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1 Conical symplectic singularities

In Lec 4 we have stated the classification of graded
formal quantizations of smooth symplectic varieties This is
not what is interesting in Rep theory where we are dealing

w graded algebras that are algebres of functions on

singular affine varieties An example of such is the

nilpotentcone N in soy whereog is a semisimple Lie algebra

bydefinition N is the subvarietyof all nilpotent elements It
turns out however that formany singularvarieties

the

classificationreduces to that forsuitable smoothvarieties for N the

corresponding smooth symplectic variety is T GB1 Thecorrect

generality here is when the singular variety in question is

conical symplectic singularity



1 1 Definition

Let Xbe a Poisson variety
Definition Beauville

We say that X is singularsymplectic if
i X is normal

liil X's is symplectic so that the restriction ofthe Poisson

structure to X's is inducedby the symplecticform Denote

this form by wres

iii resolution of singularities Y X s.t.ptwrestextends
to a regular butpossiblydegenerate form on 7 Notethat
once this conditionholds for one resolution itholdsforany

Definition By a conicalsymplectic singularity wemean an

affine singular symplectic variety X together w a 7 grading onCX
st Q Leg 3 2 forde74.1

12 Examples

21
XNeg Poisson subvariety equippedw dilationaction



of so that 2 1 T T CB p is Springerresolution
a.k.a themomentmap for AY N is known to benormal

Thesmooth lens is theopenorbit in N calledprincipal This

lows is symplectic One can show that p is a Passon

morphism sopwres
extends tothetautologicalsymplectic form on 7

2 Let CN be a Gorbit Recall Sec 3 in Lec3
that we have the transverse Sledowy slice Scg
to 0 Take X SAN x ̅ T GB S From the

transversality condition X is normal In Sec3 ofLec3

we have introduced a Caction on 5 st S is74

graded w 53 C It's easy to check that X is a

gradedquotient Next we get 3 on S say from its

quantization W constructed in Sec3 of Lec3 one can

also do an easier version in the Poisson setting deg 3 2

Exercise

1 5 g c 5 og is Poisson central

2 The restrictions of elements of Sloy to S lie in



the Poisson center of S

Thisgives rise to a Poissonbracket ofdeg 2 on CX
as a Poissonquotient of CLS

Requiredpropertiesof Y smooth symplectic infact as
a subvariety of GB andp 7 X is Poisson all
can be deduced from the fact thatp is a momentmap
S is transverse to all orbits that it intersects

So X SAN is a conical symplectic singularity

3 In thenotationofExample 2 consider the closure

a Poisson subvarietyof g It's not normal so let
denote the normalization One can showthat 0 1 3

byusingthe observation that thenumber of orbits in
is finite all have even dimension Thedilation

action of on g preserves
hence lifts to X

The symplectic form on gives rise to a deg 1 Poisson

bracket on Note that cadim regX 8107 2
is symplectic so is X It is known afterPanyusher



that X is singular symplectic hence a conicalsymplectic
singularity

13 Q factorial terminalization
In general a singular symplectic variety doesnotadmit

a symplectic resolution i.e Yp s t 5 is symplectic

p is Poisson In Examples142 we have such resolutions
while in Example 3 we do not ingeneral However in all

cases admits a normal Poissonpetal resolution Yp
which is maximal w r t the natural order onpartial

resolutionsequivalently Y is Ohfactorial every Weildiviseradmits a multiple which is Cartier terminal The

latter in our setting means
1 codim 4514878

Here are importantpropertiesof Y

Proposition 1 H Oyres H Ayres o i 9,2

sp
The C action on X uniquely lifts to Y



Sketch ofproof 2 isdue to Namikawa Let'sexplain

why 1 holds A result of Beauville says thatsymplecticsingularities are rational if X is singular
symplecticp Y X is a proper birational morphism from a

smooth variety then Rp Oy Ox Now take aresolutionof singularities 744 so that pop 5 X is a

resolutionof singularities as well ByDefin in Sect1
the symplecticform on X's lifts to 5 from which it'snot
hard to conclude that Y is singular symplectic So

Rp Dy Dy R pop dy 0 RpDy Ox
Let 1 Yes Y be the inclusion Rational

singularitiesare CohenMacaulay R Dyres Y

R Dyrego for Isis cadim Y 8 2 Since codimyy 87,4

we are done

In particular Theorem from Lee 4 can be applied
to classify gradedformal quantizations of Y's

gthey are classified by H
Yves e Hip yes



2 Classification of quantizations
Let X be a conical symplectic singularity Ybe its
A factorial terminalization By the Cartanspaceof
we mean 5 H YesC Notethat ingeneral Y is not

unique but these spaces fordifferent Y can be identified

Thm crystalographic reflectiongroup W GL5 1 st
we have a natural bijection
filteredquantizations iso 5,1W fSpecC53

Example Let X N cg Thequantizations are constructed

as quotients of Ulog as follows TheHC isomorphism states

that the center of Ulos is identifiedwith 534So
for Xe5 W we have themaximal idealmxcUlog SetSty

Uloy UlogMx It inherits thefiltration from Uloy andone

can show that it becomes a filteredquantization of N

Here 5 5 Wx W
Recall that filteredquantizationsof Y T GB are



classified by HYYG 5 to x ̅5 we assign thesheet

D
s
of X p twisteddifferential operators on GB It's

well known that D

The construction of w Yes W inthegeneralcaseis
similar for Te we take thegradedformal quantization D

of 4ᵗʰ Thx to Ayres H Dynes 0 DI
is agraded formal quantization of X exercise Turns

out that thesequantizations can be isomorphic fordifferent

this is controlledby Wy Then for X WI we take the
filteredquantization corresponding to D


