04 Soerjpj, lecture 192 Whet's next?
/) SOcng ‘zf/r/ealfét 47/)1410,://9@;/%3
2) fancra(izajfzows a/ 4

/) SOez/gJ fn/earat 47[)1?@://9@%3,
1.1) Where ¢fse?

Soergels Q/JPYOQQA (whieh, in essence, starts w. proving
on equivelence of additive £0JLL€3O)’)€S) fes been success-
/u{%/ uses /n /Mzzng different contexts.

- The wone of Beitinson- @n;éurg~jeyﬂd on e
pa/a,g@é{ujlﬁgij Kosaud ﬁ/ua,@f"rf)/. Thic has been
3%6)’&//{26/ /&t Bezvucawniov- Jfan 4o ﬁc—/%ooz} groups
~which has ben ton camed over 4o the modukar set-
fing, @ Achar- Macisumi-Biche - Williamson. T alss has
beeu 3%e/w@i%ea/ /} Bezruravnicor- Vitonen 45 £l case of
gbms{-spé% read groups.

ﬂ ‘ 710, WoVK 07[ gezyumvn//cov- /@1(/49, on 'LZZL Vmo/a/w/



Version o/ gefm/cax/n/zow 67 uivelenc 0/ two veeliza-
tions of Lo ﬂ\/flnt Hecee Ca;fe(jorj. Wertt discuss He
Com,afex lersion 07/) 1%’5 €§)M£V4{€ﬁd (ater.

- The wore of T.L. 8 Webster on Hhe anigueness of
tensor /DVooA/tde of mmimal ca;éegori cel sepresentations
0/) Kac-/%oa/g_ a%eéfaS.

* The woree of fam/gz{%( - Dhllon- Fasein an a version
of the Fundementad Locod E?m‘volema i locod faa//nzum
Keomdl/m Zamde/ww/s

- The wore of Zusefls- un [741411‘(: 23/){{], [0 & Dilbon
i Som- Zha (afhine fjpe) on em(oscop} fov 2ffme Hecke
Cafejar/es.

%2) E ssentiad featares —to be KX/Q/O/@X later.

1) In ow Aﬁp}’oaa/l we pcu'o( s/gew"al attention To
05(/'6(/?55 Bteveo @ Vermas. These witl continue 4o be
very /'mporfaufnf.

/‘ﬂ 2) It wes Very /'m/oonéam‘ to wore wrth oleforma-



tions over A — all versions of Soei:j(’//j z}y/a//oacj; Lo
cdegoz/& O ds this - but we /ﬂfaceo/ a speunt empha-
Stze on this. Une reason WK% fﬂ/fs 5 usepul bhat we con
bose Mcwg&, SQZL to localizations —ond et mffejow&
Kot ave egsier ©o understond. for exampte, weve Hasi-
cally proved tet He bose chonge 4o Frac(4) js Semi-
S/M/j{z ( : dedluce this Hrom H/o/ﬂasrélon 1 in Sec
11 of Lec 1) For /ze/{SAf 1 prime teals ped, o base
%mé»e 045 Moy become Somewhed more bqfemémdqv: if
p= (), 0;[}5 S/aﬁ%s wto H sum of floces w. one or 4w
Vevmas Con/ﬁspomo/m§ +o (s 0{,")'0»5;12; m N se Bemare
in Sec 12 of Lec 11). Well loter see Hhat these ocks
have a /éz[y% €asy Strutuye.
3) Mo have a Functor ﬂ%‘ Qg-ﬁoo/’ﬁf'/m/% het

a,uz‘om%‘/caﬂ} U/JﬁiftZO/eS A ﬂ%iqé—%Z{ 0°) -moo/% _

One con':

(i) [om/gu‘(:e 2[0/;3')’) AS a Suédjméi’a 7] /4@5 [Sfc 13
— ZQC 42 -
3’ 07[ )



(i) Komlnmfa v, [AA (w- ") ﬂ_’ssenf/aﬁ}, Sec 2.3 of
Lec 1) a5 a module oyer Fhis Mgeém.

(i1) £stablish cortain fm‘éA/afﬂcss //ope,nf/es of ﬂ7 "
on Verme Frttered o{jeufs and. Lheiy specializattions
(hesnrt been addresseo! cx/oéfa‘ﬁ% yet )

1.3) Essentiad foataves Thot are too testnitive for us.

We started w. a basic ai{/'e(/’f i Ao adlitive fa]ffjo-
ry of projectives, 4, (1), and Hon producd more. ofjects
UsiNg CRSBL ‘o ano/crsfano/ /um/?fars ' @ s (B cominant 1)
§ more jemm/ Lronstation functors. both o /maje of
Ha mitiad o{)eo‘f undler ﬂ/ A /hfﬁ}pfa,? of these
fonctors ave £asy %o uno/crsfcwo( (] lec 13). These
properties are nt present several important apgptica-
tions (Sey o 7%”750/14 cajf{jor/es 0)

74) A/Aazf We ave jomj/ yar jfao/g
‘4-‘) /n/e ‘e a/esc;/;éeo( 0 IOVod/ as an AO/O/H,[MZ Cajfegorg /m



commutetive w{ﬁm/gra /comlinetorics Cerms (one con smi-
ﬁy% escribe C%E;/n/?j for 35/40@41 =7 ) What we wont

/s i Simiter 5/9/}/1‘ o/fscrf/)f)om of "éL, exect C&xfejorél”
@&’A of all o(é}'eués w. Verme Htdvetions. The desc-
fiption — thot p)g/yﬁes m other conteds as well — i in

terms of “sheaves on moment j/ofﬁs " ot also aperr

/h A 5601/%%}’)& context /am/ weve /le/oo[uceo/ Ih 1%'5

Context /5, Braolen and /’/QC/DAC}’SOI'))_

2) Ceneralizations of O
24) Wuzntum Ccuéeﬁar} g

For Szmp&’affg (of A/eafmoe with o ?uam‘am j’ouﬁ>
we Vestrict 4o 'fZL £aSe 07/ géé .

/Ll—rj‘lf COM5/0/C)’ ‘LZA @V/M/’JO(‘ \7/}7450 fwamzum ﬁi’oup
Mv(gj) over Clw) - its gmemifeo/ éd't ﬁ;/:; Kﬂw.
relations : KEK ™= s* £

KFK ™= vF
= £F-Fe- EE



Theve are several commmf} usedd CL™1-tatbres of Uy )
(LE_. SUéR/(j\’VéVQS /4 W. C(U)®¢£®¢,]A = Z/b—(g?) M wth
need e so colleo! "mixed” form = s jeﬂem;éao/ %L
FETS EY nat Hee £V 4 He queastum drcled power
set [n]= Zj:t)f(mi "+ v [»1] - /7 [i14

ET= E'/0n1] Denste the mixed form by U™ (o))

We note that Z/u(f]\ /s ﬁl/éwd’oz W. Oééki-zo) 0/35, E=1

p/e} F=-1 Z/m(g7 5 oa 3/&0[90/ Suéa/(g{ygm [o/egvso)

U

X Mx . MIX
For 9€ C’ set Z/? [@)- = (E;®@’[v*'] U, [g?.

Dedmtion: The 7uan7fum cdegoraf ﬁ) % be denpted lgi
0;7 IS ‘élb CQAl,ejOVg 07[ 7/‘5}%0/60/ H?MM(\QJ) —m@o/a/es,
M :;é@z M. st

) M is fmnﬁeé gwe/afeo/ over Zé,
J&) K acts on /% 53 7‘

3> [‘/ Mﬁbo} Is ﬂ/ouﬁo/eo/ f/VOW’ above.

mix

(o7)

ﬂ A Me 007 is //m&eé gemm;feo/ over CLF] so



007 i abelian.
Exampfa [VO’/MO_ /Moa/u/fﬂ) A NeZ we 2351gh f/a
Veyme. modide AZ (n)= T/fimm[ﬂ)/%mx(ﬁ)(/(—% E[K)//Oo)}

with coset of 1 in o(eé /.

: //oVMOT (a6, N)—’é{meﬂh/E(k;n -0 #erof
We witl 6o mteested w He case when g is & Vool
of 1 of _a_oﬁ/ arder € ( £e even 1oots of 1 are ctwctu-
VA,Z/J, More Com/oé’cwfco/), In 7%’3 case, 0;7 aZCfJuchs
& new feekure : on ation of 7 {i autoequivatences:
1€ 7' shfts te jma/mag @ /: //V<17)k: = My, Nite
that  A10)<17 2] (1:0).
1) Tfe 7L/amfcma Lasimp (= FE+ %/;;?);K’ s contd
m U, (3). Use +his o /o}/oa/uce on mpnitesimad bfock de-
Compos) tion of O so thit A'n), 83() be in Ye same
}—‘ black < /-1, =0 mod £ av 7+ h+2 =0 mod




2) Fee ne 7 & Gt refy 03 be st nit=7v mod{
let w,eat () denste a @%&ﬂf W&'jﬂ vector. Then

E (K)F ';);=0 )//e/Zo(m} a /omon//or/aﬁlsm Aj n-2r) —94,707)_
T /)y'eﬁf/Ve-

50 ea(% Ve)”ma /9 fA /&CK s /M&&/aéo/ /lﬂfo ﬂex‘é S0
_L%ZVC’_S 710 MSZZMJMISA@/ Vf/mll (6/62 A[ﬁ) ov A(N) i
0 :) Fuvther move. Q,f doesn't have projective objects
o i /

(éuf CoMfal/lS /a,ir Z? C’Om/[) { icajéeo/ /ﬂyo(/aa/flye /p)’oaéjeﬁs )
//eme ‘f»{L essentiol 7522/'qu£5 07[) % Soe/j% ’ﬁeo;fg,
CfoaJneo/ m Sec 1.3 e nit /presmzf_ St an @p/y;/mJ
Azmteo/ n Scc /.4 con 1{e a,p/gfzeo( fa O/esolfxéc fl@ éezle(ﬁo—
/5 07[ VeWMa 75%6/@/ oé/edf: I/ 0(67[0/mw/ vevsion o/
Uo? [‘flzt/D '/WU’R}M%V/L S We 0/87/3}'}44 7 Z ‘f[e Au’ff/cm o/k) &
prove a. Version o/ faﬂ@o@ ‘s COM/foWt ) whieh is a
oleviveo 6§>U£V£/Z€ﬂ£€ o this & ancther ch‘gj)ordu,

ﬂ Eem: Theve is an MJOg, o/ 07 (£ i Aetormation) For



o‘éAey S/M/ﬁ’é Z}e ﬁ/g&g}’as W. S/Mfér styudturel 7@@‘60/1/65.

,Z,Z) A#}m Ca;fejorg, ﬁ

Herers ansther (mpovtant version. Assume q is smpte.
We normalise an mvaviont fjmw/%m %yrm () on 9 é;L
(£ <)=2 4 short carost .
We thy considler e [po[}ﬁomml) ooy a[ge/@m
g [t (w. fraceed [xf, 3=, 1141, ieoy, fre CLET)
L s centred extension: §= g{[f‘*’]@ Cc with byacret
[ " x 4™ =[x ] 7§”’+m+4 O(:H (x,%)c.
e Mgaém ﬁ admts g triangulos o/ecom/wm‘)on
os Bllows: define He Carton 5u5d566m /[“;5@ Cc
s well as wm/ojs of K*
(= fite tq[t], i< et qlt™]
Lonsider e ofne wok lottie N weth basis A4,
-~ S/M/ofe, Yooks For g ~aend an additiondd elemest §
[{L inde com/oosa/% /magmay? wot). Note @ is /ﬁjm/co/

5 “ 0/{5&0) deg g, t"=clrmd, deg St md. Tie v/c;jms



occuring Z (o(ﬂmf For m70 here d€ fogts afﬂg( or 0, or o€

/9051'1‘1\/@ foots of g ) ave colled e Posnf/w_ a#/m

voots.  Mte +hot Lhese s a [o/egenemft.’) /ﬂai}’/ng,
/Iaxja—ﬁ{f-‘ Lol tm§ X+C7 = <l K7 (xej, 2C) (1)

Defiudion: Let eC (the lovel)
% H, ahine CQ;Z‘EJO/} 0; we Mean fL cdﬁjor} of N~ gra-
dleol ﬁ‘mo/u[es M :Agj“ M:L: o .
. 0/)144 M%&<0‘° ¥ laé/\
* C acts on M !0\, K, Xe£ acks on /MAQ ({J’ <1‘:><7
¥ {'Xk[ Mye #05 js bounoled! Hom above (4 N, st.
/’fAﬁéO = ﬂf‘ 7\& /s Q Sum 0/ /05/{/%: 47%46— Joots),
. 0/1m /1'{)&<°° s A°

This is an abelion cwfeﬁog.

Example (Verme modetes). To A% A* we assisn Ch lerma
?07 module 2, ()*) = Z{@)/Z/(ﬁ)(x%/\fxz c~1e,(_7{xe£)gei°)



Et/mmc - In /amf, Verme modules May toil 4o be Moo
thenon so /esf}’/uf/ng £o /m/&{? 3@%0@%@/ modutes
does not e an abelian caﬂfe§og‘



