Lecture 15 03/03/25 (Bm in Sec 22 aolied 3/17)
1) /(em,af- Noss Lheorem
2) App&'cﬂflons.
Eels: [PV] Sec €42 [CdST, Fant Vi [/

1) /(em,v/- Ness Lheorem
1.1) Stetement
[t ( & 2 reuchve (jmu/oX V b its fmite dimensioncd retonad
/ef/ese/;fdlon_ Lt K@ be a meximd cam/oaif 5«551/0470 of () its
defined up *o G-Cof/'ujd/on. Theve is @ K- invariont Hermitian scolar
p’oo&u/f G- on ) Mot Yot () € TR ¥ xet fvell
Defne a mep s I/ —ﬂf*/dm <falw), X277 (xyv)

N s K- egm’ww’mf.

Eemw//c: /L/e/ﬁ')' 4001/ one comloaﬁfs </1[zr),x7) XEE. ﬂe r/emwf X s
Skew- Hermitan so V- @Z z(, where X acts on [4 é{ J7rd.
[//Vllfe 5= 0(22& W. z;edl{(. T,
<filv),x7= F1(xgu) = [ (g,l/ﬁ) =0 for A 18] —;d (v,5,)

Here's f[e main resdt o z‘/js locture.
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—meol’em / {w/)ﬂ /VESSJ Led we V
1) (sl o) 1P & (o is chosed
2) If f’b’ /] f«" (o) #%) ’L%M LG//s mtersection s a S/IZj’é ,K-or{z'ﬁ

12) ﬁ’e/aa/u‘/on
We noed some of b mjmém% from Lec 11
I) (arten a/ecomposz'fzon-' we howe a moximald Horus T 6 w.
EifkﬂT c{u'nog moximal COM/oan in T Tl we heve (= KTK
Moreover, T- ExexP[fﬂa) (where jz[xe (T) 5[E=E®2%[T))‘am/w
éo/wfif;(ajfzon T"—’(CC")‘: we have exp [jﬂe) = ([P7o)h). 7Zw we hove
(- K Cxp (512
) Th /Jfowmé was erz‘a,%m/ea/ in proving He K lhort-Mumford
Fhm: if yvell are st [&cfv Hew 3 £l st 7762:”@%%
(Sec. 1.2.7 of Lec 11). /%Veouw,é\, Sec 114 in Lec 1!, A YeZ (T)
st fl_r)wo Y)ew exsts and ties in (u.
1.3) /D/om[ of Thm.
_Sfe/pf: (s is closeo = fvﬁf:"@)#ﬁ' Smee (v is chosed ﬂﬁomf
we G with minimel (1,5). Tore set and consiokr
g =ep (i), teR
Nite thit 4 Z (7f U) (Ffzf v)+ (u, 71w =[ﬁ§
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acts by Hermiban apevator] = ,Zf:?(le;,v;), But 4=0 is a point
§ Heméun g /
o/ Menimum a][ t (f, f) #ma Ff[j’ﬂf,, D;) fﬁ[v;)=0.

SIZE/IZ: fvf)jf"(o)#ﬁ =(r is %Seo( éw asyume/«(v) =(. 53, T) in
Sec 1.2, can Keploce U w. ky [hs doesnt violete Sfits)=o él, Exercse tn Sec.
11) ana/ aSsume //m Y ve G (or 2Le ahigue chseo [uc (o)

L x = f_’a/)% )€ J”! Z/e[T We have a/eco/w/o;/zl/on
’/‘@I/ U - [U‘c‘// )‘/‘ézr £or < xv= Fins§
Thon cx:sfenca of //m V) s e?awdenz‘ b =0 for (<0.
Ot other hond %L ,@Ww’z in Sec 7.7
NREE -Z n(g,
ﬁmémmé, </4(v) X770 w. U.=0 Y. <0, we arve o v-1 =
w Y= = (u=Cr = (v is osed

S{P_F 3 M )’oz/e Z) H femains o /}’We ’(ffl/aif // UE ") & JEC
we st ‘/1{?1;) =0 z%w jzrekv Wr/te g as Kex/)&)/g B /eek xc{k
See I) n Sec. /Z fyﬁeaﬂg r w KU We (an &Ssume /{(exp(x)zr) =0,
Wnte v as ZU W. X4, zat, =>€xp6<)UQ=€aZ);‘7LM

ulv) o<=>Z (v, 0.) =0 ©
(1) Zalgm) =2 (4) (4y)

Jleplv)=0 = 2 ae” (v,5) 0=
3]



(2) Zags (rg)- Z H)el ()

It follows z‘/m? s of ()2 24-5. of (1) w €7u4,&‘1£} i (0, %)
=0 Yaro,whle rhs. of Q)< rhs of () w euslity #H (4,4)
=0 ¥ b<o. R fllows 1‘/@{ /W[fx/&lv)m = Zzya[xhﬁv ;5”/54//»10& £
/0}’00](_ 0

2) App@'cwf/oﬂs
Our maan jod here s 1o prove e Mwinj, vesltt weaaﬁ/
men?.z/w?eo/ W Zec 74’ A/uc ‘fo MR)éSuS/(:MCL X &MUACA/K-‘

77!/44: va (‘ éc 2 /e;&,{d{/l/e j}’oa/t? XHCC an a/éeg}/ajc Sué—
j/ou,o. _Z;[ K/H iy Q///nc) e H is reductive.

7L /raa/ is based o 7,‘4 ,\chp/ -Ness f/eorem a5 well as ner
_ﬂz&no/mj the nedure of 4o map - its o moment Hag.

7.1) Moment maps.

Ld M be 2 C=monitld Boall Yot {J a JJM/)K%‘!C form
on M o means o closed 4 40/7-0/e}cnemfe Z-form . 4 basic
cmm,aé is /70/1—4%076/&756 Skew-sdvmm,«;fm R- bilimear form on

a reel vedtor fpace. ,E /ﬂg/f/a«fa/} /'/ V ic o C-vectw 57)ace W,
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Hermitian scolor p}/oa/aﬂf (), en 03=-2Tm () 5 a jjm/)/ea{/‘c
form (on e reed vecto spae V ).

/Vow Suppose Eoicale g_/ot//o cwz‘/nJ, on M /Df’cSeM'ﬂJ, ao. 7ZL
22ron 4}70&46&5 a e zfée/g}/p_ AOIWOIMDI/’U/U}% £ > A M ), XX,
Nt ‘(% ot X (. 5 a SJM/){wf/z_ vector 74&/0/ <« Contraction 4’,«4&)
is & cosed 1-foym f/ its Cm(/f, Zhen 3 //XeC“’[/{) W. K)gqa):
A We want to be able 4o choose Hos in a ma way:

Detinition: z% o Hamilbaman K-action on M we mean an acty-
on oS above o ju‘éer w. & k—f/aa[{/wzzwz‘ Omeor map (comoment
Maf) v H f— CT(M) st

(2): - o//7f< Y xe

We define Hhe moment map fi: M —£* @
<fulm), x7: = H (m]
7 is K- €7uivm'm£

7

Tl we cHaim f/aﬂf we can Take //X(?f) 53_{&7/)(25@"), Iﬂa&eo/, #e

Map. s /<-£7uil/a/zwf: [/G/L/X](U)TQZA)/X &S k"ﬂ—)=fw[40(6c)x1f, )

= Ayt @ £ [, H ) = Leofasu)t o (s xw)) = Lx is symplecdic]
5]
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= W(xdu) = [vawjfu), WA;M checks [2) I /oarf/m/a/', /Z»’
W= =2 Im (--) we /’ecm/erjqﬁr):x > J-1 [XZ{U)

Ty our /p/oa/ of ﬂﬁofern we wtl neeod 1‘4 /ﬂawmaﬁ (76/46/4/
/7}’906#7.3 0/ 2 Mowment /W/

Lemma: Lo b 2 Moment map for a Homilbonien acbon of
K on (Mw). Tl #Jggé"{ K meM we have
W, (@/m,gﬂl,ﬂ) = <), Lyyl 7
Bosf
o (s G L, @1, Ly )= [ 812 A H ()
<04,J‘4 /?J‘fm)’ X7 = Z)‘! is K—qu[va/lanz‘, henee E-equiveviant : intertwmes
Gy W géqkl = M)GX{Z: [o/czpn of cozzoéomf 4Vf/on]= ‘ﬂ{ml,lj,x]z )

2.2) froof of Theovem

Sinee K/H Is 4//;}75,/'1[ embeds as a _@g{ !‘ stabl. sub-
WJ[@%H_ (nte Some f—l’ep’n V Lt v b e Mfaje o/ H Take
(j )/f’ RS (N fezc./. We con /@faa U w. & [—coy'ajwfe 4
aoﬁ;eVe /W”):O , —f/x fo /@mp/“/Veﬁ f/m.

Sinee. 9] = @8&{, we houe f@ﬁﬂ;{ﬂg)cf’g—’—?
/4) 04;44[2 ({/)}) 504/@5.
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Nide Dot His redudtive <= H' 5. To prove et Hi
Yeductive, it suthias 4o show Yot HTIK is Zansei olense in
/9/0, wh o woudd follow it we S/ow (1) ir an €7wz/&'z§, c;./
Lemme. i Sec. 13 o/ Lec 2. So £ remains o Séow

(5) dmy, (£01§)> dimg § <= dmy, v < 3 dlmg, g7

Wite ot

(¢) 9.7 s & cam/ofx 5u55/ace,n/mu w=-21Im (- ) [s Mo -
a/ejencm,fe on q.u y

(ii) z% Lemma, in Sec. 21 &)U[x.lf,j.v)s <o), [x,J]7fO +
X,Jei[ = £ s an 1ot 1opic 5055/9416@ of a.v. This j/ﬁ/o/s He
f7uim/f&4‘é 751’/5100/21‘1014 07[ [ b ) £ /”lMlSAtS fL /}’oo% 0

/@marz (edded 3/17) T mjumwf o Yhe /Vao/ cmplies ot
for Ué/ﬁ/"[o), Lie [ﬁlzzflc(v)] i & 1l /é/m q///c /57,22,4./0“)).
I partiades, if Stak,(s) i fmite, tn 5o is Stab, ()

23) Lunass closedness criterion
nm (ZLMQJ’ /%t K be 2 l’eoézyl[/l/c j}’ou/o ﬂu’f/nj on an az//;ne,

wnedy N LA Hel b nducte & xeX? T HH)x is closed
f/w S0 Is 5(
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R’oo/f 3 f-f?uimmwl‘ closed C/uéea//m({; o/ X into 2 retiondd
/?yeswz‘uﬁon V so we can assume X=V We can choose moximal
C‘ompaﬁf Suéjraups KHC/CNCK In HC/V:=/V4.[//)CC. %oojc ] K-
invariant  Heomitian scadar P}’oo&w‘t‘ () on V' & form He
Moment Maps /L’,w/’ for k/{,/( 7% e velateo as follows: 57[
P {k'*» ff is the vestniotion MRp, z‘A/m f{/vz /*y‘( Nite féu‘ X
is el @ KH, fonce /ﬂl(x)é(f*)KH. Aso

Zk (/(H) < /(N = {KHC{A/ ﬁ[({/if;,)x]l(”% @/J/({*)"H (s /ly'eﬁfn/e.

Since ﬁ(x)e(f”‘)/(’i we have  f4, ()50 => pt)=0
Now we are done {7, fA ke/wp/ - Woss f/eo/em 0

ﬁ//aﬂwgi _Z/ /VQ[H]//L/ s /}miza /e.g_ His a meximed fo//uj),
ff[w [;( IS (/L)SN(

/@mam: _21—4 /Zuf/ 'f[L 0//9051%6 /}70545/0;7 n ﬂm Is True o5
well: i (x5 closed, Hen M(H)x is closed This can be
deduced %’om Vm/e{jfs Lemmea. ( Sec 3.1 of Lec é’) and s /fazf

as o7

24) (hevatenstic 0// 2 ﬁ/ég@lw‘f demont 1n 7.
Let ] be o semsmple Lie ﬂ/j?xgm over C & () denite
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e :@%)n} Jorm. Lot e€oy be @ Nontero wéﬂ‘aﬂ‘ eloment. As was
mentioneol in Sec. 234 of Lec 1) we can incuds € into an SL-
trple (eh)

/D)’cfosff)on: 4 s 2 deratenste of e lwrt /',‘)@/} in e
Sense of Sec Z of Lec 1.

Bood: Focall 4 Lo yuéj}’m,f/o 4:[4)’25/4) £ 1ts normel sub-
g1 G0 A comedted Subsroup w. Loz M;ﬁo&’a g[O[A)-‘[Xé’g]a(AH
(/\)x)aoli'O}. JS we'’ve /Iflcﬂf/om:o/ n EXmlaKe n 566. 71 0/ Zec 73;
it's é’ﬂauj4 %o show tht _[;(4)6 is closed

Zﬁf S ﬂ/wo’fc ‘L%. cormey/,’eo/ Suéj}’wp 07[ [’ W //e MJ%}@
Spenlehfy= Sy o that S SL or $0). Lot K douote
#e inoge of S, wnder S[, —> S it's o maximal Compat
Subgroup. Une can i K w. Ko<k

§p S

led T 4k 7,% anti-Omece Mfwﬂa/;ﬂ%lfm a/ 9 f/a;é’ s 1,%
/»@f/f& on £ Ths restridtion 4o £=5/M¢[q4,/)ﬁ§4 Aixes
Sy, hence is gven b Xt -XC Thevefore
(x)  Tle)=-f c/h=-¢e, t(h)=-4

Oy Ao ober /Mo( (. Do 15 /{ijI’VC o/l/mf?fc o £ (b £ acte
@ Skeew - /%/’mizlmﬂ zyyf/wfors on my vational /e/w’eﬁwz‘o;é/on o/ [ )
A/@/%L [-} .)H: = “(X)T(JJJM s R /é/ermz[}an S[k/a/ /)’oc&mf ang
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(vanant wrt. K. Dbserve that xed, (h):
(x%) ([x,e],c)H =[(0]- (Z;(,e],/)a,g =[zhvariam]=&,/;)-’o

Nite 4ot KQ (h)= Sfaj/( (7h) is « maximal co/w/aadf’
Subyop of (,0h) (B lotter is comcted 7 Lie (€00 s o read
form of q,00). db £,(1) =€ (1)1 g1 (h) is 2 read Fom of g, (h)
so Ho Lo «/{7%/0_ of 2 meximed ompat faéjyou/o EO[/;)O/
_C_o(lv) Zf’/f/‘f donite o momait map From Ko(m/lﬂ. (*x)
Stzjs /07’60{5 féaff(f)=0. < _go[/))c is closed an(&Ama
(n a, (h)) /; #e ,&mp// - Mess Eheorem 0






