Hasse- Minkowski z‘/emem, loc Z: /D-aa//c M?_‘fﬁevs
2.0) _[ntroduction

Kecall i E?(M'LZIOM Hrom  Section 0:

(2) x'-2x+3%-6x} =0

(B) X x+x'-%x/ =0

We claim thet neither has nonters solutions in Y !
Tndleed , We con vescele 8 assume et X, Xy aYe. Coprime
Zm‘egehs. Then we cAaim that (2) hes o Coprime sodu-
tions modulo 9, wht (2) has o coptime  solutions Mool
§ Leds eliborate on the litter Af/? Compterte Souaye (s
Conjmemf t 14 0r 0 modulo 8. The egudation becomes
ZX =0 mOo/X { since X =014 11400(8 all . have 1o be
even  Contradi (;é/né #(, coprime. assumption

Se we con ask 1%_ /L»Z/ou/iﬁg legue fb/es{/on:

Luestion: What can Sofvmoc /0 %wom/d e?wo-élom modls
plime. powers el us about Zﬁfﬁ;er solutions?

Answer : z‘/}; can give Solut tons z‘/ﬂf W 2—%@ /nfe(?ers_"
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2.1) Feminder on res dues mod /Dk
Fix o prme number 7 for ke, Gt 2/p 2 donte Hhe
set of vesidats mod ﬁf Well thne albout them as elemeurts
of 1 01,... /05/?, e /oossié& vemainders ander dision o;a, /o.“
(iven two Fesidues 4 be 7Z/f"7[ we can 4add, subtract &
mu bty them 1 Zpt 2 eq. a-be Zip* 7 s defmed 25 the
cmf7ue lement of /O,Z...,/)'SIE Mﬁjmm{“ 4 e usuel /DVoofudf
o ab as intesers ool ya These c}oem;f/om feve H asual
p/o/oem?/es of addition, subtraction Mu/ﬁfﬁo&'czejmn o /mfejeys:
we have commuz‘wf/wfg, Assodufn//%g A é&fﬂém‘zwfg, rules,
/m&‘zpﬁ(j{ ng. ae 7/40“71 !5,, Lhe vesidue 1 ques g, efc.
Thenrs 2o these gperetions it mares sense 1o /05(5 ele-
ments of Zp*Z irto ary paﬁowomid Fom 2%, %] The
tesubl s a residue Hom 7/40“74
Division s move subtle: we com dhvie é oY hohien res)-
dlues 01/)@ %r =1 For every 4c efpZ, b+0 Fhere s
am’yue Ade Z/pZ with b =C So we wite a=47r
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27) f—aﬂéc mfegm

ﬁe/ intion: We _Sw&, f/azf 2. collection 07/ yesidues
a(k}é7///0"7l for k21 s co/h/m%/éfe if alen-ale) i
dwisiffe aé, fk # o1 551 2 /o-aaéc an‘eﬁer We. meas ainy
conpartible cotlecton of residues (alk)),.,. The set of /a—aaé‘c
Intesers witd be densteod é’ 7(/0

&empﬁz-‘ Et/e@ Zmzejer /A glves a /-Qodir_ z'nzzfgfer Via
(2 mod p*),,,
Sem/mé ae Z 1o (a /Moo/f")m,ézj defmes < map 7/—77{0,
s /}y%m‘zvc 267 have e some mage < 2-6=0 /ma//o’f ¥
k21 o<l Wel view 7 a5 o subset of 7§ v s ey
The next important footure of 7{, is Dot i comes w
da/oé'{/on, subtraction B mubtptication e)a‘eno/méz Hose on s
subset 7. R this nitie thet fr two compatible. Sepuences
m)eZ//DKZ L d)e Z/PKZ (21 each of e /M/omﬂﬁ,

5&7’uemcs Is (Ompa/l‘/ﬁe! (4(/O+ 500),0,,, (a(k) - 5(k))k,,,,
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(2(c)b(Cx),,,. whtte ﬁc opesetions ave done. in 7///0"7Z /ej-
a(k+1)=ali), 6Ck+) = 6(€) mod p~ => alks)lks1)= alk)bx) mool p*)
We Jefine 1he aﬁem}lf/ons on 7//, accoyo/mﬁ%,e_j_:

(a(e),.,,+ (60c),,,: = (ale)+ 60)),,,.

These gperaXions have the usued /m/om‘zes: commutartivi-
'%, assoddetwity, ol/sfn'éuf/wfg, efe. 7Ze<7 olso extend e
YA apcrwffons on 7 (. ).

/%re’s YA way o /w’esenf /0—aa/zc pumbers. Since
Alk+) ~(k): /a", 4(1<)e{0,/,.-,/0"—1}) air) €10 {.-,/0“1/} ﬁf/eke';
unigite 2, {o1..p-1§ s zz(/c+4)=/2(/<)+a,c/5 Y, we get 4
Seguence 46-6{0,__/045 w. (20 st. ale)- L,Zr;_ac-/o‘. We witl
wiite e /o-aof{c zhz{@er (at0)),,, 25 Ao mfinrte sum é;ﬂz ’.
With Hhis ﬂ/ﬁseﬂ‘['a/’flom ﬁOﬁ-ﬁ((jgilVﬁ Zméejers g0 to Bheir expan-
sion base P, whie for ﬁejm‘lve L’nfcjers this is move subtle:

Examptes: 1) be cloim Hhet -1 X7, is gren b S
This boils down 4 aéﬁctingﬂ thet 1= %(pﬂ)ﬁf Moo /D"

¥ 20, which follows 4 ;2:@-,%'; 57 pipis pht
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2) Lt p=3 g consider the 3-adic integer a- Zz Then
e ZZ 3¢=[1)]=~1 This 2 gives an Zxam/ofe o/cz 3-
adc cnffjay which ghes nt e in AN/ Hhe esuation
Za+1=0 doesnt have zm‘eger solutions.

1.3) Tnvertibte /pwzoéc Zn%egers

An Qo/VMZZAjC of /-goé’c /nfeﬁem over e usued ones is
Yhot //na/zng /D-ao&'c solutions o pof;noln/wf epyartions s
easier - it's a fecursive /Di’aceo/é//ﬂ.

/Vme@ Suppose we fave a /ﬂo%ﬂomml £6) w coet-
f/u'em% n 7(/, £ we wont to solve f[x)=0 c'///ovzo&'c
c'Mffjers‘ Dndd X"Zﬁia/o‘i w. 7?[242,/0')-0 For this we /m‘
Safl/f: Fa)=0 in 714075 And once we found 2. solution
de 4 f6) =0 in 7//0 2 e f/’ “ find aely. P15
o Zhat ZQ/D solves F6)=0 in 740 7[ His borts abin
to an equation on 4, 1 Zpl.

We app@ His peasoning to 4 no//hoq cvertible p-

2djec /nfegers e 7/ st bx=1 has Solution 7[ (euto-
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mati CQ,% Uﬂ/'gue: i/ X 51 are So&flons/ z‘/en 04{= J/ZXF
@é)x X).
Lemma: b= Zé /n is imvertible < 4#0

oot We need o find a= Z.aL/J st be- 1, equivetent-
% (Zé/a)(Za,/o =1 mod p* ¥ ka2t g whet e
recelled in Sec 7 7, there s m;gue q 6[0/ p/} with
a, 5 1 /VIOD//D /l/w Sugpase we 7541/10/ a,.., %, s.T.
/Z.,{/D)[Zat/o 7+/0"C for ce 7
awnd went 4o Fnel 2, From
1= /Lli ép")/zszj Q;,D")E ¢f/ch+5Kao/0k+Koaklo" /mo//o“’
& éaK: -C - éa maa/f
The hjﬁ henol 5)de onty contains numbers we zzﬁ’awg
know and. snce b#0 in 252, He tast eguazf/on has
2 splution Qkéfgl..., /}] ;‘9}71}4/}42, fa/c /)’007() d

: 5(/050%@ (25 éa;zi)%m/ ,,27‘57/3'



