04 500/5%, lectuve 13: Soergd %AeoraL 5
7) Soeyjd’s 3vd theoven,
2) Applications to Soersel bimodules

7,0) I@CQ/Q
Let A= I <2 S5~ 0, Z W), Ve Z,
/Z[“"*’T_,y A({’) W= Stk (V+p) be as (n Sec
10 of Lec 11 In Lecs 1817 werve proyeo(
nm-’ M& Am/a ,4 ’ﬁ[ga@m /SOMO);U//MS
N" ~ Z ~ -
Wotp h == Z(G7) =Ly ()
Y%
.Z;r 52(_ Zg 07[ Zec %0 wWe-\ve //4‘5/09/1/16(30/:
l: = %/om% (2,00), fT; ¢ )) = Homg (3,10 ,4),7)
0&‘ - 2[0 /Mooép
Merﬂ 7%& &wf/on 0/ Z[O )m f/)/c fazfgwf /s MO/dcto[
fyom fle natured action on T_,yd [p) /D()) {,‘/A Y

—’/_] é&{ Thm is Hhe natuved action of 5104 [/ﬁ()),



Sinee @(3»—) s Pi/?}’eciwﬂ § Hat over A( ) we get
Conllany: Endy (BOXD = €8, Endy (£07) A" C
77;‘; /M/Jéfs goe/g&@s fém /I/om Sec 21 in /ec A

1.1) Coal
What remoins from Sec 2 of Lec 1 is 503{3,%'; 2l
Thm: for dominast ¥ - ®. ~ C[§"1®
Pecell that @)

(A

@[Jms
27;‘—93\* Ty where <2, d;7: "%
So More j@ﬂemﬂ&,we shoudsl undevstand e Compatib-
f/f between Eranstation famtars & Sae;ﬁe/f Functors.

nyf ANeN be st 1+f> A- \z are a/ommwf«émo(//f
Yranstlakion functors j;-’% 0“’ = 49“’“ 3;_7)4 where
Syl W Set b= Stad, (rp) 5075/4}‘ W <, =
A s 2510, 27 (252G, Considhr Yo deformed
Soe{fd functors

Z_I U/ 0“" _';”mooépg/, /MH/'/DWOA[Q[}‘:),M)



The %l thearem of Soerjaf Follows (. ) om

ﬂm-’ ﬁe f@zgom\}?& fh/o 009\(5/&;145 qre commufajﬁzya

7 Z1 j-';,“)}i L 2‘_’Z
) % , @1
J/WM J/sz
restrn =
Z <! mody > Z —2%0{9}
Z) Z1 —— j-;\z‘*)\, ZZ
g By
J{ A Wl J(W)*z
- A @A W 7 =
Z fmo{g < Z ! /mo(f
7.2) 9007[) 0/ //)

fecall thet B; denstes e Lomposrtion o U A‘_ wn,%
the Fuﬂéack Z~ »/Moo/ — /- moz{p ey Aes 27
We Brst establesh 150 B/ Jl_,l = ﬂ/
We have ﬁ/ 3;_>11" //omq[/j (), cj;’,,;\z(?))-”—'*[m(//"n]
'%MO;, (3;1—’% P0),2) So we nesd an /Somc»/fo/)sm
Snon B =L (1)

—a Alte, Sﬂedaﬁizmé o C 4his s /%/oo;[fzon in Sec 11 of



Lec 10, Then (1) follows as e fmo/ of Lemmo. in Sec 14
of Lec1 Usihs. Sec 1.3 0/1@55/ a(mfm& e an

Land

As any Aomomorpézsm N ﬂAj (1) ic Z &'~€7m'z/qz//amf_
On 4 other hand Z=% acks on PO;) and fena, /(7/
yényéowaﬂf} on the Chs of (1) Mzgf/f a. 40/%07140}70413»4
Zt Eno(@ (P(}) 670/ (P()) - - =

Lemma. 77;’5 Aomomoyp/usm comcides wn‘z flc eméw/o/m}
27 2 fom Sec 11,
Foot:  We Aove o mclusion 7 Sic, A@S[ Hot con be
descnibed as follows (Sec 14 of Lec 11): we have a
$retion (of:/ﬂjce"c PP (- 15), it
/preseweo( b, ¥ 2e Z° ( Em/ [P[A ))) K van eméco[
//0 are

Ao By g g

O/MOQ dbove s glven /Oll Z (2/,, -1
all distinct Vermas i O =i

ﬂ/s/ng/ He /SDMO@A/SM 5[/\;) = 7;1_%&(&_) %
can induce Ho Fretion on P[ ;) w. Succesave quotients

Tﬁ} M. Z= acts on Y lotter /51 Zf—?iMd_t. Lach

ek



j;ﬁ)q /V{jz [s 76%61’60/@ Vermas - A[W&j) st A(W‘};)
i /"{IZ So we gvf fé imduced FHttration on /f[ﬂ;), K
Use fn/d /l&f}’af{on o o/e/}m ch eméco/o/mg EZ'C/?A?B’

M, arive &t '{ZL /ﬂowiné commutative a(/}zémm_

= AW/,
z T A = (‘lwwz) wh, GW/WZ

f £ Ie—o(enm&a £his /3 Y
2 Sre A@W/VW > [a“l‘/z)wMeW/Wf

Since 4l honzontak amows ave eméeo/o/més, He comm-
'fa/‘fn/)’ﬁa, 07/ ‘L%L oéfbdcu/am recovers :ZZSZQZS.’
Kecald, Step 2 in Sec 15 of Lec 12, Yot we have
4 commutative oé‘ajr@m:
SRR -
f £<——5/)ec. case of ¥

Ay, A ——> 4"

OW/w;

This  yiedds i /a/flowmoc commutative 00‘45/% Yot
ﬁnz%cs f/L /m’oof: sz%w i A@W/Wz

[ i

AM®AWA - AGW/W,,



1.3) frof of 2)

Set 2: =£ho/04 [pNL Ww/»e;’ /b; u oar ysualk pr/ECf/
ve 3wefa;fOV a/ﬁ 50 f/e}ff 5 E mOo{p Lok EéE
be an idmpotent with £ (X)) — E g o f/uf ele,
= £, = ndl [P (\: N7 T /wwfor becomes

MHE/V z%mg [Ee M.): E mw/ — L, Moa/
So /f eomrts a lett ﬂ\o([/o/ﬂf 37’ N {-7 E‘ g @E /I/

TaF o

oof of 2): Set 70’7 N, é\,mooép _92/'”7004}
7 _572 a/enozfe ’éZL /)u,@%ac/c %fﬂﬂfw’ E“MDDZ -—35 MOOQ}
Then Hhe leAt ﬂda/m‘s are 50 _)1 Z_CIZ* ,41«/1 Aw

So 1) becomes a E ,,700{79 i %/:[:-mao(,og(
Commutative o@zgmm j/jr e

Z::-mw( * ‘>£;‘m00(7eg’
foss to left aogam’fss 50*572’* ~ Gy %g
71 Wy R = naty g L] ¢'ay. 2) dams




Lhet T Cf*ﬂ g It temams to show ot he Qoé'mc-
Zion count I, =5 i mduces %30*57;*:75 ——”—>57j§0.*
Eecaﬂ 1%175 {/72[2)’—”/0( So Ker & Coker 07[ K are /cff[eo/
/dq ¥ So we reduce % SAomng,:
TM=0 -—%Q‘r,’cp"‘/"f——c) (z)

mw = //DMO (R0O)), 5 M)e%/om T PO )m)
In Sec 11 of Lec 10 weve sewn 7;{4\ /O[) ’l’/a):(kl)
= [Sec 2.3 of Lec8; ] 7;’,,)2 LoV )= P2 ()°
This preves (2) and fm;;Acs Yo /ﬂ)’oo/ 0

2) Aﬁ/ﬂf('cu‘/ans to Soerged bimodiles

We now tevisit vesdis m Lec 2. (onsider £ pnncipal
bloce O & its Aeformed Veysion ﬁpy For any word weS*
we have /Mz/'e(/‘f/ves @EA(MGOP(Z @ 4,00)€ (), O where
for w=(s,.s,), &,- ONNON (. SecZ of Lec#)

ZEWW)& Zf/'é 2% ée /N Veo/uéeﬁ/ €X/9VCSSIOM 02[ WEW. 7Zen
@ 4, (0) = /D/w07€9 & /D/u 0)

blu)< €(w)



Boof: 1% Thm tn Sec 22 of Lec ¥ @wd (0)—>4, (w-1)
w kev Pbdered é} AA[u 0) w. lu)<lw). L/smg,

dim Hom,, (41 1 (), Lo [/\))—f £ Sec 2.3 of Lec 8§ we see
that PU occurs in ©), 4, (o a/m '%M ( W2 0), 4. (A)
times //ﬂ/%/ng He /m/oo/ O

O course He dhvet Mdo; of Lemm Aoé/; o @ 4 (o)

(onsidr He. complition BS 49, 8 s A dof He
Bott - Samelson module BS, y%m SCc 11 o/ Lec 7.

gde ﬂm m Sec 11,

(6, 8,6) 2 85, # weS*

The Lunctors V are /w% foithfud on /pya‘;/eofn/es (Thm
m Sec 1 of Lec ). Seme holols for [V L 4o H//Jaszé/ow
m Sec 11 of Lec 11 We deduce Yo /oZ/OMMS,{ ):

[Woﬂarg 1) ¥ wel/ ! / Mo/fcom/owa,g& A8, A ~module
Summand gw, of BS thot dbesnt appear in 55 .

jﬂ Cruy < U (w).



) /fng, [3%& is 4l dvect sum of éq’s for uel
2) Bpué@A L is an /na/aw/v;/osav@fe A-modle.

MSMS, Hic we con deduce f[z /a%winé: /Vo/oeﬁg o/
Soe@d (gi)moa/wZes, ID/o/aosif/()n in Sec 11 of Lec 2.

fop 1) ¥ B,B,eSBim(W) =H:=@ Homgg, (B,&<05)
o Hee as right B-modike &
HOy G = @ Homg,, (BBC A <i>8, C) (3)
2) ¥ BeSBmw), B is /Mo/fcomPaSQ/g/e = g@,eﬂ /s
/no/aomposwé(e in A-bmocl (where P- cLy)
3) Me Stod (W) s /nafﬁcom/oosa/gfe in SMod () <> (s
/no/ecomfasdé as an K- modute (equy. A-mooule)
ool
1) Eveg Soergel bmodule 15 2 dvect summand in 2
@ of BS, (weS") so we con assume 191-5-‘/95_%.
Simce. B, is /411‘@% (3&%&@7&0/ 25 a Gmodide, H-=

l /Z/om (g B) Jno/ Sinee 5 m /mﬁe% j&ﬁﬂa}f@o/ AS @

E®E



nght R-module, Hoy A = Hom,,, (8S,,,85,,). The ris
/s %/0;440/1 (@5144 (0] @‘—”zAA (0)). Tts free as a r/é%f A-mo-
dude = [ 1 His fre/l %angin} the base 4o C
we get ’L/O’”Oa (@, 40), @ZAO(O))) whih (s identofred u
Homy ( BS, 8, €, BS, 8, C), which i the rhs of (3]

A Key ofservation o prove (2) £(3) i as follows.

[Paim: Let E bo 2 Pnite  dmensional assaciatve
L- &chém. Su/a/oose, et E s Z’gmo/eo/. If £ fes a
hontnvied /'o/cm/gp’lfenf, Hon 1t fos one w 0/“"§ 0.

Foof:

Thito bfting of idempoterts (Sec 22 of Lec8), s
enough to replace E w. £/rad(E) = D Mat, (C), and
He condition of Clrim means k71 or #1. Note ot

Aut( E)o%[? PCL, & a jmo(/noz on £ ca//es/oomé to an

alsebraic growp homomorphsm €,— A (E)" vy such

Cifts to @ﬁ’[] CL,. ( V4 it k21 o N1, E
) conteins 2 dles O pontried idempotent 0



3) imdhotely, llons Fum Chim To pove 2) ot
Lt i 6®E(E Is /na/ccom/;osa/@&, hon so i B9, A,
lon 50 is B ). énueme%,svlo/ﬂm Bo,C is /nde-
composeble pick & p/€§ 0 /b/empaffinf m Eho/le (B®,C).
We can Gt it 4o a /amzfg of compartible a/eoe 0 idem-
/)ofemfs in e ﬁ}’ﬂﬂ(&o{ zz/gf/ém EM{E@R (8)®E A/
where e A is the meximed ideel, s o 1). Now note
Hat ﬂgjma/mog on &O/mﬁ (B) is bounoles Hom bedow
£ Eha/zm (B concides w.

é@ 5"0/28/2 (8)®£ A"
in e ca;feéoyat of ﬁLM w%&gms (%L Omt is taken
component-wise). This j/@fo(s o nontnvied 0/65 0 iKem-
/DOfemL in Endpgp (B) & Shows thot B is decomposebte
85 a j#ao/éo/ fimodiute 1



