
Hasse Minkowski theorem lec2 p adic

integers2.0Introduction

Recall two equationsfrom SectionD

2 X122X223X326X420
3 X12X23X327X420
We claim that neither has nonzerosolutions in Q4

Indeed we can rescale assume that X1Xr are coprime

integers Then we claim that 2 has no coprime solu

tions module 9 while 3 has no coprime solutionsmod

8 Let's elaborate on the latter Any completesquare is

congruent to 14 or a module 8 Theequation becomes

sum_i14Xi2equiv0 mad8 2I since chii2equiv014 med8 all xi have to be

even contradicting the coprime assumption

So we can ask thefollowing vaguequestion
Question What can solvingpolynomial equationsmodule

primepowers tell us about integer solutions

Answer this cangive solutions that are p adic integers
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2 1 Reminder on residuesmodpkappa
Fix a primenumberp For kinmathbbZ0 let Tlp I denotethe
set of residuesmodp We'llthink aboutthem as elements

of 0,1 p i i e possible remainders underdivisionbyp
Given two residues a be p 7L we can addsubtract

multiply them in Tlp I eg a be TLp TL is definedas the

unique element of 01ldotspk1 congruent to theusualproduct
of ab as integers medp

Theseoperations have the usual

properties of addition subtraction multiplication ofintegers
we have commutativity associativity distributivity rules

multiplying aetllp.TL by the residue 1gives h etc
Thanks to these operations it makes sense to plug ele

ments of Tlp TL into anypolynomial from mathbbZx1 Xn The

result is a residue frommathbbZpkmathbbZ
Division is moresubtle we can divideby all nonzero resi

dues onlyfor 1 1 for every 6 cinmathbbZp L 6neq0 there's

unique ae I pI with ab C so we write Qb1C
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22 p adic integers
Definition Wesay that a collection ofresidues

alk TLp TLfor Kat is compatible if alkill acid is
divisible byp k7,1 By a p adic integer we mean any
compatible collection of residues leftaleftkrightrightkgeq1 The set ofp adic

integers will be denotedby pip

Example Every integer ae
mathbbZ gives a padic integer via

a mod pkkgeq1

Sending aeTL to lamodp in inmathbbZp defines a mapmathbbZrightarrowmathbbZp
It's injective a be havethesame image abequiv0 modp f

Kat a b We'll view
neg

k as a subset ofpi1 vie thismap
Thenext important feature of pip is that it comes w

addition subtraction multiplicationextending those on its
subset mathbbZ For this notice that for two compatible sequences
at kinmathbbZpkmathbbZ bleftkrightinmathbbZpkmathbbZleftkgeq1right eachofthe following
sequences is compatible leftaleftkrightbleftkrightrightkgeq1leftaleftkrightbleftkrightrightkgeq1
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leftaleftkrightbleftkrightrightkgeq1 where the operations are done in Ilp 7 e.g
aleftk1rightequivaleftkright6leftk1rightequiv6leftkrightmodpkRightarrowaleftk1right6leftk1rightequivaleftkright6leftkrightmodpk

Wedefinethe operations on
neg

Kp accordingly e.g
leftaleftkrightrightkgeq1leftbleftkrightrightkgeq1leftaleftkrightbleftkrightrightkgeq1

These operationshave the usual properties commutativi

ty associativity distributivity etc Theyalso extendthe
usual operations on exercise

Here's a usefulway to present p adic
numbers Since

aleftk1rightaleftkrightvdotspkaleftkrightinleft01ldotspk1rightaleftk1rightinleft01ldotspk11right there's

unique ekinleft01ldotsp1right st aleftk1rightaleftkrightakpk So weget a
sequence aiinleft0ldotsp1right w.is a st aleftkrightsum_i0k1hipi We will

write thep adic integer lefthleftkrightrightkgeq1 as the infinitesumsum_i0inftyaipi
Withthispresentation nonnegative integersgo to theirexpan
sion basep while for negative integers this is more subtle

Examples 1 Weclaimthat 1inmathbbZsubsetmathbbZp isgiven bysum_i0inftyleftp1rightpi
This boils down to checking that 1equivsum_i0k1leftp1rightpi medpk
forallk0 whichfollows bc sum_i0k1leftp1rightpisum_i1k1pi1pipk1
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2 Let p3 consider the 3 adic integer asum_i0infty3ii Then

2asum_i0infty2cdot3ileft11right1 This a gives an example of a 3
adic integer which does not lie in pipi3 theequation
2a10 doesn'thave integersolutions

2 3 Invertible p adic integers
An advantage ofp adic integers over the usual ones is

that finding p adic solutions to polynomialequations is
easier it's a recursiveprocedure

Namely suppose we have a polynomial fleftxright w coef
ficients in pip we want to solve fleftxright0 in padic

integers find xsum_i0inftyhipi w fleftsum_i0inftyaipiright0 Forthis wefirst
solve fleftaeright0 in mathbbZpmathbbZ Andonce we found a solution
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sum_i0k1aipi to fleftxright0 in mathbbZpkmathbbZ we try to find akinleft0ldotsp1right
so that sum_i0kaipi solves fleftxright0 in mathbbZpk1mathbbZ thisboilsdown

to an equation on hk in TLp7
We apply this reasoning to finding invertiblep

adic integers binpip st 6x1 has solution in piplants

matically unique if Xy are solutions
then yyleft6xright

leftyrightxx
Lemma bsum_i0inftybipi is invertible b0neq0

Proof We need to find asum_i0inftyaipi s.t 6a1 equivalent

ly leftsum_i0k1bipirightleftsum_i0k1aipirightequiv1 modp forallkgeq1 By what we

recalled in Sec 2.1 there's unique a0inleft01p1right with

a0b0equiv1 modp Now suppose we found a0ak1 s.t

leftsum_i0k1bipirightleftsum_i0k1aipiright1pkc for cinmathbbZ

and want to find ak from

1equivleftsum_i0kbipirightleftsum_i0kaipirightequiv1pkcleftsum_i1kbiakirightpkblakpkmodpk1
blakequivcsum_i1kbiaki modp

Theright handside only containsnumbers wealready


