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1 Weight decomposition
2 M n as an induced representation

e Recap
Below F is an algebraicallyclosedfieldofcharacteristic 22
SL F In Sec2 of Lece we startedto studyrationalGreps
a We introducedtheG repn Mcn Span x X y yn ne74

and saw that it's irreducible fornap

6 For a representation P G GLV we considereditsFrobenius

twist 9 Fr P G LCV where Fr GLV GLU depends on a
choiceofbasis oneVNotethat 9 can bedescribed in terms

of its matrix coefficients c g α g v7 it 4_anEV is
thedual basis then

1 C
g Ching wherecavis matrix coeff ofP

c V isirrep iff V is Moregenerally if V is irrep then
M i V isirrep iedo p i proved in thenotes

2 Notethat U V U V rational reps UVofG
This follows eg from looking at thematrix coefficients we use o

Cpoa now CpuCar important exercise in Sec2.2ofLect



e Now we can use c 221todefinefor me theirreducible
representationn as follows wewrite n notphat pnic nie 0,1p i

set n Mno Men Mnet w ok lk n

Themain result forthis lecture is
Thm n n is a bijectionbetween K rationalGirreps

1 Weight decomposition
Anapproach one uses to provethetheorem is relatedtowhat

we usedto classify finhim irrepsof31 in char0andcan alsobe
called highest weighttheory

11 Construction

Considerthesubgroup f Gthat is identifiedw Gm
via t t f i

Lemma 1 rational representation P Gm U iscompletely reducible

theirreducibles are 1 dimensional

2 and aregivenby t ti ie TL
Proof Set S team ecoprimetop s.tt I Notethat P s C

GL V consists ofpairwise commuting linearoperators They are
simultaneously diagonalizablebythefollowing

Exercise 1 se GLV of orderlw.gedcl.pl 1 isdiagonalizable
21



2 Anyfamilyofpairwisecommutingdiagonalizableoperators
on a finitedimensional F vectorspace is diagonalizable

simultaneouslyhint use that AB BA BV A CV A induct on21mV

Now let up UnEVbe a basisdiagonalizing P S 4 aneV
be thedualbasis Note that i j glsgqft.gl Canup
Thisproves 1

Toprove 2 note that a rational Gmrepinofhim 1 is exactly
a Laurentpolynomial say f s t fist fls f t Anysuch is
t at ie exercise

Definition Let Vbe a rational representation of G For ie TL
define the i weightspace V ve V E1 v tiv

By Lemma V Vi Moreover gettoma Vu we have
2 q Vi

cUi

Example Mln n z Fx igi ie n Theotherweight spaces are 0

Exercise 1 if VWare rational representations ofC then
VOW Vj Wij

2 If Fr GL V GLU is definedusingeigenbasisfor t
then Vi V pi ie 7 hint Fr A AP diagonalAeMata
3 Themaximal w v t usualorderon TL weightof n is n
31



Thefollowing theorem impliesThm in Sec 0

Thm Theirreducible rationalrepresentations of G with thesame
Max weight are isomorphic

2 M n as an induced representation

2 1 Motivation

Ourfirst step inprovingThm is

Lemma If V is an irrep w max weight n thatadmits a nonzero
homomorphism to M n then V1 Span G CMn hence Vis

uniquelydeterminedupto ise
Proof

Let q V Mln be a nonzerohomomorphism Since V is irreducible

p is injective It remainstoprove imy Span G whichthxto
irreducibilityofV amounts to x eimy But Vn 403 Mcnin Fx
By 2 p Vn cMcnin ylv.is injective x e q Un

So it remains to showthat irrep V w highestweight n
Hem IVMcnl to In order to see this we'll realiteMn as an
inducedmodule

2 2 Inducedmodules in algebraic context

Recallthat if HCG are finitegroups U is a representation ofH
then the inducedrepresentation Ind U is definedbyT



Ind U maps f G U fhg hfg hellgeG
w Gactiongivenby gf g fgg WehaveFrobenius reciprocity
3 Homa V Ind U Home VU

Now let HCG be algtic groupsandUbe arationalHrep
Definition The algebraic inducedrepresentation is
Ind U morphisms f u fhg hfcg

GoIndiU as above f is morphism so isgt exercise

Lemma rational V 3 holds

Sketchofproof we'll sketchmaps in both directions Anextendedexercise toprovetheyare well defined mutuallyinverse
Homa V Ind U Hom Yu consider ev India U f

flel ThemapHoma V Ind U Hom Vu we need is prevey
Hom VU Homa V Ind U yetem Va no Gov U

g v ygu reV we haveYu G U putg ygut It's
a morphism b c gin gu Gxv V is it's H equivariant
b c y is And vayu V Ind U is Glinear

23 Realization of Mn
Now weexplainhow to constructMn as an inducedrepresentation

Consider the subgroup B 4 1 G LetAnbe its 1dimensionalrepresentation where 1 7 acts by t
I



Proposition M n Ind An as Greps
Proof R.h.s.is FeFCa3lf 1

g t fig

Step 1 We first examine f satisfying
f 19g fg geG UEF 4

ThealgebraFle63admits a natural homomorphism to F 63
evaluatean element of F a63 on the 1st row It's an embedding bc

nonzero first row there's an elementofSLa so we view Fla 6
as a
5,4 1 1 ua dub fe f ab satisfies 47We

claimthat theconverse is true
ConsidertheopensubsetGa at a Since a isnot

edivisor the restrictionmap F G F Ga is injectiveThe

product map 119 Ga 1 di ie a tub
is isoofvarieties F Ga F uat63Andunder isomorphism
w a u 6 ate theaction of 89 on Cabecomes a a b

a utv 61 So 4 impliesthat fleais independentof a hence lies
in F at 6
Notice that the diagram of inclusions

F a6 F 63

atb Gas

is commutative So we need to showthat F ab coincides w
at 63nFG in F Ga



Let f e F at 6 correspond to flee Assume f F ab take
minimal know F a f e F a6 F 0,6 0 Take F a f F G
Notethat a vanisheson fB but β s t F fPo f ep 0

contradiction w k70

Step 2 We have 891 9 2 So apolynomial
in ab lies in Ind An it's in Spang a a b 6 Min
a tox boy G linear exercise


