
Lecture4

1 Quantizations of schemes

2 Classification in symplectic setting

1 Quantizations of schemes

Let X be a scheme over We can talk aboutPoisson

structure on X Poisson bracket on Dx We then can talk

about formal quantitations of X i e ofQx these are sheave

of th algebras D on X sit

h is not a zerodivisor in Dg U open UCX

D lineD tin

Wehave a fixed isomorphism of sheaves ofalgebras

DAD Of that is Poisson w ut 3 on the eh s

inducedby i

One can show that foraffine X formalquantizations
of X are in bijection w formalquantitations of X in

one direction we take theglobal sections in theotherdirection
A



we microllocalize using results of Lec 2 ifAf is a formal
quantization of X then sheafof 11471 algebras

Dz on X w DfXp f fe X

Using the bijection in the affine case we can view a

formalquantization of X as glued fromalgebras ofsections on
an affine open cover

Nowsuppose that X is equipped w a Cmaction

s.ttt 3 te Cm deal One can talk about
graded formal quantizations of X usingthe usual formalism

of equivariant sheaves Alternatively it can be covered

by Gnistable affine opens happens to be the case when X

is quasiprojective normal we canglue agradedformal

quantization of X fromgraded formalquantizations of the

algebras of functions on the openpieces using Gmequivariantgluingmaps
Using the correspondence between filtered grededformal

quantizations we can then talk about filteredquantizations
Poisson schemes w compatible Am action



Example Let X be a smooth variety X T X let

X be theprojection Then 0 is a sheetofgraded
Poisson algebras on X and we can talk about filteredquan
tizations of this sheaf these are so called sheaves ofTDO
twisted differential operators Dx is one of them For D
a sheet of TDO we can considerDf the t adiccompletion
of Rf D still a sheet on X But we can microlocalize

t to obtain a sheet on X this is a special case ofthe

previous construction where we consider cover X Y T x for
open affine cover X YXi We can also considerthe
correspondingsheet of filteredalgebras but the sections are only

going to be defined on Cstable open subsets

2 Classification in symplectic setting
Till the end of the lecture assume X is smooth

symplectic We are interested in classifying greded if
applicableformal quantitations of X

I



General principle Under suitable cohomology vanishing

conditions on Ox the formalquantizations are classifiedby

Hr X 1h33 H xC 1h13 gradedformal quantitations

are classifiedbyHp X

2 1 Warmup classification of sheaves of TDO
We state this as a long exercise

Exercise 1 Let to be a smooth affine variety week
be a closed form DefinethealgebraDwX by

generatorsX Vect X.la the followingrelations

f g fg
f z f
f f got

3 2 2 3 3,23 0 3,2

f.ge X ye VectXe
Show that this is an algebraof TDO which reduces

to the claim that T X grDw X is iso hint
a



base change to formal rights ofpts in Xetpart3 below
2 Prove that everyalgebra of TDO on X is

isomorphicto Dw X for some closed we all
3 Let wow beclosed Forany isomorphism 4 Dw Xo

Dw Xo offilteredquantizations i e filteredalgebra
isomorphism s t gry intertwines the

identificationsgrDw.lt
T x dear s.t.pl l f y g 22,37

fe Xo VectXe This α satisfies 22 wewe

Converselysuch α gives an isomorphism

In particular algebras of TDO are indeedclassified

by Hr Xo Hr T Xo
4 Now let to be an arbitrarysmooth variety Let

D be the truncated de Rham complex of oh
Then sheaves of TDO are classifiedby H 02 2nd

cohomology of the CechdeRham complex Hintgluefrom

open affines

5 Every filteredquantization of T X arises from a

gnique
sheetof TDO via microlocalization



Rem Note that we have a SES of complexes
a of hx Dx a giving exactsequence
H Ox H or H'oral HO
Inparticular if H Ox H Ox then H s thorax

Note that Ox is thedirectsummand deg0 component in
thegraded sheaf Ox hence H Ox H 9 Hill
In particular if H 0 o for 1 1,2 then sheaves of
TDO are classifiedby Hr X confirming thegeneral

principle in the beginning of the lecture

Example X GB where G is a ssimplealgebraicgroup
BCG is a Bovel subgroup Let5 6 6,6 bethe universal

Cartan ThenHalal5 One can construct thesheetof
TDO corresponding to as follows Let U Redu B so

that Lie U 6,6 Let GU GIB betheprojection
Note that Go Glu all The sheet Datahas Haction

byalgebra automorphisms we setDG Dau This

a sheet of 55 algebras the action of H on Glugives



rise to a Liealgebra homomorphism 5 VectGlu w H

invariantimage so it extends to 55 10Dau The

sheaf of TDO corresponding to X is

Dab Daisyex
where C is thequotient of Sb by themaximal ideal

ofX

2 2 Classification ofquantitations
Thm Let X be a smooth symplectic variety w Hill01 0

for 1 1,2 Then the following hold
1 Betrakannikov Kaledin The formalquantizationsof
are parameterized byHir x AI in a natural way
2 I 2 Suppose in addition that acts on X s.t

3 has degree 2 for270 Then thegradedformalquanti

zations of X are naturallyparameterized byHr X

Example Thegradedformalquantization of GB

per
responding to X is Dais where

p is half the sum of



positive roots

Something about aproof here are a fewrelated

observationsFirst there's only one quantitation of the completion
xeX theformal Weylalgebra Wf TX see the

quantum slice theorem in Sec 2 of Lec 3 One can describe its

automorphisms as quantization of QTthegrateof theform
exp t2 for JeDer Wf TX where 2 is uniquely recovered

from exph2 Moreover we have a shortexact sequence

II WaltX Der C o

It's thefirst term whose2nd cohomologyparameterizes
the quantitations there's a frameworkforgluingthe

quantizationof is together since H X0,7 0 192 this

gluing is unobstructed and is controlledby the2nd

cohomologyof A

For the2ndpart one thingthat is easyto see is thatthe
sarameterof a gradedformalquantization is in Hsr X chopx Ch

toughly
this is because theparameterization is natural



while the natural action of C on HIM is trivial while

Legh P Andof course anygraded formalquantization is
a fixedpoint for the action of on the set of

isomorphismclasses ofquantizations


