
Hasse Minkowski theorem lec 3 p adicnumbers

3e Introduction

p adic numbers a full nameshouldbe padicratio
nal numbers relative to p adic integers are like usual

rational numbers relative to integers Recallthat a rati
onal number can be thought of as a fraction fracabainmathbbZ
6inmathbbZleft03right Two such fractions fracabfraccalpha are equal if h26c

they can be added multiplied

fracabfraccalphafracaalphabc6alphafraca6fraccalphafracac6alpha
Moreover

any fracebinQ with aneq0 can be inverted leftfracabright1fracba

3 1 Definition of a1
We can do the same for p adic integers Wedefine

p adicnumbers as fractions i e expressionsof theform

fracableftainmathbbZpbinmathbbZpleft0rightright where by definition fracabfraccd if
ad6c They can be added subtracted multiplied
invertedjust as fractions representing rational numbers

prod
But in a way p adic numbers behave easier than



rational numbers it's enough to consider denominators

of the form p To see this we need a lemma

Lemma Any bepke can be written as p 6
where

Kao 6eEp is invertible
Proof

Write bsum_ikinftybipi w bkneq0 Set bsum_i0inftybikp
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Note that
6 is invertible by Sec 23 Then bpkb this boilsdown

t0sum_ikmbipiequivpksum_i0kbikpi mod pmforallmk which iseasy
to see

Corollary Any nonzero alphainmathbbQp can beuniquelywritten

as pkc where ke 2C is an invertible elementofKp
for K0 by definition pkcfraccpk
Proof

Existence Write alphafracab w abinmathbbZp ByLemma hpla
bpkb with invertible ainmathbbZpRightarrowexistscinmathbbZp with cba 1

sofracplapkbplkcbackslashleftcright1leftaright1b
21

Uniqueness Assume pk1cpk2c in Qp K1leqK2 Then



cpk2k1c in mathbbZp Let csum_i0inftycipi w c0neq0Rightarrowcsum_i0inftycipik2k1
Since C is invertible K2K1 CC

Writing csum_i0inftycipi weget alphasum_ikinftycikpi which ishow

one usually writespadicnumbers Thenumber K is called
the order ofα denotedby endk

Example p3 then frac16frac13cdotfrac12frac13left2sum_i1infty3iright2cdot31sum_i0infty3iinQ3ordleftfrac16right

Remarks

1 Wehave oralphaleftalphabetarightoralphaleftalpharightoralphaleftbetarightforallalphabetainmathbbQpleft0right
alphaplsum_i0inftyaipibetainpksum_i0inftybipi W a0b0inleft1ldotsp1rightRightarrow

2ps plksum_i0inftycipi c0equiva0b0 mad pRightarrowceneq0

2 Q can be viewedas a subset of ap compatiblywith all
arithmetic operations just as mathbbZmathbbZp
Exercise Rsum_ikinftyaipiexistslstlefthiright ise isperiodic xi 1j

frac31
easier c is a part



32 Completesquares inQp
We will need to study quadratic formswith coefficients

in Qp Our first step is to determine completesquares
elements alpha2 for alphainmathbbQpleft0right
First of all 0r dleftalpha2right2ordleftalpharight mustbeeven Now take

betainmathbbQpleft0right with ord leftbetaright2lleftlinmathbbZright It's a completesquare if
andonly if p2lbeta is so Notethat p2lbetais oftheform

sum_i0inftybipi w blinleft1ldotsp1right ifbetaalpha2 then ordleftalpharight0 so

alphasum_i0inftyaipi w a0inleft1ldotsp1right In particular blhl1 in pipmathbbZ
For p2 thereexactly fracp12 completesquares in pipmathbbZ

calledquadraticresidues theremaining fracp12 nonzero elements

are quadratic non residues Note that if b0a02 then

x260 for xinmathbbZpKRightarrowx0pma0

Lemmal Assume pneq2 Let betasum_i0inftybipiinPip w b0neq0
If b0a02 in mathbbZpmathbbZ thenthere is unique

alpha of theform

alphasum_i0inftyaipi Wbetaalpha2
overlineDelta1



Proof Weapply thegeneral algorithmforfindingpadic

solutions to polynomial equations fromSec 2.3 wefind

akinleft01p1right recursively from

b0b1pldotsbkpkequivlefta0ldotsak1pk1akpkright2 med pk1
Thebaseof recursion is our assumption that b0equiva02 modp

Now suppose kgeq18 holds for k1LeftrightarrowexistscinmathbbZ s.t

b0ldotsbk1pk1pkclefta0ldotsak1pk1right2 Thenmod pk1 wehave

lefta0ldotsek1pk1akpkright2lefta0ldotsek1pk1right22lefta0ldotsak1pk1rightakpk
ak7p2kequivleft2kgeqk1rightb0ldotsbk1pk1pkc2a0akpk mod pk1

Then reduces to

2a0akequivbkc medp
that has a uniquesolution akinmathbbZpmathbbZ 61 c2a0neq0 modp
here we usedthat pneq2

Now weproceed to the case p2 which is moredifficult

As before the order of a complete squaremust beeven
It remains to determine completesquares oforder 0 i e

beta1sum_i1inftybipi If betay2 then ardleftyright0Rightarrowy12x for xinmathbbZp
frac51



Then the equation becomes

betaleft12xright214leftxx2rightLeftrightarrowsum_i1inftybipi4leftxx2right

In order for this to havesolution we need to have b1b20
16c ordleftxright or or dleftx1right0 1 Arguing as in theproofofLemma1
we arrive at thefollowing theproof is an exercise

Lemma 2 Theequation XX2sum_i3inftybipi3 has exactly one order

odd solution exactly one order o even solution

In particular b1sum_i1inftybipi is a completesquare b1b20

Side remark In both lemmas we have the samepattern
we have a polynomial finmathbbZpleftxright with theproperty that
solution say h0 to flefta0right0 in mathbbZpmathbbZ there is a

unique solution alphasum_i0inftyaipi to fleftalpharight0 in pip There's a

general result in this direction known as theHensel

lemma Henselwas a Germanmathematicianwhofirstformal

ly definedp adic numbers in 1803
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To state it note that to a polynomial fleftxrightinmathbbZpleftxright we
can formally assign its derivative fleftxright if fleftxrightsum_j0nalphajxj
then fleftxrightsum_j1njalphajxj1 TheHensel lemma states

if a0inleft01ldotsp1right satisfies flefta0rightequiv0 modp flefta0rightnequiv0 modp

then there's unique alphasum_i0inftyaipiinmathbbZp s.t fleftalpharight0 in pip

Exercise prove this hint Taylordecomposition

fleftxrightsum_j0inftyfracfleftjrightleftalpharightjleftXalpharightjforallalphainmathbbZp where fleftjright is the jth
iterated derivative

Google Newtonmethod
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