16#/1 z%L 1) of p/o/a.
we Nowe o nontero hence Suvjective /omomor/yéls;n 40[1) — V Ti
nly possibility for He kemel i k()= VL), Th modukes /()
TN non-isomorphic bfc dm (1) =1+1 (heve we view A€, ).
2) Slimf&w% to 1) if A4 f21 acts KOLL 0 al/= V=4
bor e ﬁ-/,' o /?ja/e out when two such modules are (somonphic, notice

e,  (e)

thoit 551 2) of P/o/aafh‘/on, Jor J¢/0—1, o e-velues of £ i o
we X §-2-) s nonter 4omomorp4/sm 220N = 2"0) thet must

be on /Somw/né/sm. And if 2°(4) 2°0)) > {23} {1 -2 VT
A=} or -2-).
3)

a

c KQ)Y=L(-2-2) £ 2°(h) is not com,o{m[eg yeduci e
for delp {p-15
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