Hasse- Minkowsti %/eorem, Lec 1
0) Tntvoduction
We are interested in z‘é 51‘0/0/5(/ 0/ Aomgeﬂeom
7uao( retic €q wations
(%) 7()( x)—Z 9 Xk =0 /g ed)
and oar moin 7Mzsf/0n s

Q When does fﬂ//s eyuajémﬂ fave a MNonzerp Sobition Q 7

Examp/e /o/maé/ oA MOWMO(& e?&mﬁf/om
(1) ZX =

(2) x ,Z;(z+3x3-5’xj=o

(B) X+ x+xl-#x =0

(4) 63 -ax'+3x, - 6%+ IIx] =0

h
(1) fas no Mowtero solutions — even in (P - if at least one
Xi IS NONELYD . ‘f[L /azf Aam/ Slb/t [5 /ﬂoy/il/ye-

- Show G & (3) have o nomevo rational. solutions,

"ﬂ



_7% ’fumS 0(42‘ f/a]f [4) 443 s 2 Hontero /”a'f/oﬂq,l SO/&(‘L‘/M.

TZeOVem: //SSuma Nz5. 77w fll/f, 7&{:251//4%‘& fywvflon é¥) 4&?5

a noneero 1edional sotution i i has 2 nontery real sobition.

In a wey, ﬂjm/z of this clhss is o exptain MZ,
’154}5 40/0/37 M‘%WJA we won't /M/ﬂa\{ pove —f//s

1) _@mgomff%d/on

Our Hirst 'fo/p/'c is e jz‘aoé} of %ijmmm ;mzaé/a-
fic eyuwf ons with coethicionts in R or Q. Oar “eatment
below witl ﬂ//ﬁg Lo bsth Hese waf/njs (untess mentioned
otherwise ) 5o we'l) wse [F to denote P o Q.

A common %erminof% L a AOMOOQEﬁfmfo faqo/mif/c
/ao%nmwd witd be caﬂeo/ a fua//zz/f/c Sorm. We 50?
ot 2 fuao//azf/c form 7 vepresonts aclF (overlF) if
769,_-)(,,)%0\ has e nontero soltion in [P ’ (Ze restnction of

éeing, nonzen s m% esseitind it a=0).
A



17) Eyaimﬂema 07/ 7aaa/}’af/c j%rms
We wouls! e 2o understand when +wo 7uao/mf/c

7‘%1//145 "gc/ml/e 1%: same”

Defmition: Lef 76@,.-><J,?’/X4,--Xn)€ F[&,..X,,] be yuad/mf/c
forms . e sy ﬁ/edv( are ffm-l/aénf = invertibte (& det #0)
motnx A= [ay-)é/%zfn,m (F) st

7’()@,.. X,) = ?[X,j.. X,'), where X _2:’7;95-/- 5',
in other words, if ?’ Is oéfamea/ from 9 é‘ an cnvertibe

fmeoar &ARMJ{ 0/ VW’/ML”ES. /l/ﬁ W/’/'éﬁ ?l“’f 7 1[/)3 ase.

Examp{a!f/()@,xzﬁ)(IEXZ%(XfXZ)(XﬁXZ)) £ 7()(,,)(1)‘)(4/(2 are
1
@U[VQﬁ’nf: set X,,/=X4"XZ)XZ/:X,,1‘XZ So 'fn/a,f A= (17 1)

This nottion is wsetul 4 Wcsf/was we care abBoit such
as 754@ €X/57.Zma 0/ R Nonzero Solidion ave C’?uil/afenz‘ 76/
€§>b/ch2@n2L /OI/MS.
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- Dy notion o/ @uimﬁzm [s Zﬁo/eeo/ an efu[wz lence
relation in th formal sense ie i is:
-+ teflexive - 94
' Sy/mcf//c: g~ ?’ = ?’ﬂ/?
- £ transitwe: 7~§’/§v’~?” =;~§)~?_”

1.2) Main resutbt

P/o/Dosff(on-‘ ¥ f()g,.;,x,,) 1%n 95 KX i fy&{l-l/affnf ‘o 7’0/
He Form ?’/x4,.-xn): ,.%7,')(; [%.eF) (we'll soy Yt f/ i<
o@'agmaﬁ). Moreover if i pepresents acF Vo8, we can find

"w. g =a
"

Step 1: I % (15, / <n) are as i Defmition in Sec 11
Lo 7///,0)._0}= 7(@,, Qyry gy )- Now Segpose (a,,.-2,)) is 4
nonzero  Solition o (- %) =2 w. aelF. We can Fnd 25 w
(21 st the matnx feleg) is invertibte ). Then
7’()(,,._ X,) = ,ZJ ?,fj- XA W ;’4;=7"(7,0,--0)=a- We can Fotace 7

W’f/ A assume 9,70
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S‘felo e _Z;Y 7 a/oes nott /’6/7)‘65@/4‘5 dﬂdbt HONEEXD Num éfr/ f/en 7=0
& Foposrtion f/il//a/@ follows. So Suppose  g,= 2 #0. Sef

91
5 “%iz KJ—; i
A K
ay’~ ;¢45+J%#%+z%nza i

TZ@V/ ?[x X} dd% T ”?c X)( 7/5;' Suitable 75[ 7Ze céanje,
ot verieBles (i, X,) HQ,, x&,._)(,,) is c/zven‘/({fe so  establshes an
eut valence  between 9 & ;’, Where 7’/}(4,..)(,,) 74 +“2’:J . Z/’- XK.
Sf&/n 3. We Can f/an ;(/7/7%{ ndution on He number of

VBV/'&g{eS 7 To fno/ %cw e 07[ Vay/‘a/f_c [er"xn) z%vf mejces
Pl 95 x,x Dddgoﬂo/é 1l mémj, He /0)’00/ o

ZIJn

/] m/‘éw/d 71/{65'6/0/4 (s /,./Aa;é 4&//%}75 W4en ? //e/wfe)’enfs

J /%Ve'; an RNswer:

: _T/’ 7 l’ely}’esenfs 0, we coy //m/ 7/ 5.T.
77=0 or 7;7, ?Z= ~1.



13) Femare
o prove /Vo/pomz/on ve wseo! ot

a) F comes with adiition, subtraction & multiptication
Sué/'eaf to the usued ax10MmS /assaa'a/fzwfg, Commufa;f/wfg,
etc.).

6) We also useol dwision, move luVeo/sefg Lot eloments
of He form 12 (2l | {03) ave invertibte.

for example, ﬁfoposzf/on witl foil over 7 (as very fors
elements are (nvertibte). Theres one more case of “mumbers”
where /%/005/2‘/0;4 holds that we witl need 1 His closs:
F=Q,, p-adic numbers, Hhat wetl intioduce liter



