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0k SOEVSB/Z 9: Soergag f/ear} 1
//) IanOO/MUé/oM
2) /D/ope}’f/es of /D( 1)

1) Introguction
In Sec 2 of Lect we mentioned 4o 5061’3{9( Hnctor
/- %mﬂf” (Plw,-0) ?): O’ — Eno( , (Plw,0)"% mod
and stated the ‘f/eoz/ems describin e s /p)'ppe/z‘/es
/Moﬁuozm8 Thm 2+ thak it /wﬂ% foithtud on p}"o/'ez’/flve&
Dar next jaal s to ploye 2. More jencm/Z version of
s cloim.

We wll wore aver a o%cv 0 %e&Z K ond fare J(So.
We siip £ Subscrpt 0 O:=0, 20):=4,(0), ete.
Lo ZWAeN(W:) Werll wrte 2 fresp, X) for e
M)'7ua eLement 0/ : s.t ;\i+P Is a/o/uinwfzé //es/o onti-
dominant). In /pa/fécwfay considler fn/c unigue /9/?/601‘/:/@
PO )60“ (sec Sec 2.3 of Lec 8) so Ahat

dom Homy (PO, L (1) = 8-,



St E(=E )= bndy (PO = wertl compte L
a geé}’a /Wft’/ e fmf He exact Ffndor
U =Homy (PY)?): 0= — £- modl,

ﬂw main result thet well sfanf /}Owﬁoc m ’f//J
Lectare is:

Thm: Lot /V/DCO)“X/Q o/c/) ective. Then e Map
/L/OVM (M ) <= Hom [ﬂ//(/”), ﬂ{//?)) /M/ucea(/ [K is 150,
In /Darzf/cu[ay, [K s /wf%t fw’f/fuf on /)’76(/{/%‘35_

Z&‘f Us ﬁx/jﬁbin jo/eas 0/” f[z /ﬂi’oazp //07& ‘f/@l‘
) ﬂ/ 2amits 2 //Jéi 44(?0/}71‘ Zo be O/Eﬁa/{&/ /J ﬂ/
U) 72)’” & Qajunﬂf/oh umnt ?P P B/ (VID [c 150,

To see 0), recald thot OF —sf-mo/%: where
E: 540/0 [/5/)010/9 7%}’ A /D}/((D/'(ﬁf/l/t gemm;fozf P 0/ 03
(Sec 2.1 of Lec 5). E/ s 75)4. dim Aena Noetheran /%W
*ﬂ we. Ust Z%e /D/ZZOW(:IIS/‘_



Ubseryetion: Lot g E be Mhetherian associative
wmtel ngs & ¥ E- WIOO% — £ - /Moo/f be 2 night exact
punctor. Then FUE) is an £ £- g,mue ¥ FlE)ey
i 2 night a«éo;n% of F It glven by Hom . (F(E)?)

() is an on basic abstract Nonsense.

Mow note thet for M, MeO= Ion™ In®lu, So
ZV, om IS an /SOMOV/OA/J)'M & foth ZN,' In, we isa’s. Kecall
e /a@aec;fu/a jwenvéozf p- j;/ ot ( QW@)A(A’), where
Vs dominent & N-Nis domineat- [ia, Sec 23 in Lec S

P @ PV o " P D PO° " (m >0, nz0 # })

e

Se P /s a o/rec/f summend. pe for Some k& Thin
ffyﬂfaws Hrom

~ | ~o
ﬁ’ppasz‘f/on: hs P—N—aﬂ/}\ [l/)P

ﬁ)s W}% 5& ﬂéa/uceo/ ﬂ’om fn/t fo%wmoe Z E/élm&



IM/DO/z‘ﬂnf cloim 1 Vo is 150

I/M/)prﬁm% tloam 7 3 exact Sequence
0 =B — PO — PO for some mnro

. Deduce /Ompw/f/on /ﬁfom f/esc
two (leims /4/;4# 0{'/ is teft exact, use 5- (,/MMMQ).

ﬁ’owfs 0/ Z;me/tam‘ Laime  is bacesd 7
L@Doﬂfan% coim 3: PO7) = ot AL

2) P/o/oeyé/es of PL1)
2.4) Anti-dominant Verma A(0)

Thm: 1) A (L) s S//h/yfe_

DV ezl a(l) is the ani2 szm/o/c sub of AN
& not a composition factor of 4( A (X).
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Poof:
1): In Sect of Lec & for Me B we mtroduced
A= (M): - Z dm M, € Z,,
which bounds He feﬁ(fd 07[ M Fom above. Smee ] i
mnimad i =5 8 A7) ) # 0 =>/14 <X, we get
o= (4[) ) = o/mﬁ()(
hence A7) is S/m/ofc-

2) We-tl first show thet A () contains a unigue (-
a/ua'éé Sé/éoéjemf ‘!/%Ué AQS to be /Somoxyﬁfa fo 4(A7).

We/KZ ‘wa ﬂ/y/?@ o ‘fransgax‘flon /uanOr %o SAOW -ﬂaf
A (L) doesn’t appear 25 4 514570107631/11‘ of AN /0.

Step1: b tnow (Sec 1of Loc €) that A(N) has Hnite
/e}’léfA, hence a simple 5uéoé()'ec/t, Sy /.

Sffp 2: Mote thet UL has no U‘Q//V/Sors[
-ﬂ use thot gr Uh) ~ S(ﬁ‘),a/)r)@nom{a/( ﬂéfygm).



Since AN is a free e d) UK)-moduke, L is
‘ovsion-free over U(4-).

Step 3: Lt L=L (V) for X IM#) , then A L
st. k= <1+P,o(,770 Henu fzrc/‘@}‘[o?%
ANAAYY LA 0V) w 752& E/m(f*—‘? {zfl-*o m L(\)
~ contradickon w. Step2 = V=

Sff/o 4: 1% fm/?f ’/)/ L) =a()). 7Ze trapstation ﬁmwf&y
T_,F/,JKXQVf&T A(A) A[(D) #,’?e /7Zm
in Sect of LecF). So T (A())/d(f{ )=0 =(1")

is Nt a com/omzf/on )[aJéoV h A(l)/él()\ —

- Fove 'Maf e j 1'e 22 = o //om (é]d) A00)) s 1

4 @hg NNy o Ao%mar/oézsm AN —=4(X) I /}(7/&7511/&.

2.2) P[J ") —”%irjp_;rxr A(~P) /Imlvorfanf Cloin 3)

Zj‘{ This claim /w@fows /VO/M



/?’o/aoszfzon 1) P: = TP N»A(’ ) s /omefm 4 ;wf/;/)/es
A Hom,, (P 2() =1 # ﬂeg
2) Jed r20 & P be 4//(/605/1/6, 0 0 54/0/3059,
i Hom, (P 200)) = # AeZ ()
Then P= P(X)T

Proo/: 1) 4\(~€) /s /Xyeof/Ve n ﬁ{—P}X\ 7;#)3@ Seugls /}/o_
(/CUfh/ﬁS o /UV?/'edf/vas so J. oo

//omaz (Ip-m A('()), A(U) —’—”«*/%)ma,f, (A(-(a), f/j\;ﬁ _PA()\))é
['7) 07[ Thm (n Sec 1 a/ Lec %] 576\/0-9 [A/'(ﬂ) = K.

A(—P) s /V?/'uf(w:, /\f (So

Z) Ze/f now P be a /Wf/'eu'fn/f S’m‘m(‘pjmon 7). Wnte F
for Hom,, (P ?): 0= = Ve, its exact. Thones £o Thm iy
See 21, L0X) za0)). So FLLON) = Fa (3D =K. At
FLa0)/a07)] = Flath)/Flo(\) =Kk =0. But fo
;\#11 we howe ACN) /(7)) —>L0)) o F(2OA)=0. % (e
73 in Lec 8 P o) y

7]



2.3) Yoy’ P(Y) *—’ﬂ/ P(ﬂ [Impon‘am‘ Ulaim 1)
Lemma.: 7)’{7(/1450 Mc ﬂ/ [VM Then N#o f/’ﬂ/(/V)?éO
2) 47[/‘460 = ﬂ{ (ker gﬂ)- M[Co/cerM)—O
3) I Mis fthered {} VCVMQS,f/en /- /ﬂ/ﬁﬁfll/ﬁ
Scetch of /)}/pa/:
1) 2) are (ﬂ@nem{ frofml)es of 40(4'0/»7,‘ functors between
ahbelien Caﬂfejo//es angl are left as .
3) reduces o Ho case when M=A(\) w he Z /]}1(7,
fonzef Suéo{]emf of 800) contains 2()7) /;, Thw i
Sec 71 £ U4 (607) #0. Mow 3) Follows Svom 2) 0

Foof of Im/goyfanf Claim 1:

Step 1- P()) P_,\,,A((ﬂ/ou, Important (laim 3.
By Thw in Sec 1 of Lec & He rhs. is fitkered {3’

Ma!’mm, So /3 2) of Zemnm, Vo1 /8 /)(7j€ﬁf/l/ﬁ. Write

N for coxer Dooxy

?l S‘ét’./g Ve }’l/ﬁ f//cu:m 7,%,75 Ip-ﬂv‘é(’f) i /1(4/'6&5/;/4_-



Tndeed O is « semisimple cmfcgory, ( wa{, 4) So. every a{/caf
/I?G/bro/ln} A(—E) (5 /}yfﬁflmz, And f]jp,,/w admits @ 6-
0 (/'O/mf So Sends /M/'eﬂfu/cs ‘o /iz/'epfn/cs /l//e(o/mj Lo claim.

Sty 3 By Shep3, 0> PN Y PEI= b0
J/d'ﬁ?fs so N is a Sub m Ué U& PG, E}Z) o/ ZQMWIQ}
M(N> =0. /gy/ 1) of Lemme. /V=0, //”’SA’”} fn/a/a/oozf. 0

_ﬁnporfan% remare - Slrmfay(ét ‘o 3) 07/ Zem/hzz wWe Jel
Yot e ao(ozmmf/an unit %:-' M —ﬂ;dw 7;_,_(,/4
/5 /ly%yflue M s Abtered /d\, Veymas

24) Toward IM}Ooy‘éanf (Loim 2
Lemmo: Y dominant ) 3 on exact Sequence
0 = A0) = POY — PA)T
Foof: POY7) = 7_;_33\,4(?) sdmts 2 flbntion @
Vemmes v, a()) (e larsest Labed in the ock) Rppe-
/\ﬂ arng as. 4 sub (Thw in Sect of Lec¥)



This qives an éméfo/o()noc AN POV) whose
cokernel, M Is 7 lheved /01 Vermes . B? Important
temave in Sec .3 we have injective aaoyawflan unt
fm M — T ;\’ Mm=/J, 3\—3"{3/14 NA(‘P>@j
n= Il 4]( e A(())) "o pA)” 0



