
Hasse Minkowski theorem

LecteIntroduction

We are interested in the study of
homogeneousquadraticequations

leftrightqleftX1ldotsXnrightsum_1leqileqjleqnqijXiXj0
and ear main question is

h When does this equation have a nonzero solution in Qn

leftqijinmathbbQright

Example Consider the following equations

1 sum_i15xi20
2 X122X223X326X420
3 X12X23X327X420
4 67X122X223X326X4299X520

1 has no nonzero solutions even in
mathbbRs if at leastone

xi is nonzero the lefthandside is

positive.Exercise
Show 2 3 have no nonzero rationalsolutions
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It turns out that 4 has a nonzerorational

solution.TheoremAssume no5 Thenthe quadraticequation has

a nonzero rational solution if it has a nonzero real

solution.Ina way agoal of this class is to explainwhy
this holds although we won'tfullyprove

this1Diagonalization
Ourfirst topic is the study of homogeneous quadra

tic equationswith coefficients in mathbbR or Q_Ourtreatment
below will apply to both thesesettings unless mentioned

otherwise so we'll use F to denote mathbbR or Q
A common terminology a homogeneous quadratic

polynomial will be called a quadratic form Wesay
that a quadratic form9 represents aef over F if

qleftX1ldotsXnrighte has a nonzerosolution in Fn therestrictionof
being nonzero is onlyessential if a0
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1 1 Equivalence of quadraticforms
Wewould like to understand when two quadratic

forms behave the same

Definition Let qleftX1ldotsXnrightqleftX1ldotsXnrightinFleftX1ldotsXnright be quadratic

forms We
saythey are equivalent if

exists invertible Letneg10

matrix AleftaijrightinMetntimesnleftfright s t

qleftX1ldotsXnrightqleftX1ldotsXnright where xisum_j1naijxj
in other words if q is

obtainedfromqby an invertible

linear change of variables Wewrite g g in this

case.ExampleqleftX1X2rightX12X22leftleftx1x2rightleftX1X2rightrightqleftX1X2rightX1X2 are

equivalent set X1X1X2X2X1X2 so that Aleftbeginmatrix1111endmatrixright

This notion is useful bc questions we care aboutsuch

as the existence of a nonzero solution are equivalentfor
equivalent forms

37



Exercise Ournotion ofequivalence is indeed an equivalence
relation in the formal sense i.e it is

reflexive g 9
symmetric q g qsimq
transitive q g g q g q

12 Main result

Preposition forallqleftX1ldotsXnrightsum_1leqileqjleqnqijXiXj is equivalent to q of
theform qleftX1ldotsXnrightsum_i1nqiXi2leftqiinFright we'llsay that q is
diagonal Moreover if g represents ainFleft0right we can find

9 w q1a
Proof

Step1 If aijleft1leqijleqnright are as in Definition in Sec11

then qleft10ldots0rightqlefta11a21ldotsan1right Nowsuppose lefta11ldotsan1right is a
nonzero solution to qleftx1ldotsxnrighta w ainF Wecan find aijw
j1 St thematrix Aleftaijright is invertible exercise Then

qleftX1ldotsXnrightsum_ileqjqijXiXj w q11qleft10ldots0righta We can replace9
w g assume q11a
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Step2 If q
does not representanynonzero

numberthen 90
Proposition trivially follows So suppose q11aneq0 Set

y1X1sum_j2nfracq1j2aXjRightarrow
ay12sum_j1nq1jX1Xjsum_j2nfracq1j24a2Xj2sum_2leqjkleqnfracq1jq1k2c2XjXk

Then qleftX1ldotsXnrightay12sum_2leqileqjleqnqijXiXj for suitable qij _Thechang
of variables leftX1ldotsXnrightrightarrowlefty1X2ldotsXnright is invertible so establishes an

equivalence between q q
where

qleftX1XnrightaX12sum_2leqileqjleqnqijXiXj
Step3 We can then apply induction on thenumberof

variables n to find a changeofvariables leftX2ldotsXnright that makes

sum_2leqileqjleqnqijXiXj diagonal finishingthe

proofAnatural question is what happens when g represents
e Here's an answer

Exercise If q represents 0 we can findq s t

q10 or q11 1 q21
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13 Remark

To proveproposition we usedthat
a F comes with addition subtraction multiplication

subject to the usual axioms associativity commutativity
etc

6 We also used division more precisely that elements

of the form 2a aef 1403 are invertible

Forexample Proposition will fail over 12 as veryfew
elements are invertible There's one more case of numbers
where Proposition holds that we will need in this class

FQp p adic numbers that we'll introduce later
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