/%zssz—/‘//ﬁkowsm fémm, lec 3 /O-Qa//c numbers
3.0) Tntroduction
la-cw{ic numbers (o Full neme Should be ';Mzoé'c yatio-
nak numbers”) relative to /Daaoé'c Zm‘c;ers ave Ure Usual
vaitionad numbers reletive 4o Zm‘egez/s. ,Pemﬂ f/a/f 2 vati-
onal number can e féoaéah‘ of as a paction: F(aeZ
be 21003). Tuo such fractons 2 85 are eoual if ad-4c
f/eoq con b adoleo & multiptied
/%yeovev) any ,%5@ with A#0 con e inverted- (,55)_1: ?ff-

3.1) Detintion d @

We con db 'f/e same. 7@}» /D~aalrc ém‘ejers. We 042//1%
p-ao(/c numbers zs %/aﬂllom‘, (€. expressions of ‘f/e Horm
f‘ /Qé 7/F be 7{0}{0}) WAZ)’C} /dz Oé//ﬂ/f/OM) ZQ:;?_ 4}/
adl= bc. 77%1 can bo adloled (8 subtracted), mubbpticd &
(nvertesl Just as Hections wepresenting tetional num bers.

- Bit m 4 Way p-ao[ic Numbers behave easier +hon
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vationad numbers: it’s emoa;é ‘o consioler dlenominataors
0/ Z%f /0/’)% /DK 70/536 1%}3‘ We. /Z&o{ 2 /e/mm:

Lemma: »4145[ /67{0 10T can be witten as /J’Zj where
k20 £ b'e 74, /s (nvertibte

Frod:

Wrte 4= 2__{,0 W bt0 Set b= Zémﬁ Nito thot-
- ’/hnvm‘/éfe by Sec 1.3, Then & =p*4’ Hhis boils alown
to: C_Z,céc/b{ E/DKC':ZZA"*K/D{ ﬂ’loo//Dm ¥ myk which is €Q53/
to See. 0
[Wogfar}' /7173 nonzero o€ (), can be am?qe/dq written

P
a5 p ke’ wheve ke Z. 8¢ is an invertible element of 7/

(for k<o {; oetinition, P c— ,c)

Proof:
LExistence: Wnte o= 7 * . a£é7/ é;, Lemma, 4 /ga’
"/o{ Mf/ invertible a !C7Z=>_E] C 671 with c4%a

So ké /ngé/ X (C) = [a %
”}4170181%5’5 455(,:/175 c’ n ﬂ X kﬁkz. ﬂen
7 Py i



C/)Kt //ZhZZUfCZC’/Dh/C¢'0%C /)fH’-L_
Since c” s mvertibte, =k & c’-c’ 0

Wmfm;_ c’= éi_c’f'l We ﬁf%‘ o('—‘ééq-_k/oi/ which is /ou/
ane Z/SWL% W}'l'fﬁs /0 acé'c hum!ers- 7;)7& num 56}’ K s [a,ZZco/
fn/(; order of o & dencted 57 ord (o)

Example p=3,ther 34300 2.57)-23" 3 5'€ @ onl ()=-1

Femares

1) We pave ord () Oro/(oz)wm/g@) ¥ o4pe ( | {03
/Dequ E<p Z{p w. g, 6el]. poiI =

oA - /0 ZC/D £ C,=a,6, mol p = ¢ #0

2) @ can be viewed s 4 Subset of Q/’ cm/%u‘/!? with all
writhmetc gperations ‘[/'mf as Z< 7{0).
@ - [é;.q/b"/_:l € st (8, is /)zfﬂ'aﬂ(/c)g (2 s

easrer £ € is a *-/Damf),
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37) fm/o/yfe Squares m @/’

We wtl nwd 4o Sfua/g 74/&%&‘/}; Jorms with coelicients
(n Qp Owr Hrst Sfe/o i o dletormmne Cm%p%%% SQuares —
elements o For o(eﬂfl {03

First of all, ovd (1) =2 ovd (2) must be even, Mow Take
/56@}(0} with ord (g)=2l (). H's o complete Spuare i
MOZ/ (Jn% if /o'zig is so. Mote Yot /0_2";% i of e form
L%_ééf" - c{,é/i.-pﬁ X ;7[ /5=o(7“/fn/en 0///ol)=0 Jo
01=§Q;/0" w4 etf. p-15. In particuler, b=a" in 714971.

For /37.2) Heve ema‘gl /92——7 Comp (ete Spuases o 7//971
(colled guedratic resi dues, He remainn 1 P nonzers eloments
w'e 7azzo/ra7f1¢ yion - residues ). Note ot if b=0" the
J(7=é for xe 7///971 =X =%q,

Lemma 1 Assume pt2. Lot /@=é::4 /0'574 w. b 70,
ny /D-—'Qaf i 7/4071) fX&n ’fZe}’c Is é/n/?ag o of He 7%/)24
L= Zap v pd
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Froof: Wi gup% the jencm,l a/aqow’z%m for /m/m} /—m’z&
Solutions o po%m)/ma/[ e?mu‘/ons j%m Sec. 13 we #ind
4.€ Z/Q/,..,ﬁ'/} /ew%we% Hom
(%) é%ptj K,C/ok = [ao+..-+ak_,/>“'1r Qk/OE)Z /ﬂpo//o’“’

The bese of vecursion is o A&smm/of/on Bt §=a" mool P
fow Sugpose K21 (%) holils For k-1 3 ce Z st
étﬁé_,/ak"w‘/akc = (4,7 .+ a,c_,/ok"),z Then /Mo//ak” we have

(a+_*a, /o""+ 4, /ok)l= (2,41 4, p) 't st 7 4, /)"")ak /o"+

1 7k

leb

k+1

E[Z/o/m] bt.+ !,c,,p"”@a"c + 24,4, p* mOo//o
Then (%) reduces 4o
logp, = b,-C /m//D
f/a}f fes 2 &M/f’uc Solution ZAS 7/4071 //c A2, #0 moo/ /0
~ Jeve we used that P2 u

/%h/ we /0}’06660/ o f/e rse /9=Z) b///oé 15 Move 947%(@&‘
/45 /{7?076) Z%c Wp/ﬁr ﬂ/ R Comp/fzfﬁ f?ame Mmust be even.
Tt rememns to determme Complete Squares of ovdler () ie.

_E|= 1+ LZ; é/J' I%D/E-*gz, Len oro/gy%o =24 1425 for x€7§o.
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Then e egwaf/o)o becomes
= (1422)'= 1+ 4 (x+x1) S éié,-/uf = 4(x+x)

In 0V0/€y /DV ‘Lé/is Zo 4&1/6 Solution we /teeo/ o ARV& a/ =Kz=0

17

lb/c ordfx) or oro/ﬁ(w)?d ). A%w’ng, as n He /700/ o/ﬁ:mmf)
we arnve ot the /a%mng (Zhe /roo/ 5 on )

Lemma 2: The eouatt on Xt+Y'= éé—fﬂ fas €Xam§% one orgley
0 ("odel”) soteition § exzz(;f% one arder >0 (‘tven”) solution
In pertindor, 6 =7+C§éé /9; s 2 Complete Souare <2 6-4,70

576{/& remar: In 50754 lmmas we have 1‘4/« Some /Qﬁﬁ’l/ﬂf
e Jawe o /D%ﬂamzd fe 74[& wit) v /’/"Pe”fai f/aﬂf
+ solution Se, Ao,mfo /{ao)=0 7 7[//77L, z‘/ere ic a
an)'7ue Sotut ion o(=c,=zo£2£/7" % /&7=0 n 760 Theves 2

ﬁeﬂem[ result in Lhs direction tnown as e Hensed
lemme (Hense! wns a [fzrman /%a]f/e/m;f/cf'an w/o 75/@{ 75rma/~
—’l% defimed P adic. numbers i 7593).
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Jo stote it nte that % a po%ﬂoﬂﬁd 7P6<J€7§[><] We
com 7[0}’}}4% AZSS)CSM /s oerivetive /ﬁd if £&)= Zo/XJ,
tho £63= 2 jtix"" The Hensel lomne states’

i a, /ajz /o/f sotishres /[zz) 0/%0//9 /&]#0//70//0

Hon Lhers anigue o= %‘4/’ e 4, st £e)=0 7/

prove f/}f //mf @gor 0/ecom/005)7f/oh
7?&% ["() (x- DY A 0(67(  where /“ s e J'%/
/fera;teo( o(ewvmflve),
: CDoj(fi Newton method”




