
Lec8 Reps of 5222312 II
1 Representations of34 F finished
2 Representations of SL F

1.0Recap roadmap

Let Fbe an algebraicallyclosedfieldofcharp72
We saw in Sect1 ofLec 7 that the elements ePhPh fre

U31 are central We alsoclassified Sec2.2ofLec7 theofirreps
where these elements actby p character D XeXnXp as follows
1 0,90 e a c ate e0,1

Let's explainwhythe case ofgeneralX reduces to one ofthese
Let g be a Liealgebra y g g V a representation

T g g a lie algebraautomorphism Thenqt got isalso a
representation irreducible iff q is
An importantexample of y is as follows Let Gbe analgebraicgroup w Lie Gl g geC Wehavetheautomorphism ag G

g gg's its tangentmapAdg of of now a Liealgebra
automorphism If CGLV thenAdlg is thematrix conjugationby

g SeeExample 2 in Sec1.2ofLec4 Wewrite48for4
181

V8for thecorresponding Ulong moduleWe'llsee that

31 irrepV we can findgeSL bymeansofLinearalgebra

1st
thep characterof V8 is from 111



This will complete our classification ofirreps

11 Move on elements XPxp
In this section g Lie C whereGis an algebraicgroup
Recall that we have themapof Z Uloy XPx Sec1.1

ofLec F Let's investigate its compatibilitieswith the G
representationstructure on og Notethat since Gacts on g byautomorphismsvia Ad weget a Grepresentation on Ulog by algebra

automorphisms alsocalledadjoint Everyautomorphismpreserves
Z Ulog
Thm a ax AP x aeF Eg

7 Adg x Adg k geGxeg
2 lay x ly yes

Proof

e bothXP P'arepthpowers in suitableassociativealgebras
1 Since Adg is an automorphism ofUlog A2g x

P Adg XP
Nowassume GCGL V ThenAdg conjugation w g so Adg x

m

gxg.tl gxPg Adg x n equalities inEndv1 1 fellows

2 will beproved later

12 p characters conceptually
Let V be a findim g irrep centralcharacterXv Z Ulogy
F n p character Xvoc g F so that X youx e eh f

I



Exercise Avg XueAdg hint fromconstructions

Recall theautomorphism Fr F F toXP

Definition Wesay that a function X g F is Fr linear if
xty X x Xy X ax Frial x1 geog GEF
The set ofsuchfunctions is denotedby 9

9

Example Thx to e 2 ofTheorem XvoLE g

Somebasic remarks on g are in order

i Just as with linearfunctions an elementof9
1 is

determinedby its values on a basis say eh f

ii acts on g g X XoAdg We care about this6 c

g Xyc Xv LoAdg 7 ofThm XuAdg or Exercise Augel

icil wehave a Gequivariant bijection g g 2H Froα

Ontheotherhand we claim that Grepresentation isomorphism

of of Indeed we have a symmetric bilinearform opg F
xy tr xy It s non degenerate itsmatrix in thebasis eh f
is G invariant Adg A2gg trigxfgyg.tt xy
Thisyields an isomorphism g g ya tuxy

hence

g 9
1 x y toFvltvxy

both are Cequivariant
I



Example Considertheelement Fr lath eg for ae F Its image
in 9

1 vanishes on e f andsends h to Fr Fr a tv h a We

gettwo ofp characters in 111of secte Thethird e0,0 is the

image of e exercise

Now we can establish 1 Bythe JNFthmevery Corbit in og
containseither 6h beF or e Since a to Fulla F F is bijective
and g 9

1 is Cequivariant we see that theGorbitofany
elementof g contains one ofelements in o ii implies

2 Representations of SL F
We nowproceedto studying thefinitedimensionalrational

representations of SL F forsimplicity charF 2 We'llseethat
if char F o thenthereptheories of SL281 are thesame
while for charA70 theyarequitedifferent infact

oversimplifyingone cansaythat the representations ofSL F are closerto

the characteristic 0 story but are not completelyreducible

2 1 Some irreducible representations
Consider the representation of G SL in homogeneous degree n

solynomials Mn Spang x y y
98 f xy f ax cybxdy

Lemma M n is rational its tangent representation isgiven
w̅



by e xiy
i
n i x y

i i fexiyn.is ix y
it
hexing i i nxign

where eh fest is a basis as in Example in Sec3.1
Proof

For n t weget the tautological representation ofSL 31
In general Mn Sym M o hence a quotient of ME hence

rational Underthe epimorphism MG Men we have yh
i

xy
i hence e x yn

i Ei yt yn
i i n i x yh

i

The formulas for haf are obtainedsimilarly

Proposition M n is irreducibleandisomorphic to n overg if
1 char F o

2 or charF 2 nap
Proof

Themap n M n firm x y i o n is an

isomorphismof81 reps exercise useLemma so M n is irreducible as a
g representation BySection 2 ofLec 5 Mcn isirreducibleoverG

Example Mp is not irreducible ifcharF p Indeed
SpangXPyP Mlp is a subrepresentation eg 1XP ax cy

P

aPxP cPyPMoregenerally if nap thenM n is irreducible
n p 1 for some k 1 Ishouldn't beclear at thispoint

22 Classification in characteristic 0
Theorem Assumechar F O Theneveryfinitedimensionalrational



G representation V is completelyreducible andtheirreducibles are
classifiedby vie n Mcnl

Proof As a g representation V Mnil forsome ni thx to
theresultsofLecture 6 Proposition inSec2.1 Now we envoke
Answer 3 in Sec 2 of Lecs to deduce an isomorphismofGreps

2 3 Irreducibles in characteristicp
Assume new charF p72 Recallthat to a representation

P G GLUI we can assign its Frobenius twist 9 FroPNote
that Fr GL V GC U is definedusing an isomorphismGLV Gln
that weget identifying V w F butdifferent identifications
i.e choicesofbasis result in conjugating Frby an elementofGLV
hence in isomorphic representations exercise

Exercise Define Fr F F a an Cap eh Provethat
UCF is a subrepin for Fr u is a subrepin for9 In

particularP is irreducible P is

Example Span XPyP M A asCrepresentations

Proposition If Vis irreducible then M i V isirreducible iehe.p.is

Proof Note that g actson V by 0 byAnswer2 inSec2 ofLec5
So Mi V MI P mu

is a completely reducible Ulg module
I



Prop 2.17 in Chapter0 ofnotes on thewebsiteallowsto describe its
g submodules they are of theform M i V for a subspace V CU
Note thatg M i V MilagV So Mlil V is Gstable V cu
is Gstable Since V henceV isirreducible we are done

Thisgives rise to thefollowing
inductive construction For K70 we

write for repeated Ktimes

Exercise Forrational representations V.VofG wehave
V V V V hint look atmatrixcoefficients

Corollary Steinbergtensorproduct theorem for este ksp1 the
G representation M 1 MX MX is irreducible

In thenext lecture well thatevery irreduciblerationalrepresentationofG is isomorphic to exactlyone ofthesetensorproducts
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