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Quadratic formswith p adiccoefficientseIntroduction

We now want to investigatequadratic forms

qleftX1ldotsXnrightsum_ileqjqijXiXj W qijinmathbbQp
Here's a motivation Our originalgoal in Lec 1 was t0

investigate quadratic forms with coefficients in Q wewanted

to know when such a form represents 0 over a Thanks to
See 3.1 we know that mathbbQmathbbQp so if for9 withrational
coefficients qleftX1ldotsXnright0 has a nonzerosolution in Q

n then it

Hautologically

0



Thanks to the inclusion mathbbQsubsetmathbbQ p one can hopethatthis

investigation will help us to understandthe case of rational
coefficients similarly to the inclusion mathbbQsubsetmathbbR
What was done in Section carries over to thecase FQp

word to word In particular the equivalence ofquadratic
forms makes sense we take linear combinations withcoeffi

cients in mathbbQp and we still have an analogofPropositi
on in Sec 1.2 inparticular everyformwith coefficients

in Qp is equivalent to a diagonal one

On the other hand thebehaviorofquadraticforms w
coefficients in Qp is quitedifferent fromthe case ofR Eg
the main result of this section is

Theorem For no 5 every quadraticform qX1ldotsXn 7withÑ



coefficients in Qp represents 0 over Qp i.e qleftX1ldotsXnright0 has

a nonzero solution in Qpn

3 1 Completesquares inQp
Ourfirst step is to characterize elements oftheformalpha2

for alphainmathbbQpleft0right to be called completesquares
First of all or dleftalpha2right2ordleftalpharight mustbeeven Now take

betainmathbbQpleft0right with ord leftbetaright2lleftlinmathbbZright It's a completesquare if
andonly if p2lbeta is so Notethat p2lbetais oftheform

sum_i0inftybipi w blinleft1ldotsp1right ifbetaalpha2 then ordleftalpharight0 so

alphasum_i0inftyaipi w a0inleft1ldotsp1right In particular blhl1 in mathbbZpmathbbZ
For p2 thereexactly fracp12 completesquares in pipmathbbZ

calledquadraticresidues theremaining fracp12 nonzero elements

are quadratic non residues Note that if b0a02 thenthere

is exactly one more element xinmathbbZpmathbbZ w x260 xh0

Lemmal Let betasum_i0inftybipiinPip w b0neq0 If b0a02 in

overline22
IlpK then there is unique alpha of theform alphasum_i0inftyaipi wbetaalpha2



Proof Weapply thegeneral algorithmforfindingpadic

solutions to polynomial equations fromSec 2.3 wefind

akinleft01p1right recursively from

b0b1pldotsbkpkequivlefta0a1pldotsakpkright2 med pk1
Thebaseof recursion is our assumption that b0equiva02 modp

Now suppose we know that for kgeq1 wehave

b0ldotsbk1pk1pkclefta0a1pldotsak1pk1right2 for cinmathbbZ Then

the right handside of afterdropping summandsdivi
sible by pk1 equals

leftb0ldotsbk1pk1pkcsum_i1k1aiakipkright2a0akpk
Then reduces to

2a0akequivbkcsum_i1k1aiaki medp
that has a uniquesolution akinmathbbZpmathbbZ thanks to 2e0nequiv0
modp

For alphabetainmathbbQpleft0right we say that
propto is equivalent tobeta

write alpha
beta if alphabeta is a completesquare To alphabeta we can

assign quadratic forms in p variable
alpha

up ifandonly
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if the corresponding forms are equivalent in the sense of
Sec 1.1

Corollary 1 c The completesquares in mathbbQpleft0right are exactly
P adic numbers of the form sum_i2kinftyaipi where aiinleft1ldotsp1right is

a quadratic residue

1 For alphabetainmathbbQpleft0rightalphasimbetaLeftrightarrowordleftalpharightequivordleftbetaright mod 2zthe
leading digitsofproptobeta are eitherboth quadratic residues or
both quadratic non residues So weget 4 equivalence

classesNowweproceed to the case p2 which is moredifficult

As before the order of a complete squaremust be even
It remains to determine completesquares of the form

beta1sum_i1inftybipi If betay2 then ardleftyright0Rightarrowy12x for xinmathbbZp
Then the equation becomes

betaleft12xright214leftxx2rightLeftrightarrowsum_i1inftybipi4leftxx2right
In order for this to havesolution we need to have b1b20

frac16c241ordleftxright
or ordleftx1right0 1 Arguing as in theproofofLemma1



we arrive at thefollowing theproof is an exercise

Lemma 2 Theequation XX2sum_i3inftybipi3 has exactly one order

odd solution exactly one order o even

solution.Corollary2 1 For alphabetainmathbbQpleft0right wehavealphasimbeta

ordleftalpharightequivordleftbetarightmod2poralphaleftalpharightalphaequivporalphaleftprightbeta mod8

2 There are 8 equivalence classes in mathbbQ2left0righttheirrepr
esentatives are 2ji w ipm1pm3 j01

Side remark In both lemmas we have the samepattern
we have a polynomial finmathbbZpleftxright with theproperty that
solution say h0 to flefta0right0 in mathbbZpmathbbZ there is a

unique solution alphasum_i0inftyaipi to fleftalpharight0 in pip There's a

general result in this direction known as theHensel

lemma Henselwas a Germanmathematicianwhofirstformal

by definedp adic numbers in 1803

To state it note that to a polynomial fleftxrightinmathbbZpleftxrightwe4


