lec §: Keps of SLASL, IV
/) Fgomsen tetions 0/ ‘57[ (F ) finished
2) pgomsen tations of S (F)

19) Fem,o { /’oaa/fmf
Let [F be an L{f%fm@l@ ctoseod Held of chur =p>2
We Sow (v Sec 11 O/Zec A Lot le{c elements 6///,0_4///96

Z//ﬁ[z) ave cw‘frq,z, M adso &ém%&o( [ Sec 27 o/ Zec ¥ ) -L‘Ae ﬁ'-/h’;aj
W/ue ”L‘A&Se lements act {j P— cﬁwdey X= (Xe,XA,X;’) AS /o[faws

(1] [090); (6,4,0), 240; (441)

Let's 6){/&4’/: NA? 1,‘,4 case o/ chmj X vedluces b ore 0/ ﬁCSe.
Lt g be a Lie alaebra, ¢ —>g{ (V) a fepresentattion &
T:q %ﬂ a le wé?&gra aufomo;;p//w. 77w 50—:_, = ?Dof is also &
/e/w’amfd/m, e o(u 01'66. 17[/ ? (5.
An important exzz}Mpé of % is as folows. Lt (b on m@%—
Vodc group . //3[5#9} Zjeﬂ We hoave e aufomo;}oézsm % C—=(4
3/1—9(93:5” £ s —zfa/gemf map /a(/j)g =3, Now ] Lie ﬂ/évf/@/&
Mfo}ﬂol/ﬂélsm. If (< CZ(V)} 754% ,(fo/[é) 5 fé mairix CoﬂJlljuf/oM c{}
g. Cee Eme/Dé 2 iy Sec 12 of Lec 4 We wnte 643' fov ﬁa/b((g)g\
V8 for He faf/espano/mé, Z/@)-Moa/u/e. Werll See that

) ¥ Sl -rep I we can fond & SL, (by means of Linear olgelra)
st. 4 /a—cAaVacfer of YV js from (1)
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ﬁi: witl COm/J/UfC our 3/4).55"/5@}/0»4 0/ /I)’f/ps,

11) Move on eLements yb xP
In 4his section g=Z/e(C),wAa}’e Cic an Mg%/ajcj/oap.
Recoll ot we hove £ map g —éﬁffﬁ@)),xwxp—xc’f Sec 1.1
of Llec ¥ Lets Zm/esflja/fe its compatbilities with £le (2 represen-
tation Styucture on 9. Mite 2hed sime ( acts on 9 {;, automor-
ﬂlsms (via Ad), we gel  a ff//e/m/eswfazf/on on Ue) sz Mgmﬁm
automa//péwms (Lso called myo/m‘)- £ very auéamgp//w preserves
Z(U(a)).
Thm: 0) Llox)=af i), # aclF, xeo)
1) LMP([J)X) = /j”(éj> ((x) #jééjxsf]
2) (/;(+Gu,7=([x7+<g,7 ‘ij}/ég].
Boof:
0) &= both X[ 1P we pth poers in suiteble associadive abyebres
1): Since Ad(g) is an automony hism of Ulsy) Cda/[J)x)P= Ad(5) (x").
Mow assume G CL(V). Thea /40((5) =Cor()/’u5;zj[-1on w. g S0 (Afa/(j)x)f”]
=(5x9")p=5xpg - Ao({ﬁ)(xff’]) (C?aq&'ﬁes m End (V). 1) follows.
2): witd be /Vo;/eo/ loter i

1.2) P- (/Mmu‘fezfs, Cancepfua,é@-
Let V 6 a (fin.dim) g-inep ~ centrel chavater L, Z(Uap)
—?ﬂ:“’/O-Mamwfer )(V%rg—)E; S0 'L%df J(X=J(V°L(x), Xé{@é,f}_

—
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| °/40([5) (hnt: From constructions),

v

Pecall He automonphsm Fr: F—F, x> x"

Definrtion: We Say. thet o Function ) f]»ﬁﬂ: is Fr-lntar /'/
J((xg%)((xhj((dq)ﬁ Xlax) = Friz) X(x) ¥ x,dxleg,aeﬂ:f
The set of such functions is demoted {O-L g*w

Example: The to 0) §2) of Theorem, ¢ égf‘(.ﬂ

Some besic Femares on ﬂ*m ae 1 order
¢) Just as with Gnecr functions, an element of g’xm is deter-
M/neo/@ its values on g 56231'3,5&} f;éf

()  acts on ﬂxﬁ); j.J(-fXa Ao([j”). We care about 4his 4c
9'.’ (X 20)= Yot Ad(g)= [1) of ThmJ= X, 2Ad (gD oc = [Exeruse] =X g ¢

i(l) we fave a (- equivariont 6‘)‘/’1206/0;1 g*—"’—aﬂ*'m:dh Frod.
On 4 other hond, we Loim ot 3 (- vepreseutation /Somo//'Mum
ﬂ—"—”ﬂ* Im/eeod we hae 2 )‘iimwfm Y 7é/m (;*')-‘Syxg — [
(K,J) =‘If}’(xJ)- I s pon- /egene/ e —its matnx in the bzsis g’ﬁ)f
s (f goé) L (- invariaat : (4l5)% A4y )g) = & (g5 = by

Ths j/e&/s ol /Jomw;Mzsm gﬁﬂ"‘-‘ xa[gf—yﬂ&éy)j 8 henae

jﬂ’? gan(v)_. X > [3 > fr (fy[xa N1, 4N e f—efqivm/imt.
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Exampfa-‘ Lonsider {Zz Lement fﬁ’"'/ﬂ)/! €0) for aclF Its /maje
in " vamishes on €4 and sends bt Fr (ZFr @) (R)=a. bt
je/{ +ulo 0//0 chepacters in (1) of Sec 1.0. The 7,%'70/, (501), is +he
/'mage of e ).

Now wre can estalblsh (k) Kd‘ He INF Zhm, every Carbit o 4
contains either bh (Cel0) or e Since a HZZ Frie):F—=F is é(//"eofn/c)
end 9 —?g*m is ﬂefw’l/ariané, we see thet 4t Corbit of any,
element of ﬂ”‘m contains one 0f elemedts in (1). i) pmpties G¥).

2) pgomsen tations of SL, (F)

We. now /0/0 ceed 2o Sfualginj, fZL Pnite dmensionald rational
fepresentations of Sl (F) (for Szm/OZicifJ,, thar F#2). Werll ser thet
< if chor (F) =0, thn Hhe rep. theorres of SL,& Sl an the seme.

“whte fo cher Frg, f@y are 7uffe Aflerent: in fack oz/errim/ﬁ'—
7{7,';45, One Con SRy Fho tho /go/{swéai/om of YA (F) ave closer to
the chavactenstic 0 5150/} (but ave M Comp /e{eﬁ feducible).

21) Some (irdveducibte /t/:rejmz‘azfmns
ﬂmsia/er L/’(e. /’ﬁar.esenz‘a:fzon 0/ ( = \.SZ( 7 /o;mz?eneou; Oéj’a Vi

ﬁo’énommjsj //{nﬁg = “SDMF [X:’Xﬂ-?;rnljn ),
(c.o( ).f[X,j)=/[4x+cJ) éxrdé)

Lemmea: M) iy rekionad £ its 'fmjmé represeataion s gven
41



@L e(x;c’jn‘i):m{))(;ﬂé{,nij /[x,'étn-.‘):c-xiﬁé”n-{tr A&é{n-:)‘:&é_n)xg/n:i
wAfi’e E)A) /Gcgé I a 5qSIS &S (n £XQmpﬁ m Sec 3.1

Froof:

For 7=1 we 5@{ ‘L‘Ae ‘éa,u‘fo/é)élca/f //efreraz‘fa;t/on a/ SZQ/ LQ[Z

In gena}’d, /‘/[h)=_§7m"/w4) hence a fuaz‘)eml a/ /ﬁf[?)ej%ence
/aifl?mbe- //iw(f:r fZL eﬁ)/MOi?Oé’:xlm /.{{(4).8}'—))/[4(?)? we Acw‘c')(w@o(/”_f
HX‘Oq”", fence e[x®'®0q"")= 2 K®'®é/"~'®x®}”"-J H(#I-E)X‘+'dq"'if'

Tle formbes for 4 4 / Mz glangﬂjneo[ f}mi/aré 0

/Dl’oluosilzlon-’ M(n} Is /rrfa/ua’éfc /2140/ /YO/MO‘?O/’C Zo Z[”) Ol/erﬂ f/
1) CAM [F=o0
2) or char F>2 & n<p.

ID)/OD/" . ‘
Tiv Map Lln) — M), f‘?fll—% 611 J(Mccf/‘ ((=q..n) is an iSomor-
ID}nsm of £[,:-Ve/o: ( :uSe Lemma) so Mn) is mreducibte as a.

o7 - Fepresentation. Ey Section 2 of Lec 5 Mn) is iwreducible over C D

Exampfe: M(p) is not 1rreducible i/ char [F- “p. _Z-no/cw()
S/pmﬂ__[xfé,/’) cMlp) & & Suéfep/esw’éx,fzon,e.j. (é{ijP=/ax+CJ)P=
=2fxPrclyt More generally, if nap, then Mn) is wreduditle =

/7=pk—7 for Some €71 (shaulon't be clear ot “his /Oo'nf).

27) ffassifmufxon 27 CAMQfomf/c 0

____l ﬂw;’emi 455(4”’1& Mw F=o. 7Zm Cl/era, /?mzle 0/}»446/15[0%&[ Vet /0/701
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(- rpresentodion, U, is 50/;4/35;',‘{% reducible and e irveducibles ave
([asn/eo// Z vie n > Ml

/D/oo/) /fS = /’Zpye)’@m‘a:f/on = @M[M 7%;' some. /; {A ‘o
tlo resubts of Lecture € & P/o/ooszz‘/on jn Sec 2.1 Mow we envoke
Answer 3 in Sec 2 of lec 5 o deluce an lj'oﬂfo/ﬁélfm of (- reps 01

2.3) Irreducibles in charactenste P

Assume now cher F P72 Kecod that o o representation
®: = GLV) we can aSSz'gn s Frobenjus twist GD("‘ Fro®P Niote
Yok Fr: [L00) = CLW) is defoned using an /SoMo)’PAJS‘M ZZ(D)—?(Z
that we 305 /o/wflf s Vw. F" fut p&//c/eﬂf identi)i cations
lie. choices of besis) /@Juj% /n Conf/u;dcrl} Fr 6;1 an lement of (L)
4&}7(1 7z /fomoyém Ve/)/esmfai‘zom( )

: .@e/me Fr:[C™> ﬂ:-: (a,,.. Qn)l—-?[aff...)an'p). Rove 2{4&76
UelF" s a Swére/y’n for P> Fru) is o 51,46/6/0';9 A @ l}:/mr.
f{awfar, P is reducible <P s,

Example - 5/9214 - (x? q ?) = M Pas (2 /epre:enfcufzom.
ﬁpfos/f/on c B Vis wredidibls , Hew AL)OY ix iveducible # ie {Qf’}

/Di’oo][-' Note 1‘4111‘ ﬂ QV’L‘s Oh l/mg 0 [% AnSWer j in Secz 07/ Zec 5}

So /‘4[&)@]/(”7[2/{[:')@d'w) i a comp/ez‘cé veducilte Z/[g?-ihoo/u/e.
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/Q’o/) 217 (n //ryﬂ‘e/ 0 07/ notes on He website allows 4 descnbe its
- submooides 7_‘463, we of He Sorm MDY A a Sal,cﬂgcg yicy®

e thoit o (M(c)@V)= Mi1OFV Se M)V is [Fstabli Vev?
(s (-5table. Smee V [(hen V) is inreducible, we are done, 1

This gives /e 4 # f%wng, inductive construcbon. for K 70 we
wnte + @ Ly i’?)wéeo/ K times.

* For rational representations I, of C we have
(LK) = [P0 (hut: boor ot matnx cotflicionts)

[o/o%zg [Sfeinlc/} Lensor //o&&t(/f f/eorm) for O /1, /rlk S/-{ e
4 - /?)nswz‘a,i‘/oh M(],)® M(), e e M }k)m (s imeducibe.

Tn the next locture well fhot every imeducible yationd! Veptesen-
tation of ( is /50/440//04 1 o O(auf? e of ‘L%iSc tensor /Di’(wfuz/fs.



