
HasseMinkowski theorem lec 5 Sketchofproof
d Introduction

In Sec4.3 we've statedthe main theoremofthis
course whosenontrivialpart is

Theorem If a form qwithrational coefficients represents
0 over mathbbR andQp for allprimesp then it represents 0
over a

Baby example n2 We assume that g isdiagonal

qleftq1q2right w q1q2inmathbbQleft0right Then
q represents 0 over F

QmathbbR or QpLeftrightarrowalphafracq1q2 is a complete square in F This

implies

alpha0

ordpleftalpharight is even where we write eudp for the order
ofpropto as an element ofQp
We can decompose propto as pmp1k1peke Ip1 pe distinctprimes

K1ldotsKlinX Then ordpleftalpharightKi if ppi0 ifp leftp1ldotsperightRightarrow
all ki are even so propto is a complete square in Q
pi



In what follows we'll discuss some ideas ofproof
for ngeq3 A referencefor what follows is Serve A course
in Arithmetic

2 Case n3 Legendre 1785
Here we fix abinmathbbQleft0right andstudytheexistence of

nonzero leftxyzrightinmathbbQ3 satisfying z2ax2by2 can reduce to

this case by rescaling

Proposition Suppose z2ax2by2 has nonzero solutions
over all Qp w p2 over mathbbR Then it has a nonzero
solution over a
Proof

Rescale to reduce to coprime integer solutions leftxyzrightto
z2ax2by2 where a6 are squarefreeintegers A key idea

is induction on la 161 Assume lals 161 The case left6right1
Rightarrowleftaright1 is easy exercise Let 6 p1ldotspk for

primes27p1ldotspk 1 kgeq1



Lemma Assume z2ax2by2 has a nontero solution in

apiforalli1ldotsk with pi2 Then a is a completesquare
module6

ProofofLemma

Ifti2equiva modpi ChineseremainderThm existstinmathbbZ sit tequivti
mod piRightarrowaequivt2 m 026 S0 it suffices to showthat h is comp
lete squaremedeach pip Case p2 is automatic so

assume for contradiction that a is a quadraticnonresidue

mod p2 We can assume that z2ax2by2 has a solution

in pip3 where at least one of xyz has order 0 elsedivide
oralphapleft6right1

by p0 But Z2equiv0X2 mod pRightarrowZXequiv0 m edpRightarrowy0 modp
of

Lemma.Contradiction.By
Lemma c b 721 c2a66 Canchoose cinleftfrac1612frac1612right

Then since 1a 161 weget 1640161

Claim In FmathbbQ ap armathbbR the set XleftFrightleftz2ax2xzinFright is

closedundermultiplication taking inverses ofelementsneq0
frac31



Exercise1 on norms in quadratic extensions provethis

note that if a is completesquare in 51103 XleftFrightF

Theequation z2ex26y2 has a nonzero solution in F

Rightarrow6inXleftFright 6binXleftmathbbQrightsubsetXleftFright So z2ax26y2 has a non

zero solution in F3LeftrightarrowbinXleftFright Claim 866inXleftFrightLeftrightarrow

binXleftFrightLeftrightarrowz2ax2by2 has a nonzero solution in F3
Since 164161 this gives an induction

step.Remarks
1 One can analyzewhen z2ax2by2 hasnonzerosolutions

over mathbbQpp2 usingthe descriptionofcompletesquares
Sec 32 and the Importantlemma Sec 4 2

Exercise2 E2ax2b y
2has a nontero solution in Qp3

if andonly if one of the followingholds
one of abfraca6 is a completesquare in ap
ord leftarightequivordleftbrightequiv0mod2

Ñ



2 That one can skip p2 is a specialfeature of

n3X12X22X327X42 represents 0 over
mathbbR Rall Qp w p2

exercise Wehavethefollowing result of HilbertNotation

write Qinfty for mathbbR Then thenumber ofpeprimes U
o

sit z2ax2by2 does not havenonzerosolutions in mathbbQp3 is
finite easy even non trivial

2 From nad to n1

We want to deduce theHMtheorem for n variables
from that for n 1
variables.Assume

qleftq1qnright w qiinmathbbQleft0right Bypart6ofproblem
1 in thepset forany equivalent leftq1ldotsqnrightRightarrowqineq0foralli

Exercise Let q1ldotsqninFleft0right Aman Thenthefollowing
are equivalent

1 leftq1ldotsqnright represents 0 over leftFright
2 existsainFleft0right S.t both leftq1ldotsqmright leftqm1ldotsqnright rep

resent a over sqrt

5



Hint if leftq1ldotsqmright w qineq0 represents 0 then it repre
sents every element of F

To reducefrom n to n t take m2 Theforms leftq1q2right
leftq3ldotsqnright represent a over mathcalFLeftrightarrowleftq1q2arightleftq3ldotsqnaright

represent 0 over F1 in bothforms thenumberof variables
in so we can assume that the Minkowski theorem

holds for them Moreover since leftq1ldotsqnright represents 0 ever
QpexistsapinmathbbQpleftleft0rightrightleftq1q2aprightleftq3ldotsqnapright represent 0

over Qpforallpinleftprimesrightcupleftinftyright It turns out that one can
choose ap to be theimages of some ainmathbbQ whichwouldfinish

theproof Theproof that we can findsuch is non

trivial the case nas is somewhat easier move elemen

tary as there's more flexibilitywhile the case n4

is more subtle
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