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1e Motivations

In symplectic Poisson Cgeometry we have a numberof
local structure results Themost basic result is theDarboux
theorem point m in a symplecticmanifoldM has a

neighborhood symplectomorphic to a neighborhoodof 0 in TmM
There's no such description for Poissonmanifolds but onehas

apartial result for apoint m in a Poisson manifold

M we can consider a symplectic leaf through m the

loans where we canget from m usingHamiltonianflow Then

a small transverse slices to at m has a Poissonstructure

sit neighborhoods UCM U.CLof ns.t U UpS as
Poissonmanifolds

We want an analogofthese claims forquantizations in



thealgebraic setting where we are forcedto work w formal

neighborhoods so we needto discuss completions for formal

quantizations

1 Completions of quantizations
Let Abe a Poisson algebra MCA be a maximalideal

Then the completion A lyaAmn has a unique Poissonbracket
extended from A by continuity Assume A is Noetherian

Now suppose is a formalquantizationof A Letmy
denote thepreimage ofm in Sty inparticular heMt a
maximal 2sided ideal Then we can form the inverse limit

lineStalmi

Fact is a formal quantizationof I
Remark on proof The only nontrivial claimhere isthat

is flat over A This is because my satisfiestheArtin

Rees lemma which follows frommovegeneral results in Non

gcommutative algebra Exer
19 53.5 in Rowen's Ring

theory Vel 11



Remarks 1 Suppose A isgraded h is a homogeneous ideal

Hf is a graded Then is strictly speaking not agraded
formal quantization even A is not a gradedalgebra But
we have compatible gradings on thequotients ME if
the definition ofgrading on Stp

2 If A is finitelygensd in corresponds to a smooth

point then A is the algebraof formal series m a One

should view as the space mme 11h31 w deformed

product

2 Quantum slices

Let Am be as in thebeginningof theprevioussection It's
convenient for us to consider a slightly different version of

quantization Hp we assumethat Stg 3chg
For abe set 0,63 cb This isnot a Poissonbracketon
it's not commutative but it's a Liebracket a is

a derivation aeftp We assume that 3 on A is inducedby
on



Set V m m then induces a skew symmetricform

w on D at m 6 m a63 m Pick a complement VCT

to the radical of w

Let in in denote themax ideals inSfA Considerthe

composition JT Mp M mm V

Theorem quantumslice c V as my St

1 To c id
2 u Iv w u v u ueV In particular I induces

an algebra homomorphism Wt v whereW v stands

for the formal Weylalgebra thecompletionof theWeyl

algebra W v TV t uou vou kwlu.us at the

maximalideal of ee V
3 Let Stfdenotethe centralizer of V inSF Then

the multiplication homomorphism WflvOcean Sf
extends to an isomorphism Wflu an ftp where in
the source we have the completed tensorproduct theusual

tensorproduct of two topological algebreshas a natural
w̅



topology we complete writ that topology

Idea ofproof
Let xy e V

be set why 1 We inductively construct
lifts xk.geMp s t Xagic PEMY YaiXiaYinYkein
Take arbitrary x y inpreimages of xy Forthe inductive

step we use

Observation section i in St my ofthe
naturalprojection we have x y im i ing Same

if we swap XkiJk

Using thisobservation we can dothefollowing
Construct Nighandhencetheir limits xg̅eht w

x5̅3 1

Let denote the centralizer of xg̅ in Then

an analogof 3 works for the completedWeylalgebra
generatedby xg̅ the centralizer of xg̅ in It
5



Once this is done we can argue by induction ondimV

Remarks 1 Similar ideas leadto thefollowing forany 2
embeddings 4 c as in the theorem felt

ad f a of aest where ad fl f
exp f 4 L L2
In this wayStjthequantum slice is well defined
i e independent from the choiceof c

2 Assume Sty isgraded MCA is homogeneous degt 1
Then I can be chosen to be equivariant In particular

t acquires a action

3 Finite Walgebras

We want to apply the theorem in the following

situationLet g be a ssimpleLie algebra We identify g with

g via thekillingform Pick a nilpotentelement eeog recall
that beingnilpotent means that it is representedby a
61



nilpotent operator in any equivalentlysomefaithfulrepresentationWe take A Sloy Clog in to bethemaximal

ideal of eeg of
Thefiltered quantization we consider is Uloy but

with the doubledfiltration Asi Ulogls it so thatof
is in deg2 reasons forthis will bementioned later
So R A Tog h x y y x t xy w degt 1 is

the tadic completion of thisalgebra

Let's describe VW V Dog w W3,21 e 3,23
so that radw ker ladel Now a basic result in thestudy
of nilpotent elements the JacobsonMorozov theoremstates
that h.fegs.t.che 2e hf 2f Ce f h We can
take V g f the representation theory of84 tells us that
this is a complement to Ker ade Andwe can introduce a

grading on A making a homogeneous Let g i geog his i

for ie 72 Wegrade Sloy by requiring deg its seogli
Since for eg i we have g e to Jeg 2 m is



indeed homogeneous Forthisgradinghowever deg 2

which is why we work with themodified version of
quantizationabove

We can then form thealgebra SF w C actionand

apply thegraded version of the
theorem

getting an algebra

t also with actionof I Notethat tohasdegree1
for themaximal idealmfcH we have bypart 3 ofThm
that my mi E I V Ct g log f It This space is

positivelygraded

Important exercise Let Wgc be thegradedsubalgebra

Was Was w.Wa.ie1 imi i Show that
WalkW S VV as gradedalgebra

Hf is the completion of Wg at 0

Thefilteredalgebra W Wy k 1 is calledthe finite

W algebra It shouldbe thought of as thefiltered
quantizationof S where S et keradf is theShadowy
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slice a transverse slice to Ge for suitablegrading
Poisson structure on S thegrading is similar to what

was explained above
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