04 Soerfj, loc 7: Overview I
/) Sae;gaf (62) moglutes

/) Saelg&f /éa’)/ma/u/es
1.1) Detintion & ewmp&s
[et W be 2 fnite Loxeter 3Youp £ f its reflection
representation. In Sec 7 of Zec 1 m Hhe case when W/
s the W@Z group of g We've embe deleo! O'D-;ch' (wheve
OF s e /)/wa/'aal block of [a)feﬁorg, 0 fo ﬂ> (nto
K57 “Cood and qare < description of the image.
fow we eleborete oy modiles in e Lmage.
The ﬂ[gagm R‘:ﬁ([g*]i?[{) is jmo/eo/ w. o/egfrz,
We Jowe e atbelen C&f?ory} K ~ jré/hwa/ of 7/71@0/40/
R - bmodiles. T is monoidald w.rt. the Lensor /0}/00447/5
of bimodutes &p, Yok weld omt in o notation:
£B:=88, 8, te wnt is R w is wudjmo/mj,.
And K- jré/mzm/ comes v He 5/[40\//;4} shitt Knctor
7] <7 i/ k- DB then BtrBw B<iv =B,



let Scl Lo the subset of all S/mpge refletions.

fDef “n: /)S €S~ damenfarvd, gm%* Samafsm {/moa/u{e

BS¢ =K@ R <17 (5 Hhot des 161=-1) For w:=(s,,.5,)

eS " 0/976}7@ fl& 56/’/4%1/4 501‘15 - SﬂM&ZSOﬂ !/moa/u{e %,
BSFM_/ = 8551 ES’%,._ [ZSS: E®I€g) I3 @ESZ"' ®£SK£ <K

2) The m/?fcjwa, SBim (W) of Saerjof 6imoclules
is the minimal additive monaidel Suécasz,;gorg, of
/Z-gr//mpo/ com‘amma@ BS, # seS £ closed undler

5,@0/,,75 shiffs <xD £ faa'ng/ et Summands

3) 7]{ Cajffjorgl SMOo/(W) of Soerﬁ&f odules it fZL
/Ll/gz [ﬂo/c/nf/ve) Suﬁc’affﬁorj 0/ /Z '5rﬂ400/ W/ose_ ﬂ(éjeafs
we dvect summands of B ®Elf<o for Be SBim (W)

1) 55(54." o) 5oa free reme 25 ji’zw/eo/ /547,‘ V- moolute
:Z—l 2) ¥ BeSBm(w) is a fre jl’ézo/wfo/ //5/;75 P - modute.



Comares 1) Tn SBim & Mool He decomposition of any
0 J'e[;f /o /no/ecampom/ifc direct summandls is anigue

%L the Knall- Schmidt “hm. Indotd Hom's ase Sinite
dwensional ( ).

2) Or any 85, the actions of P fom the telt & From
£, //j/nf coincio. ( ). I particukey, Y 0@'6%
from SBim s a hn Oqenel/afeo( module ovey E@RW K £
‘bloé/fo of SMool is a fin. dim. modute over RV
oles 7
Emm/afe - W=S, ,gfk/ E“ﬂ([xq, Sx=-X, P Klx]
53(5)5)‘: Kix1&, pkbie, . Klx<zr = [kGd =kl
K [x*1<-27 as oraded K [x*]-bmodute]
=KbA8y .y KIxT <27 @ [x18,  , KIT=BS.<120B5<1>
So s aé/'ecifs of SBim(S,) are drect sums of
jrao/eo( shifts of BS. & R=K[J ( ).

a ﬁc /oﬂawiné: W/'KZ /c /wvyeo{ /affe/ n ‘f/f’- Course.



Froposition: For Be SEim TFAE:

1) B is /no/ccom/oosa/gfe /i .@-jré/moo/ (© in SBim)

2) 6®£ [ is /no/ccampogaj@ in P- jmm/ (€ in SMod)
3) B&y K, is indecomposable in R-mod

/I’/0V€01/er if £ ,Be SBim e ma/ecam/nwa//e £

@ /eko E Bz®/eko )f[en 51 52<47 n fjrézmoo( Sor
unique c. Ths ghes 2 écz/'f:cﬁlom bet ween Mo/afom/oom/—
les in SBm & SMod.

ExaMp& Z: Jet W=S, We cloimbhet @y jmo/mg shifhs)
there are & indecomposable Soersed Gimodibes LA S
[S;ff (S= (1;) f=&3)653) 776»7 {L /Mo/ecomlﬁosdfeg are
(1) K, BSg, 8BS, BSiss), BSe s, K®pR<3>

Here's fow one A&/lmfoap/es His

i) Dhe con /mn/e by hond thet BS (58 C, i Inolecom.
posebte. o 4 by an easy /0arzz of /%/Qomﬁon atove
BS(S) 2 18 /no/ecam/oosdfe. S/mi/w%, BS@) i nolecom-
”Z‘ pos ahte.



(i) BSsiy, = R, R<3> 8BS,
" BS s ¥ R, R<3>@ LS,
One can ses this in an %emenfayg way. o deoluee
this From jeommfrat.

: Use ¢) & i) to show Zhat bmodilles in 7)
exhaust /no/aorn/yosa,Me oé'eufs in SBim (up to shitts).

1.2) /J/pf(/'cazf/an Zo fmfejarg 0

Su/n/pgse now W is e A%Z goup of q.

Lot SHodyy, (W) (“usr’- ungraced) donote Hle
(ayf@&r} whose o(é/’eds are 505@»% Modhles X/my/yé/sms
ave ol (ot ﬁecessari(ét 5;«2@/@() F-lineay maps.

Soerge bs Thns (Sec 2 of Lectare 1) qive N/
eméeo/ofmj, V' #rom z‘/a Ccvéegcvy/ ﬁp -r/OVaJ of /Vﬂ/éﬁf/l/ﬁ

oJ'emfs in OF 4o B-mod (Thms 1 82) & Show

V(.6 400) = BS;;, . 8 K, (Thn3)

c—

5|



The pVo(/’eﬂL IVes @5{"@55 A(0)  Contan every mdlecom-
ﬁoSa/gfe p}/e/'e(/‘f/u/t /?/W-O) as a divect Summand.
for genezfal veasons (in 4l /ep/esenfa,f/on f/€01/5u of o
dhm. associative alotbyes) every o (/'eof 7 ﬁ/;ﬁ/(o/ (uni-
gue%) /ecwm/aoses as éé Avect sum 0/ Plw-0)s.
Thangs +o ) & 3) m /%/905/%/0;7 (in Sec 1.1) 1
/na/ccom/wj’&/é(e n 5/'400/ remoans /no/ccom/yaja/z% i
S/%O/ujr- So S/%o/uj,, consists of drect sums of
drect F-module summands of BS[S;'_. Se)gﬁﬂ( - Hence
(1) % ﬁpf/ay?j'iaS/%a/ujy (W)
egu/'vafeme of additive C/zfeja/f/es.
We would lie %o oleduce a representattion Zheore.
Lic Coyoffarg. Consiskr e /cwjﬁwo/s dual Lie a/é;eém
g\j o/fz//nea/ Se ‘L%a;[ he Yoolls for gv are Yhe corasts fo 9
Hence Hor simpte 0] we fowe g o) untess §<34,,
o Sp,, for n23, hese are SWQP/Qeo/). In Pﬂ\l/flz/cujwj
He W@ZJVWFS of q foj we Yo some X\j —éj*
”ﬂ - 5/ where Ho Hrst /sommaé)sm b cenonical & the Ind



5 any. /- 87142(/42;//@47»[ /XOMOJ;OA/SM

SMood(w) o/e/nem/; 0}1% on W & its reflection represn
So ﬁpr@) /VQ/TSMO [W)«»———ﬁ [g 044

[émg&u’&,i ﬁ)’wfg) —"éﬁ)’wfgp AS ﬂ/@@'an Kﬂfﬁjm’/e}.

132) Sae}/jf/f ‘s mfeﬁan%cm‘/on Heorem
As we memf/oneo/ m Sec 27 0/ Lec 77 /'/ W=3,...5,

I5 g /’eo/MCED/ e)?oressmh f/en
(2) @ @ 200) = Plw-0)@ & Plu- 0)@7

ulllu)<lw) °
/%pos;f/on m Sec 718 (1) in Sec 12 y/ega/'

(a) 3 cno(ecomm;a/g/a B, € SBim w. [/oy w=(s,..5,)
(3) BS, =8 @u% - 7"

(6) MOLL /WO/ZCDM/OOSQ/Z& m SBim is /50//10/79416‘ %o /59 <e>
for L{m?ueéa o/vgelfmweo/ el /L€ VA

for exampte, B~ K B =ES, # seS
;ﬂl%w do BS. BE, oéco/w/poxe mte D of /no/ecom/oosdffs 7



This is answered (in W&g) /dub Lhe 506/(/76/5 ca;feja-
yikicotion féwrem H mvobyes 4 Hecre a,{%aéra Yiw)
over Z[v*1: w. basis K. (wel) & multiptication
uniouel, recovered /rom Hos if llws)=U)+1
7 % Hobls = H, ot (s~ v) f, else

Oh f/f; Q’LZAO’ /am/ /}[ we Acwe A ao/oé‘ fve fwffjo%
W we can consiler its 5/06% (rothenduect g10up L.
I£s 3enemifeo/ éu[ M w. Med w reblotions:

(MM 1= [MI1e[H,]

IF o is monoidel, IC () is an assedative fing.
wat. [MIMI:=LHOMT Mnd i we have QjVQa//nj,
5457('5 Funclor <1 7,1%@7 ka ) is a 7[v*]-modute
w. o[ M= [Ma)]

So K (SBim) is a Z[v*] -A/(S)V/ém 8 free 7[5
modale w. besis [B,]

Th (Saerje/ﬂ) 1) 3! Z[v*’]—afgeém %mamowﬁlw

ﬂ Hlw) — K (SBim) w Hivt>[B1 Tts ay /xomc;?o//sm_



Z) [B, H/I/(QZAD/M'ZMSZZZ/J/ basis element ¢,

Sketch of homomm /wzrf in 1) for 5/@9@ laceo cases:
Hiw) is 5ene/a7feo/ @ H. (se S) Suéjeyf to:

< braid relations - /L/SF{;%HS i} st=ts (4)
/L/S/-éf/sﬁlléHSHé if sts-tst (5)
'7uap(ra7hc veloation (Horw)(H-v")=0 (6)

So we need to chece am/fo(js of (4)-(6) on Lomts
Hot i tor He elements [B.1. This transletes %
-[BLB,1=[BI[BI for (4) ( both are BS, ).

- [B1= (55 57) (B, for (€) — From Exampte 1 in Sec 11
- [BJ(BI[B~LBI=[B,ILBIBI-[B,T for () from
o[ecom,)osi%lon of 5S(Sﬁﬂ in EXQM/)&Z in Sec. 11. 0

//) 7F0V‘ ﬂpﬁ-f/hyp@ Kaceo( f(jpes can be 4@0/{%0/ /I
ﬁV§ but harder. The cloim aboat /fomo;;pézm Z%en
follows /Vom He cdassification of Zﬁoécom/ﬂwa//és h

Tﬂ ) above.



Z) s A ﬂ/l][//fw& /Oan&-ga{rj&fq /1/00/ rebed
on ﬁcamm‘y} Cwell start A&gcasséng/ the veleyast
jeomyf/y Jn z‘[a next lecture.






