0 & Saerﬁd, lec 4: Ovevview I7
4) fm% course.  on éfuz‘l/alf/'zw‘f o@‘mw/u/es
Lovrections 2o Aama/ocgical JA)/){S /)’om /17

1) Lrash course on e?uc‘mmwz‘ D -mo dules
1.1) Besics
[t Y be 2 smit) l/ayiﬁ‘fz, Y m%@glfajﬁ

loup acting on Y Two situations well core aboyt:

1) Y=C/B, E=N (or Y= ( F:-N»B)

2) Y=0(/8 F=B (o ¥-( F=E<B).

lo FAY we assin e (Bounceo) derwed Ca/z%io%
_7)5(7/17) of F *e?aiwzmm‘ D-modules on Y T hos a
£-struckure whose heart s o abeban cote ors of
F-equivanant oD -modules an @V‘MOO/F (introduced
i Sec 29 of Lec 3 in 4o cose when Y was atfine)
In some cases (F=1{17 or Lase 1) QDL[V/@zﬂe[-Dy-/MOo(F)
fut In (j»ﬁhe/aj (e.9. F= G, 7=pt) Hhis is not the case.
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12) %&’\SS/'/I'CO\ron a/ Z/Veozlm (e afé/lemfs
Dur goa/{ is o &Z&ssi%j, irredlucible o was jn
abelion 5476550;/} o@ -mol ' anoler 1‘4 /oﬂawma:,
&) F has I /mzng ovbirts ony: Y- I_LV Y= F/F

Lk F fa F fo o conmected component of 1€ E ~
Dnite group F / [

Fact: The /ma/uué& 05&7& m 2, -mod © ave iy
Sijection with ﬂ Tep (F/F°), (i6)> IC (Y, 6.)
EXQm/p(es 1) IF V=Y c=trw, 4hen IC( v, tnv)= 0,
Z) Lot Y=0/B § F+= Mov B We have é%hué 0/660%4/0
sition: (] = w-é_l{/ N8 where wel- ﬂ/[/vf)/H is a Gft of
w To /l/m] so 651) CASeS 5(17615/} (x). Lt /I/w.—[ne/f//
BB, itss unpotent = M=, = Trr (D mod*)
51/ (a5 we Shoudd have Lhx 2o the eoyivatence w o
fom Sec 2.2 in Lec 3). Mnd if F=B thn Hho stakr-

,Z l {/736}’5 Qe HP‘/V ﬂ/Jo EOW)C(/&CD/



73) ﬁnsfma'fxon of rreducible a({/’eafs-

We teedd tools for ano/ersfano/mg He ag'eafg %"
Ths1de ﬂ)y*Moo/F we Con conside ‘f/{L B s bcote-
90r¢ of Folonome mogloles” £ 3 0;, is holonamic. If 7
Satisfres (x), tlon Fe ﬁy“MOD(F i holonomic <> §F has
fnrte éﬁéf/ In jemm/z, (et ﬁzx (Y/F) e the Al
Sub CR’{'ifo”} 0/ comp/exes with holonomc CDAOWOZOJy_.

An Ao/yamf&ée o “(D/ic is hat # has 6 fundtor
%VMMSW, E.g. v Ff?a/vamwf 7& Zﬁ{ We Aw/g.-

) Th pulltbace fundbor 1-3,05) = Dyl0) lo. usuel
fanctoriatity; (l"=g"f"). Wk hove {70, = 0, ldmy=dm ]

2) Is r/gﬁf Aa?’omf, /m%/orway/ functor 7‘i

Assme (%) in Sec17 fom)o/er fé ncbusion (s Y
(/ocqffg, QZOSCOZ), Then:

Q) 4%&’},“6 :D:Mg (7/F) is m cohom o/eéz .

b) 1C (7 trwyes W, 0,) ()

s Sup/ﬁorfea/ (a’s a 7&4&5[- CO/e//emft sheef) o 2;
—5——-]6'0166}/ of (1) 4 7/‘//46-/* 0,.) are Su/a/)ouz‘eo/ on 7\, 49/(]'70-



€) a55ume y Is Mooﬁ X L: ? s Y senote Heo milu-
Sion. ﬂan ic (Y fy;v = L. ﬁ-
We with need 75[4 /Dﬁowmﬂc 1esubt | eouiveriant
case of £, @ecomposzf/on theoem of Beibnson.
Bernstein- De figm - Gatler.

77)”4 Z{’/f 90 N ge, FEQULV t /UV(()/K;VKH/& /MOI’PAUW)
&y /& SVMoofA TAU) ?ﬂ*ﬁf" — @ IC[}’ 61)[71

L
Moveover //) 50 (5  an fsomorlolz/sm ovey 7 wa 1‘/

L7

QM% fﬁ)’m W. / 7 s IC(V 'éhv n (’oéama%g/caxg
des 0 & wrth Mu/%/p&mf}

Eem Enﬁma/m Hibhert c@//eS/wMo/em& guves a Lunctor
From fD;, G (H/F) to e caf%org of @mvarlanf construc-
hble sheayes $ (7/F). I¢ sends 0, o o 11 constant
sheat € , 4 wtertwines e Senctors 7/)7‘; w. usued

/ouﬁféacz K /ﬁuséygpywa,m/s 7@» SAER!/@S 07/ l/ZK/fOV 5/90\(,65-
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1.3) Eyuit/cz}’/anf COAOWOZDJS

Wetd be wterested in Fxtos from O, in D (7/ F)
For 4his we woed an account on th fgucvcz///wrf Coho-
mog@ﬁ}' fere K= C, so any l/aylm% ir 2 fo/wfogicd
Space. Led X e e fapafoéfcd pRce w (vfapcvfegfcd)
F-action. 7o #his action we ASS 16/ 75[& €?a£l/ariamf
COAO}MD&%L H; (X): = /‘/*((EXX)/F), where -

* £ is contvactible Lopolagicel space w. topol. F-action
= fopofagicd principal F-bundte £ —E/F

If 3 topological principel F-bundte X — X/F

Hhen (ExX)/F — X/F is o loc. Drvied bundle w. contrac.
titte pbers, So //*(X H (/). So, i ﬁe/)emj one Yjels
/L/ (X) s f/& Cowrect fo%omf)fo(%, of KIF. Tt's a
recled H Flpt) -ebgebre (via publiece wrt X —=pt)

S/aeu’al cases:
1) F s unipotent so /'5oMo;7M/c t an atfime space
7] = con tare F = /:50/7’[)( H(x)



2) F= G, Then con +are E=(E’m‘/5}/ wheve (=

1G;);,, | e 2, & all but fm. Mary 2,201 So

E/F =CIP™ & H(pt)- H(CP™)=CLI,xe H(CP™)
More 56/751@/2%,, H:/k(/of) is cancmica/%/ (C[j_'(.

2) Hy(X) = HX (0 (rercise).

/@mar/cs: 1) [enfrw‘é/n} Z): //’f is 4 comected reduc-
five 4roup, Lhen //;(p%% (E[Q]JC W. o/ede g"=,z, From heve
one can o/ea/uuz L‘/«:Jﬁ 7‘%}’ o 7, F: H ;( (pf) Is [N tyen 0@//@55
(and hence j@nameéz commutative)

2) Mode thet  (ExxYF = E/F is atopologically
bwviad Fler Bundte w. fiber X This i)l/fj a/uf(éazcr
ﬁomomm;p/nm H; (X)— H(X) fa&for)né; f/Vougé

H;‘(x)% € —H%) (2)

Iy‘o //’X(K) s n even ﬂ/egrces '54% f/w_ Spﬁmfm/f Seus-
ence Loy e coéomio% of total space of 2 fber bundte
o/ejenemﬂfes ot E, ond (2) is iso. This wll be He case

Z‘laél' X m e pext section



14) Lbse of /faé § Bott- Samelogn vanietes.
/VOW we 4 give exem/o/es 0/ comlou—fajf/an of //:[}’)_
) H¥E/8)= Hp (C) is an HGh) = CL5]-alsedra
One can show (£’ df[ﬂcow(= (E[ﬁ/ﬁ[ﬁ(ﬁfﬁl where
CLY= (e els1¥[Ho)0%); L, CLI1™ are. grasled
5o thet a/eg 5%’—*2 (cf. 2) d/gol/c),
T) Simtorty, Hy (C/8)=Hey () is o Cl§IOCL-
absebre. It is f[ﬁé%[ﬂw cLyl.
1) Recall Hhat S venstes 4o st of smple. reflec-
bons W To w=(5,,5)€ S we assign Ho Frtt-
Samelson l/mm/%g/ BSy as #llows. Tr se S we assign
the minimal /Q}’Q/ZO/Z{Z el Com‘ammg/ B. Let /351,
o He 70075/{3/7% of gXx R /5(, Zhe fzyﬂowlng, B -action:
by ) p)= (87 65, e p ). Denste the
bt of (p,,.p.) by [p,, il We howe the Following Maps:
Bts, 50 ——B% sy orpl—lpp.3 3)
ﬁS(SM_SK)’*% C/E} [/DW.-,/O,JI—%/g_-/DF 4 (4)
“;Z‘ (4) establishes /L/Z[JZSLJ a5 4 11/2[578]-;&{7%/@.



(3) is a [P~ bundte. This ablows %o compute Hj (8S,)
maZan/eZ}: it is BS, xR, Ho Bott- Samlson bmodule
aver dj[ﬁ@j CL) And H*(ng )= BS,®
3)’(20/60/ H () - @g]w“’- modude.

(E</<7a

W 4:[51

Lemenc: Her's o motivetion 2o consicler BS,s: pick a
Yedluteo! expresseon w =(s,,...s,) for w The /Mo}pﬁzsm Py’
%SLV — /R Jfom (9) has image m £ is a resolu-
fion of Smjo/ay/f/es of its ImRge.

15) £ X%.D‘[V/F) [Oy' ’)

/‘vacﬂf' E)V M(n}{ Smooﬂ am Fcac/’fwn e Azwe e
jVao/eo/ Mj@ém /Somor/nézsm Lut? D80 [0 ) /7/ (7)
In /oarf(cwlar/ # FeD,- mod - EK:D(W)[ F)isa
ﬁmo/e_o/ /’/54/1,‘ /7’;-'e (V) -madile.

L Undey assumption (x) Brom Sec 1.7 how % Compute

X
=1 B4 50000 TC 0%, i)



Easz, case: };7 s smosth. bor T ?qy we hawe
Ex%*[@, 1c(), tnw)) = L2) in S 72] Gl [0 6*0},)‘
[ao{}'an cAlon] = Ex%%(éfﬁw ﬁg) Ext (OY; [dm?=dm 7], 0:7 =
/7’;( (7)<dm y-dm?7 w. s natuval ﬁrao/ep( ,L/Zf (Y) - moglude
strcture

feMeVa/f cose: ﬂef/m: 'éKL ffu[ yRYiant L}réeyseﬁf/on Caéomo-
KOj& IH*(V ) as Exf; o) (0% IC(/"L-,f}'le[o/;m v]) so

that 17f [ is Smooth, we get H?(g-)<0(lm 7.7

Lorsllary, (o} BB Thu in See 12) el assump
%/on (%) // a is an L- €9uu/a}fmmf reSolution o/

Smgwﬁay)fles 07/ ’L%en We Acu/e A ﬁVQo/Co/ /L/)K(}’)
ﬁ/loo/wfe, /50?%0794)5/14

7

M) dm e THE(7 )@ B E4°(0,,1C(1,6)(7)

J)’?V(é"!

Example: [id F=B, Y=C/B, o H, (4/8)=CL}]e Begpy dﬁ
[k Y, ~Bub/B (dm =06s), %= BS, - % z%@ B
7174 (7). Then BS, =B & D  <5° Loder

ul O(u) < t(w)
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