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veveo Fyom z‘ZL j—au‘flm Howe!/ﬁf, for all B but e,
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T is a well~dledimed operator on ahy podule Hom O,
/T/de that Z[Xf Xfmt}]”mf (a/IMJ)c[ ),
J%O s also o well- A/O/Meo/ o/ye/a]%/ The Sollo-
wing 7%&5 is ery (mportant I . S‘fuaz} of Cdfjo”g

Foct: 1) [T xt8]= ~2(c+) )/[xé“ ). Heve 4" is the
dned (oxeter ﬂuméer e ;1( ’Ce Jwhere ()pp ic the ﬁ%nj,
form,

2 For 1% dmd 4l loment T acts on e hphest
Veckor in A: (A™) /Oq ((}#P, %re) —-((),(3))} wheve we wrrte
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/[or /M= @MAQ 0/67[/}’)6, *sz We/a’éor W)M zwt‘/nag on
X
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w} 5 an ena/omorpﬁzsm of M; é} Comfruyﬁon (s Fancto-
ned (. ). Se 0 @ OQTWA% 4 /r {A/uﬂ
Sqéca;l‘egoz% 0/ /4 0@{065 M where 2 s 7,‘4 Oﬁ% ezjen-
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17) Behayior o/epeno//ng on flz bove!

ﬂez/a Are 4 £ases,
1) k¢ A is 4 easiest. The Wpmas in 0:’2 ae A(\+ms)
W. /Xeo/ m & [;\+() %‘P (o/epﬂﬂa/mg on E)

Z&f 2= Z(Ié?‘/}l’)m 76/ some m. 77&:4 25547 ﬁa,z/}
f?U)VQ,ZEj)‘é Zo Q via. /VED (> Z((ﬂ)@ /V/
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2) r+p'e @% (at.c. thr ﬁegd/ve_ Level ). For M;]/
zell] w. nonzero U;f 78 /Dosd of Azjéesf weights
No=d domd | 2= (A+p, A#P) ~(p,p) t Z/le+/iv)m§
has Hh /o/élowlnoe property, ¥ e /1: e set //i“e A,
o< A e pwte ( ). An argument smitor £o
Sec 1 of Loc € Shows Lhot €)/er51 0 (/'eﬂf (n Q%z/a:
/mnﬁe (enéﬂ [ ). But 0:'% has no /Vg'mfn/e;.

3) p+h’e U, (ar-a. o posrtive bved). Hove Yo set
{/14'*6/1:[/‘40‘7/)&} is fnte ¥ 9""6/(:. Vormas have mfr-
nite /@/fgﬂ but ane Can show that chééas Cﬂoégg -
chﬂflves thet ove fthend {’L, Vermas.

4) Fmd@, 2=- b (the criticad lovel), Mote Hhat 7]7'5
commute w. any eLement of gﬂ m thic case. The seds
ﬂ A: e Mmf 5oumZe°/ /N 6{"546;’ cﬁ’wazon.



13) Finer struckure: non-criticed tovel
H tums ot et e £zu£e(50r/es O admt Mdcjs
of He mhnitesimad block oécom/oos)f/on fogmng e decom-
position Qi%e@ QH
For 4 voot /8=o(+/45 o/e//m flz coroo? /5U=o(‘¥hc
£ a reffection St acting. on /I%zdi’@(ﬁ’;
S’ (h+x8 2)=(A+x3$ - </g" (A+x§,£J>°/5,7?)
where <g, (hrx§2)¥'= <y Atprtnferh)x
In laarf/cw(ar/ Sge preserves #e 7wzo/rdfc Form ( )
g: /losz(ffeadf — C, (h+xd2) 1> (hop dtp)+2(+h)x
The 5Méjyou/o i e Froup of oAine Lranstormetions on
/(a@Z CoC 5eneraz£eo/ /} S s £ afhne A/?( Houp, To
bo dencted by W
We introguce an equivalene nlation ~ on N° {GLL
A° e St i (), (/ﬁz) e m e Same W 2ovbit. The
Mlm% resu bt is du to Kac (1984) via a version of
e HC ss0.
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ZZA 5umm<:z7élon /5 over 'f/e efall/a/eme_ 0/0\,0565 /éw ~e &
He Vermos in 00 are exakly £, (%), Ve Z

Tt turns ot thet (o £ k") th “infnitesimal
blocis’ 0,:’2 admit Socrjol Hheorete oésw/bf/om To state
/7, for Szm/oﬁiu'fZL 25sume Yot kel £ = is o frec avbyt

We con Fom fé mﬂfeﬁo? of Soerjd modLes Jor 4
patunl acton of W on b a’,*a/enofaﬁ/z‘ 4 SMod (W*)

letss start w. ko>=h Tha O, “pnj = Sod,g, (W)
1F k<-4 ’ ton mstead of /}’%’wflves on considers Yhe
So colled "{iﬁfzng, modiles® (¢ be defned Cates)

14) Finer strctuve: criticed lovel
Now tet us axloéu'n whet Aap/em when ©=-h" (e
criticel lwel). Hove o suitable version of
L, = U (o)
has 2 Kfarée conter. To detie f/}k Version  Lonsider 4,
ﬂfe/{ ioleals I:=U,, [f”ﬂ[f])c U.,.. The mverse tmit



ﬁcm‘: tm U, Upe /1,
coomes. 4 mtured strcture of « topligical albyolra,
it ats on all modules in 0 The Openufoys 7
QCZ) con be wviewed as elements of %,,f 72551 are
centrad end in fact, ‘Léc}ﬁa{o&; CQ/Z%L Genesedte 201 it
g=8 In th quered case, th conter ic Capotogically)
T- 5/40/@/ where L jm”/’”g/ i mdbuceo! 4 /eoc in £ (in
/oan/ow@a/ ﬂ/eéT J) We con consider Ha /m‘p nitesimel
6lock a/cwm/oa;zf/am o Q: wrt. 2 51444,/47651/4 of o/eog 0
bimurts (in fact, on%/ fie o7 lements e going to metter,
His mbades 7). Tk //eswﬂ’ém 0/6com/oamf/on Js
0,- @/(w QAN
whee o Vermas i Q: ave £, (A+n8), ke =5, ne Z.
In pawf/wﬁw in te general case, Yo 5ot of //;4&51‘
WUSHJ ( _;f& s smalley’ Yan Ll atime %J( gr0up,
On o other houd, O ic *ton lorge” 4o b controlled
% “Soergel —f/eozxg , @/é/cr move classiced or Ho modifi-

';'7‘ callon ao/veyf/Seo/ in Sec 1.4 More /Oreme%,%)y -é‘é.



fAZOdeL to work, Homs between Vermas shoudol have dim
<1 Hovewer, m e case o/\O]ag[l ane. can Show Hhat
HomQZV (Ajv (A*) Az‘v (\5m$))

. o :
has brsis /i,"' /L-,< w. 0>¢, L &J=:

L'J- =M.
15) Blockwise ﬁz/fscgorg's COﬂJ’eﬂfWe
[et prhvé QZO, Sed = ex/o(Jrﬁ/[fr#)). Ka,/‘fs(?ar%
Pno&yﬁeo/ an ffuil/dwa; (in our notaition) betweon:
~j)é[0:”‘) fv suitable value of 2
§ e fult subcatesory in D(O)) of o ofjects
Wf/{j%fs 7 z‘é ot lettice. In '54 mosT c'nf@/esz‘/n;/
cose krh’e d. e e7ui:/a,&mz s gt 1-exact. The
Verma. modudes AT\ comcs/oono/ to 5o cellid Wai-
mite modites Wk, () 20, §) (A is vecovered from A&
f)_ (’m'fsqqorg's e?uil/dwcc (s J%pofeo( “o Sq/f/}é some
ComPan/K/ tbes. fanous /wwf/d vesulls on ths were
PWCO( /O\l L Ohend Y Fu 4 Situ end T2
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Was eX/ﬂfaJ/)eo/ in Lec 1 TF wores /KQCK% §lock
ond pfaces Some vestnctions on £ (. 9 shoudd fo an odel
root of 1 1t showlsl be /oosszé/c o temove his) Ke?
/ngyealfem& Ave deﬁrmm; over A:=CIl qu’*ﬂ constructing
fill eméeo/a/mg/s of th cachor/es of Ve & Warimots
Httered O{a/w‘és wto o same auéejorg,(ﬁ ®A- ”700<p
for suitahte flection group W) via Soerged e %mc
tors & proving tat o (mages Qinide.

16) What's next?

Whte th eguiwa[wca i Sec 1.5 is e frst Senous
app&'cazﬁion of Yo feo%m?ucg advevtised in Sec 19 of
Lec 14 Bit +4his is not a motwation oézw/ﬁ)/g Hhem
— Wwhich was 2 double aflme verson of Bezrutaymiovs
guLyalenc. Ow next task is 4 olescribe o usual ver-
Slon due to Berruravniov. To bndse #e categores
(quartiom & atfine) and His eouivalence we wll discuss

—5; Beitinson- Bernstein ZZ)'Pﬂ localdigation Hheorems o
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