D4 Soergell, lec 18 //5/)6755 weight  categones,
1) Strcture of 4/{7%55 Wé@éf Za/‘ffﬁoms,

10) Eacafo
ot A be a CO/W/Q{\VfC boce ! /Véaz%a/ioun ’MJz 4 (ot

Cy be an A-Uneor ahelion category w //nn.‘e% genen-
zfeo/ //omsi 77& fgﬂowing Oé//M/f/or) WAS 5/1/\% ) 5&
11 of Lec 1%

Debmtion 1 A ﬁ(/j%csf Wajﬁf structure on € is:

'A poset (J <)

» £ 2 collection of standarol objects 4, )€l st. .

(HWo) Each 4,7) & Hod over A.

(Hwi) ¥ MeCllol T Te s, %/WA (4,6), M) #o.

(HW2) //DMCA (a,2) 4, (1)) #0 = T sz’

(HW3) EnJeA(AA&))«LA ¥ e

(Hw4) # zeJ 3 /26(27079' w. PZ—»AA[Z) s.T.
ﬂ f/c kerned is 75%%0{ {51 ASA (z') w. T7T.



In this lecture we wmitl 57—‘140/3 some. strutarad featu-
res 0/ 4}(5465% deﬂé [afejor/es_ Ze/fs fx/ofg,[n our /'mu'y;
goak 1o be accomplished m loter Lectures

:Dﬁf/'mf/on Z: /]n ai//'eaf /Lfé(; (s CQ,ZZ@/ S'é&//)ojaVo/(Z,
S ttereo! /'7[ = %f}fm)élom: {07 =MecMec. . cM =M st
MMM, 28,@) ¥ i=tv The Al subcategory of such

A

Qé/ICUfs s o/eﬂafeo/ {dtl 6/1

Welll see £hat (;4 i an eract Cazfgozg v yoaﬁ
is fo recover 4y //Oc/csf Wa('jﬁ ca]aﬁgjor}/ fA Gre e ’f)//}o{c
((;1) [IS)’ AA (T)reT)) 7?2/034/; f/@ exact qu&joy;]/ é;A

1.1) H’O\)@&f!ug jemez/u‘oy.
St P @ P & E-Gd, (P)”
Te" T EA

Lemma,: 1) SLT:/L/OW'CA (P -): 64 > E'Moo{pg/

7" ) E s free over A.



Froof
1) /%( (HW1) & (HW9) # Me ﬁA\{M admits a4 yonzer
Aomomorp//sm Lrom P~ Moveover, if M, $ M, on Su60§'ed5
of M, tha F(4)§F (M) are subaljets in ().
Sme FM) is 3€M'o/, henc /Vod%z}’/pw ﬂ-moMg
M i a Noeherion 09‘6(71,‘ m . The rest of e
/mfoo/ /epcafs thet in Sec 24 of Lec § L i left os

an

Z) 5//)6& 45 ove ffm‘ over /J/ So /s @,So (s 3?(/01_)
(F is exact) Hene E is Yot Since 1ts I ﬁ@f)@}’wﬁco(,
itos /Dy?/'fafn/e_ VY% smce A s %)CQ//) E s ﬁfe,e_ 0

1.2) S/Mp&: 09’6&’55
Let mcl b e mex. /'o/ea,[ £ K:=A/m Lok fk
dencte e fill 5u5w€e§0y} //‘16[2/%4/‘%0}

/90/)051”75101/; : Em& 4, () bas a aﬂ/'fac educible
%‘J 7uo7f/emf £ it les m f/k,O/ZhQZte It /; ZKKC), Mave -



over, He mayp THZk [x) is a /jt’mfl(m J = Ty ().
froof:
4 Simpte. Is o guobert of A [z) for some T %/HW)
Il /e I//[E)=>ﬁ4£#i=>ﬁ4[=0. The same folols Hor simp-
les in C,. B remains %o establsh two cluims:
i) I £, Zzé_/’fr[f;k) = A, (c) does not- admit an ep-

WOVPA)SW) onto 4@/,
i) AA(z), A, (1) —=/ for /€ Tiy {fk) =7T=C’

Foof of (): P—4(c) —>>Z(- ¥ (=17 = z‘/c K vecto Spect
My=Homy (R, 40L,) has dim 22

On the othe hend, /du, (Hw4) & (Hwz) KEV[@ —+>4A(z)]
has onty zero foms o 4,(0), 50 //L/WZ)=>/%»:54 (P,4,)
Eno/CA(AA(r)) [(HW3)] =>A. Simee P s /Vo/'eaf/uc, we have

/-f/near A—»/%. 77{/5 contradits A {@MOQ, Kocal-

/DVDO% 0/ [l) @ — AA (T) ——>>4 «——dA[Z-/) =
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= [HW2] z<t'= T=T! \Simffayf}, T'st >t’-T. O

We will use /9/0/0051‘50;4 %o dbscrite 4 (z] for maximed
rel. B} (W), B =5 () Mow recall (Sec 2.3 of
Lec §), thet ane has /r/mif/w: /b/(fmpofwz‘s € E st
0/’””0: &l (T) = Sprpn. Maveove, 2 prajective a{/'eoﬁ P 1
£ ‘}Moo% Is /Somw/oé/c g té@T(ggt)enz W. M;a//mﬂc[ P L ().
Foposition imples:

[OVOZZQVJF: Mklﬂ(ﬂ’ Q%E‘WIDO%, AA () > E%

/,3) /L/l(jzcsf W&l‘g/ﬂf SuéCQJé%OV/CS
Lot _TC T be a /apjvf //ea/[ (i.e. Zsz’&t’efﬁzéj)

Dehntion: Dedne £, AL Juﬁcuffjwfg, Q (:C;J (JJ) A8
{MeE| /L/omfA(AA[z’),/‘f) =0 ¥ ¢ J §

&ampf{: [of §=0AZXT=Z [[’/ Sec 4.2 Zec/b?)
'E-l Thes Me _(f/j<=> N W&Sﬁf/wm//”/ = ZGJM/ws?T



1) Me & & Homg (B, M)=0 ¥ T'¢ T
Deoluce thet _Z; is a Sewme su 5ca76830k3/ (Nosed  tunoler
Subs, guctients § extensions)

2) Exty (at),Mz=0 ¥ 0, Me G ¢ T (hnt:
use |2 — A4 § /Mo/uofzon).

3) 4c)el H#Tel
/l/e’% neeol f[L /oﬂom'ﬁog lemme

Lemme: Let  Me fAA.

1) Theress a ampue subobject M<M| M:= M/M is fibke
veo [3 2,5 wTed AM is fittered r/fg 4, (T)s w.
¢ J.

7). Moveover MM is Fandbonial: if e HomﬁA (M M) &
Ne (fAA = (M)l



DT 0K —M M0 is ctact w M. C then
He Sequences O—=H, —M—M—>0, 0—9/‘7:——?/‘72——7 /‘Zfeo
are exact as well.
Proof-
1): gg 2)4.3) of Lxeruse 1, Exf [A (') 2, (7)) =0 Yred
t¢ T This gives the evstena 0/ MM,

T follows Fom (HW2) that //omgA (M N )=0Thi
cmplaes both the anigueness & 2).

3): Suppose M=(0 - M=.. = M=0) is o complex of
o{/‘fdis Abtered 5} 4,(c) wc'¢ . LA Cemm {J{
; (M.)=05. For WeE,,
Homg (H.(M.), ) =Hompsgy o (M, W)= L2) of Exerse 110
fmﬁ‘é/n& beck to 3) consiler mo}/’UAII}’MS o Co/w/of(xes
d *7/‘7/_.-—7/‘4, — M, —0. Sine M, is exact, fVom He
Zong exXaut sequence i Co/amofojj/ we et H.(M.) =
/L/L.—, (M) Y. The cloim akove in f&/?roo/ implies

H (M) 2H, (M)=0 #i
—;—] t[_.) 6-,( L) =0 O



Proposif/onr __f ) Agéaﬂl W&Ié%{ CDJKCSO}’], W,

A

/ﬁowf _T £ standprds 4,(2), Te I

Roof:  (HW0)- (HW3) Tov _g Lollow émmeaé'a/?fe% Som
£hese plepertie: for L. Leds chece (HI/9) homety ot
P sattistes (HW9). Sinee /%mq(f (P, M)=0 (1) of Exercise1)
we get  Hom, (@//‘4) ~>//0m£ (P M) # MeC . S,
E s /Vo/eufll/c (n f Let K= tey[P - M1 e
Keyer [P, 5M] 4 E=E 53 3) of Lemma. Sinee K
comits o fttvation 5(7, 4,(0) w T7T, K is Hbtered
@ those of Hhem w. eI /?msémat the proo/ a

14) Fill £oithbidness of Extos.
Lemmo: in e setting of Sec 1.3 J//qéﬁj, Nel,
(20 th Map
Exte (M) —Ext, (M 1)

ina/uceo( /3 _/fAL?fA 5 an /somor/oézsm-
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fee Lof=MeMe MM w M/H., 24,05 The
we gt an QﬂMo}/M LS /% ﬁ’/’yf,'//‘fl-_, w. kemel, K;é(f
This gives 4 e/)fmorpAlsm /Dal@/i_, M w rermed, K
Altered «% Koos hence i ff We repeat w. K* j%"-‘m&
2 SES o0- [T=p'5 =0 ete. In particler, we
4¢t a /UVzi/'euflva tesolution =P —P =P of M iy
(; £ [f/nx 4 Lewmma (n Sec 1.3) ___fef_l—?fpl—afo of
M éA, Simee HomCA (Pj/"l%//omg [_/3,':/’4) we ase
done. 0

g SAOW 754&]5 /7/ A s I’PJ’M,ZW) 'g/en
Ectp (M) 2 Edy (MA) ¥ HNEC,. Hnt: start
—=A A
w. Yo case when A=K



