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1 Quantum categories

Let g be a simpleLiealgebra over We can consider

the Drinfeld Jimbo quantumgroup U log g andthemixed

a k e hybrid 9 lattice U og generatedby
F ki E E Le ie I le 74

indexing set for simpleroots

We can alsoconsider De ConciniKac lattice U g generated

byFi K E Lustiglattice U g generatedby F KYE
For Ee U og U log q e all these

algebrasare gradedby the root lattice A Fix the Ginvariant
form on w 12 d 2 for all short corects α Set

pp
x27 2 Identify 5 w5 using sothat and



Def Pickped w E exp aFilp debt Category Ops
full subcategory in Agraded fingeneratedUEmodules

consisting of all M QenMy sit
dimMx X
71Myte is boundedfromabove

K acts on Mx by explotFi 7 1 di p
Themost interesting case is whenped F

has small denominator

Rem One can introduce Vermamodules Δp X Xen in
the same way as for the usual category 0 Theirsimple
quotients Lp X give a complete list of irreps in Ops
If pe I to we should be able to requirejust
that peQ all Lp X are finite dimensional In

particulartheobjects Δp X have infinite length

2 Highest weight structure

In See 1 of Lect we have introduced the notion of a
21



highest weight category with finitepost The usual

categorydoesn'tquite fit this definition but it splits as
the direct sum of infinitesimal blocks thatdo While Ops
splits as the direct sum ofinfinitesimalblocks for interesting
parameters p.tl they are still infinite So we needto
generalize thedefinitionof a highestweightcategory

Def Let J be aposet Wesay that J is interval
finite resp coidedfinite if ftp.tzeJ t.it
I t stst isfinite resp t t isfinite

Example A w theusualorder is interval finite
If J is interval finite then J s e teJ est

is coided finite Eze J

Ops should be a highest weight categorywithposet A
standards Δp X XeA wejustneed to saywhatthis

means formally
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Let F be a field C be an abeliancategory w objects

Δ t TEJ where J is interval finite To a poset ideal

T.CI we assign theServe span g of Δ t te Jo

Def Wesay that C is highest weight wposet J
standardobjects Δ t if the followingheld
I properties of e itself
I 1 C is Noetherian

I 2 Hom's are finite dimensional

II highest wt structure for Ey familiaraxioms
II 1 Home o t 01021 to t sta
I 2 Ende o t F

III 3 Me C 0 t Home o t M to

III 4 coidealfinite poset ideal J.CI t e J

projectiveobject Pe in Ct w Pt Δ t Ker filtered

by Δ t w T eJo I't a finite filtration

Premium exercise Op is highestweight wposet A
A



standards Δp X XeA

3 Deformation subgeneric behaviour

Wewant to analyze Dpo usingthe same techniques as

we used for the BGG cat O namely
construct a deformation over a formalpowerseries algebra
understand the subgeneric behavior

construct a nice functor to a combinatorial category

3 1 Deformation

Theformalpowerseries ring will be in rto
where r rkog

variables r corresponding to deforming t andone correspondsto
deformingp Namely let 5 betheaffine Cartan550Ct
where we use to to denote a central element in theKacMoody

algebra corresp to Set R 15

We can considerthedeformation Op.irsimilarly to DoR
in Sec 1.3 inLec 1
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Set exp at Fi ptt eCADCR and form the

algebra UE AD We still have the natural
inclusionc5 R

By detin Op i r consists ofcertain A graded fin
generatedU modules cf Op in Sec 1.3 The condition

for the action of Ki's onMx is that it acts by the
following element of R

exp Fill 7 1 d kit pth

The category Opar is highest weight over R thedetails

of the definition are left as an exercise

3 2 Subgeneric behavior

We consider theaffine rootsystem at ns neTL

Def The integral roots for tp are theaffine roots

and with 2 0 na x t up ETL where n 421
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Expectation 1 O
p
is semisimple thereare no integralreets

2 When the integral root system consists ofexactly
two mutually opposite roots Oop

is equivalent to of
blocks of 31 This is the subgeneric behavior

Remark In the fullgenerality this is not in theliterature
but in interesting andsufficiently bread specialcases it is
The case when E is not a root of 1 should bedone using
a suitable version of twisting functors constituting an action
ofBrw andtheir t exactness morally similar to I L s

work with Dhillon With this theproofreduces to the case
when E F we expect that forgeneric J Ops is ssimple
This is known when theorder of E is odd coprime to 3

if g is G and is basedon understanding the Azumage
loans in E U An informal reason why w tgene
ric should be ssimple is as follows

Let cogbe a Levi Suppose that t 2 up is suff

generic
for all α that are not roots of all net



Then we expect that theparabolic induction functor
Ops C Op log is an equivalence But Op b is

semisimple

4 Whittakercoinvariants

We now assume

D

E primitive w 2odd coprime to 3 forg G
To handle thegeneral case somemodificationmaybe

needed

It will be convenient to modify the Cartanpart let

A bethecoweight lattice we replace Span KgMEA w

Span KplmeA It still naturallyacts on modulesfrom

OptR
Ourfunctor will still be Whittaker coinvariants

Note that the quantum Serve relations imply that there

no homomorphism U F C w y Fi to i exercise

wever Sevestyanovproved that there are elements



tie P s.t I_generated by the elements Fi K fi
admits y I C w Fi 1 Then we can consider
the functor Wh Op.gr R M M Eg im F 1
Theproperties of this functor are similar to its non

quantum counterpart themain difference is that the finite

Weyl group is replaced w W WKA Namely

It Wh Op Vet is faithful
I The center Z U acts on modules fromOpar

commuting w U matingWH functor

Opt r Z U Rmod
It is fully faithful on Op.ir

III Wehave Z U Spancan Kagulguep via HC

somorphism This implies infinitesimal block decomposition for
Ope Opar Namely consider the action of WWA on A
where Wacts by thedotaction A acts by tx.M.pt2X
where d is theorderofe Then dp.es Op.o where

I runs over the set of WKA orbits in A This canbe
J



deducedfor example from Sec 3.2 Everyorbithasunique

point in the anti dominant dalcove minimalcoreet

A_ XeNcX p so cap 477 d
Let X_betheuniquepoint of A_ME WeWKA be

its stabilizer a finite reflectiongroup
IV WKA acts on 550 It s.t Wactsby thedefault

action talent M z cm th med35 For Xe

let denote the homomorphism U R givenby
action on Δp.grX Then 8 gives an identification of
the completion I U at themaximal ideal

correspondingto E R Moreover for xeWT Xxx xx giving
an identification ofΔpor X w RWR 6module R

T



Rem One can ask to describe the order on WKA We

coming from the highest wt stucture on Op.ae in terms

of the Bruhat order Note that it cannot coincide w
6c the highest wt order ispreservedunder left
multiplicationby thetx's It turns out that we havethe following

well defined order x y if taxstay for all jusufficientlydominant This is the highest wt order forOpe E

H


